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Abstract

We describeamethodof implementingefficient computesimulationsof immunesystemghat
have a large numberof uniqueB and/orT cell clones. The methodusesanimplementation
techniquecalledlazyevaluationto createtheillusion thatall clonesarebeingsimulatedwhile
only actuallysimulatinga muchsmallernumberof clonesthatcanrespondo theantigensn
the simulation. The methodis effective becausenly 0.001%to 0.01%of clonescantypi-
cally be stimulatedby anantigen,andbecausenary simulationsnvolve only a smallnumber
of distinctantigens. A lazy simulationof a realisticnumberof clonesand 10 distinct anti-
gensis 1,000timesfasterand 10,000timessmallerthana corventionalsimulation—making
simulationsof immunesystemswith realistic-sizaepertoirecomputationallytractable.

Keywords:lazy evaluation,simulation,immunesystem cross-reactie memory

1 Intr oduction

TheB andT cell repertoiresof vertebratammunesystemscanrecognizeandrespondo almost
all foreignantigensgvenlaboratoryderivedonesthatalmostsurelyhave never beenseenin evo-

lutionary history. The repertoirecan also distinguish,at a fine level of detail, betweenforeign

antigensandthe component®f the bodyit protects.To achieve this broadyet detailedcoverage,
theimmunesystemmaintainsa large numberof highly specificclones,wherea cloneis a setof

cellsderivedfrom a singleprecursomandwhich almostassuredlyhave auniqueB or T cell recep-
tor. In this paperwe discussonly the B cell repertoire;however, the methodis alsoapplicableto

theT cell repertoire.
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The murineB cell repertoiremaintains10” to 10® distinctclones(Kohler, 1976;Klinman etal.,
1976;Klinman etal., 1977),eachof whichtypically canbestimulatedoy only 105 to 10~ of alll
possibleantigeng Edelman,1974;Nossal& Ada, 1971;Jerne, 1974). In orderfor anantigento
stimulatea B cell it mustbind to antigen-specificeceptoronthe surfaceof the B cell.

Thebindingaffinity betweerreceptorsandantigenss basedn complementarityat the molecular
level. Perelson& Oster(1979)introducedan abstracimodelof bindingin which moleculesare
consideredas pointsin a “shapespace”and affinity is measuredas a function of the distance
betweensuchpoints. Modelershave useda variety of methodsto representmoleculesn shape
space. Sgyel & Perelson(1988) and DeBoer etal. (1992) examinedone and two dimensional
shapespacesn whichtheshapeof moleculesvasrepresentetly oneor two realnumberse.g.the
depthor depthandwidth of abindingcleft or protrusiononamolecule Affinity wasthenmeasured
asa functionof the Euclideandistancé betweerthe shapes Seiden& Celada(1992),Forrest&
Perelson1991),and Perelsonetal. (1996) (after Farmer etal. (1986)), representednolecules
asstringsof 8, 32, and 64 bits respectrely andmeasuredffinity asa function of the Hamming
distancé (or avariationonit) betweerthem.Weistuch& Oprea(1994)andDetours etal. (1996)
representednoleculesas stringsof digits chosenfrom a 4 and 16 letter alphabetrespectiely.
Smith etal. (1997b)determinedhatrepresentingnoleculesasstringsof 20 symbols,with each
symbolchoserfrom a4 letteralphabetandaffinity measure@safunctionof Hammingdistance,
aswell asusinga realistic-sizerepertoireof 107 B cell clones,gave goodfits to immunological
dataimportantfor amodelof cross-reactie memory

To make simulationsof 107 clonescomputationallytractable we useatechniquecalledlazy eval-
uation (Friedman& Wise, 1976; Henderson& Morris, 1976). This technique(asillustratedin
the next section)delayscalculations,andthe building of datastructuresuntil they are needed.
Whennotall calculationsanddatastructuresaffect the resultof a programandwhentherelevant
onescanbeidentifiedefficiently, lazy evaluationcanresultin significantsavingsin runtime and
memoryusage.In the caseof theimmunesystem |azy evaluationcanbe effective becausenly
0.001%to 0.01%of all clonesareusuallystimulatedby ary particularantigenandbecausenary
simulationgnvolve only a smallnumberof distinctantigens.

Lazyevaluationcanbe programmedxplicitly in traditionalprogrammindanguagespr implicitly
by usinglanguage# which all evaluationsareperformedazily (Turnet 1979; Turner 1985;Hu-
dak etal., 1992). Lazy evaluationhasbeenappliedin numerousdomainsincluding: animation
(Elliott & Hudak,1997),simulationof integratedcircuits (Dunne etal., 1993)(anda production
simulatorbasedon Yoshino etal. (1987)),soundsynthesigDannenbey etal., 1992),anddic-
tionarylookup (Lucas,1995). In this paperwe describehow lazy evaluationcanbe programmed
explicitly in modelsof theimmunesystem.

2Euclideandistances thefamiliar squareoot of the sumof the squaresf thedifferencesn eachdimension.The
Euclideandistancebetweerreceptorsiy, as . . . a,, andby, by . . . by, iS /Y 1<j<p (@i — b;)?

SHammingdistanceis a countof the numberof locationsin which the receptordiffer. The Hammingdistance
betweerthereceptordABDCCDADDA andABA CCDADCA is 2 becausghey differ in thetwo underlinedocations.



2 Algorithm

In a corventionaleager approachto immunesystemsimulation,computationtime is taken and
memoryspaceexplicitly allocatedto generateall clonesat the startof the simulation(Figure1a).
Whenan antigenis introduced the clonesthat canbe stimulatedby it (saidto be within its ball

of stimulation(Perelson& Oster 1979)), alreadyexist andthe simulationproceedgFigure 1b).

In the modified lazy simulation, no clonesare generatedat the start of the simulation (Figure
2a). Instead whenan antigenis introduced the simulationis suspendeavhile cloneswithin the
ball of stimulationof the antigenaregeneratedqFigure2b). In this way, all clonesthatcould be
stimulatedby the antigenappeamlndactasin aneagersimulation. The absencef theremaining
cloneshasno effectonthesimulationotherthanmakingit runfasterandtake lessmemory Clones
mustnot be addedto regionsof a ball of stimulationwherethey have alreadybeencreatedoy the
introductionof previousantigens—thisvouldresultin toomary clonesn theintersectionsf balls
of stimulation(Figure2c).
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Figurel: (a) In aneagersimulation,all clones(x) aregeneratedat the startof the simulation.
(b) & (c) Whenantigenge) areintroducedgclonesalreadyexist andno newv onesneedto be gener
ated.

§
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Figure 2: (a) In a lazy simulation, no clones are generatedat the start of the simulation.
(b) Whenanantigen(e) is introducedthe simulationis temporarilyhaltedwhile clones(x) within

its ball of stimulationarecreated.(c) Whenthe ball of stimulationof a nev antigenintersectghat
of anexisting antigen no additionalclonesneedto begeneratedh theintersectiorasit hasalready
beenadequatelypopulated.

For alazy simulationto befunctionallyequvalentto aneagersimulation,clonesgeneratedvithin
a ball of stimulationmustbe addedn the samedistribution they would have hadin aneagersim-
ulation. The correctdistribution depend®n how receptorsandantigensarerepresentecandhow
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Whena new antigenis addedo the simulation

loop for i fromO to r do
loop for j from1l to numclones(i) do
let clone = nutate(center, i)
if {clone is outside the ball of stimnulation
of all previously added antigens}
then {add clone to the sinulation}

wherer istheradiusof aball of stimulation;

where num cl ones(i) producesarandomnumberfrom thebinomial
distribution B(n, p;), wheren is thenumberof clonesin aneagersimulation,
andp; is theprobabilitythata cloneis aradius: from anantigen;

andwhere nut ate(center, i) mutatesi distinctlocationsof the
stringrepresentinghe centerof the ball of stimulation.

Figure3: Pseudo-coddescribingthelazy algorithmfor generatinglones.

affinity betweerthemis measuredHerewe describealazy algorithmfor receptorsepresenteds
stringsof symbols andaffinity measureasafunctionof theHammingdistancebetweeneceptors.
In aneagersimulationusingthis representationmeceptorsaregeneratedby choosingeachsymbol
from a uniform distribution—Ilooselymimicking the randomgeneticprocessusedby vertebrate
immunesystemdo generatelonaldiversity (Leder 1991).

For the lazy simulation,clonesmustbe generatednly within balls of stimulation. To do this
we develop a methodto generateclonesat radius: from the centerof a ball of stimulation,and
thenrepeatthe methodat radii O throughr, wherer is the radiusof a ball of stimulation. The
probability, p;, thata randomlyselectedclonein an eagersimulationis radius: from the center

of aball is givenby p; = (f) { Last) }l{%}(d_z), whered is the numberof symbolsin the string
representatiomf the receptoy and & is the numberof possiblesymbolsat eachlocationin the
string. Further in aneagersimulationwith »n clonestheprobabilityof j clonesatradiusi is given
by the binomial B(n, p;) = (?) {p:}’ {1 — p;}"~’. Thus,the numberof clones,j, to generateat

radiusi from the centerof a ball shouldbe sampledrom this binomialdistribution. Eachof the j
clonesis generatedby changing: distinctsymbolsin the stringthatrepresentshereceptorat the
centerof theball of stimulation.

To avoid multiply generatingclonesin the intersection®f balls of stimulation,eachnew cloneis
addedto thelazy repertoireonly if it is outsidethe balls of stimulationof all antigensalreadyin
the simulation. In the next two sectionswe verify thatthe lazy algorithmgenerateslonesin the
samedistributionsasthe eageralgorithm,andcomparehe algorithmiccostsof thelazy andeager
algorithms.



3 Verification

We generateda comple testcaseto checkwhetherthe lazy algorithm generateslonesin the
samedistributionsasthe eageralgorithm, especiallyin the caseof multiply overlappingballs of

stimulation. Following Smith etal. (1997b),moleculesin the testwere representedby strings
of 20 symbols,eachsymbolwaschoserfrom a four letteralphabetandballs of stimulationhad
radius5. A seedantigenwasgeneratedby randomlyselectingeachof its symbolsfrom a uniform

distribution, and 10 testantigenswere generatedn a clusteraroundthe seed. Eachtestantigen
wasgeneratethy mutatingm randomlyselectediniquesymbolsof theseedwherem waschosen
from auniformdistributionin therangezeroto threesotheballsof stimulationof thetestantigens
would have intersection®f varioussizes.Clonesweregeneratedaccordingo thelazy algorithm,
andthenumberof clonesatradii O through5 for eachantigenwerecounted.The experimentwas
replicated100,000times. For 10,0000f theseexperimentsthe algorithmwasmeteredo record
theballsof stimulationthatanewly generatedlonefell within. Thesedatawereusedto determine
how muchof eachball of stimulationwaspopulatedwvith clonesgeneratedby previousantigens.

Table1 shavs thatthe 10 antigenswvereat varying Hammingdistancedrom eachotherandthus
hadvaryingoverlaps.Table2 shows thattheseoverlapsresultedn mary differentproportionsof
ballsof stimulationbeingpopulatedyy clonesgeneratedby prior antigensandwerethusareason-
abletestof thelazy algorithm.Figure4 showns thatthe obsenedandexpecteddistributionsarethe
samewhencomparedrisually, and Table 3 shavs they arethe samewhencomparedstatistically
Thus,thelazy algorithmworkedcorrectly

4 Algorithmic Cost

In this sectionwe comparethe algorithmiccostof thelazy andeageralgorithms. The numberof
clonesgeneratedn a lazy simulationis g x p x n, whereg is the numberof distinct antigensin
the simulation,p is the proportionof the repertoirethat can be stimulatedby an antigen,andn
is the total numberof clonesin the eagersimulation. Eachof theseclonesneedsto be checled
to seeif it falls within the ball of stimulationof any previously addedantigen. Thus, the total
numberof checksafteraddingg antigends pn o<, 7 = wpn. If we assumehatthe cost
of generatinga cloneis approximatelythe sameasthe costof checkingif a cloneis in the ball
of stimulationof anantigen thenthetotal costof generatinghe lazy repertoirefor g antigenss
gpn + 9(92_1)pn = 922+gpn. The costof the eagemmethodis n becausét generates clonesand
doesnot have to do ary checks. Comparingthe costof the lazy and eageralgorithms,the lazy

methodis moreefficientthanthe eagemethodwheng is Iessthanapproximately\/g.

For arealistic-sizerepertoirewith n = 107 andp=10~°, in a simulationwith 10 distinctantigens,
the lazy algorithmwill createlessthan0.01%of the clonerepertoireat 0.1% of the costof the
eageralgorithm.For lessthan447distinctantigensandthe samerealistic-sizaepertoirethelazy
algorithmis lowercostthantheeagemalgorithm(Figure5). Simulationsof morethan447antigens,
whichwould probablyincludesimulationsof immunenetworks,would be moreefficientusingan
eageralgorithm.



Antigen Hammingdistanceo otherantigens Antigenstring

1 2 3 45 6 7 8 9 10
1 0 4 2 1 4 4 2 3 3 2 CCBDDDBCCCABDCCIADAD
2 4 0 4 3 6 6 4 4 5 4 BCBDDDBCCCADDCCIMNAAC
3 2 4 01 3 4 2 3 3 2 CCBDDDBCCCABRACCDADAC
4 1 3 1 0 3 3 1 2 2 1 CCBDDDBCCCABDCCIADAC
5 4 6 3 3 0 6 4 5 5 4 CCCDDDBCCCABCCCDDBC
6 4 6 4 3 6 0 3 4 5 3 CCBCDDBCCCBBDCCCABC
7 2 4 2 1 4 3 0 1 3 2 CCBDDDBCCCDBDCCBDAC
8 3 4 3 2 5 4 1 0 4 3 CCBDDDBCCCDBDCCIACAC
9 3 53 2 55 3 4 0 3 CCBDDCDCCCABDCCIBDAC
10 2 4 2 1 4 3 2 3 3 0 CCBBDDBCCCABDCCIADAC

Table 1: The pairwiseHammingdistancesetweenthe 10 testantigensusedin the ex-

perimentalverificationof the algorithm. The tableis symmetricaboutthe main diagonal
becausé¢diammingdistancds commutatie. Thetableshavs thatthe antigensvereat vari-

ousHammingdistancegrom eachother

Antigen Proportionof clonesgeneratedby eachantigen

1 2 3 4 5 6 7 8 9 10
1 1.00 - - - - - - - - -
2 0.05 095 - - - - - - - -
3 0.21 0.03 0.77 - - - - - - -
4 0.33 0.06 0.17 0.45 - - - - - -
5 0.05 0.01 0.06 0.02 0.86 - - - - -
6 0.05 0.01 0.03 0.05 0.00 0.86 - - - -
7 0.21 0.03 0.09 0.13 0.01 0.02 051 - - -
8 0.10 0.03 0.05 0.09 0.01 0.02 0.14 057 - -
9 0.01 0.01 0.05 0.10 0.01 0.01 0.02 0.01 071 -
10 0.21 0.03 0.09 0.13 0.01 0.02 0.05 0.01 0.02 0.44

Table2: Theballs of stimulationof the 10 testantigensall overlappedeachother;thus,
mary of the cloneswithin a ball of stimulationweregeneratedby the lazy algorithmoper
ating on prior overlappingantigens.The proportionsgeneratedy eachantigenareshavn
in thistable.For example for thefourthantigen onaverage0.33of theclonesin its ball of
stimulationwerealreadygeneratedby thefirst antigen0.06by the secondantigen0.17by
thethird antigen,and0.45weregeneratedie novo by thelazy algorithmon injectionof the
fourth antigen. The datawere calculatedoy meteringthe lazy algorithmto recordwhich
balls of stimulationa newly generatedlonefell within. The varying proportionssuggest
thatthe 10 antigensvereareasonabléestof thelazy algorithm.
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Figure4: Theexpecteddashedure) andobsered (solidimpulses)istributionsof the numberof clones
atradii 4 and5 from antigensl and10. Thesedatawerecollectedfrom theapplicationof thelazy algorithm
to the sequentialntroductionof the 10 testantigensn 100,000independensimulationsand countingthe
numberof clonesat eachradiuswithin the ball of stimulationof eachantigen. Antigens1 and 10 are
shavn becausdhey hadthe leastand mostnumberof clones,respectiely, generatedy prior antigens.
Plotsshaving thedistributionsfor theotherantigensandotherradii, shavedsimilarvisualcorrespondence
betweertheobsered andexpecteddistributions.

Radius Obsened x? goodness-of-fivaluesfor eachantigenat eachradius Degrees Critical
1 2 3 4 5 6 7 8 9 10 of freedom x2

1 0.00 0.11 0.00 134 0.23 0.04 011 023 102 0.12 1 3.84

2 436 150 089 308 119 261 171 455 048 1.04 2 5.99

3 5.15 3.06 540 043 060 214 413 487 320 1.69 4 9.49

4 13.57 10.68 22.36 17.71 6.44 11.24 12.10 7.33 17.46 10.08 12 21.03

5 39.47 4445 31.72 31.74 4525 39.95 35.96 48.35 28.22 54.58 40 55.76

Table3: All obsered x? values(exceptone)werebelov their respeciie critical x? value. Thus,thereis
no evidence(p=0.05)for rejectingthe hypothesighatthe obsered datawerein their expectedistributions,
andwe concludethe lazy algorithmworked correctly The oneexception(antigen3, radius4) appeargo
bea Typel error, dueto statisticalvariation,becauséts x? valuewaslessthanthe critical valuewhenthe
experimentwasrepeated Onesucherrorin 20 testsis to be expectedat p=0.05. The datausedwerefrom
the samel100,000simulationsusedto male the plots of Figure4. Not enoughcloneswere generatedt
radiusO (eighttotalin 100,000simulations}o performthetest.
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Figure5: A comparisorof the algorithmiccostof creatingthe B cell repertoireby the lazy
andeageralgorithms. The algorithmiccostwas measuredsthe sumof the numberof clones
generateglusthenumberf checkghataclonewaswithin theball of stimulationof anantigen.
Calculationswveredonefor a realistic-sizerepertoirewith n = 107 andp = 10~°. Thelazy
algorithmcostslessthanthe eageralgorithmwhentherearelessthan447 distinctantigensn

a simulation,and costs1,000timeslesswhenthereare lessthan 10 distinct antigensin the
simulation.

Whentherearemorethanl10distinctantigensn arealistic-sizesimulationmostof thealgorithmic
costof thelazy methodis in the g comparisonsf new cloneswith previously addedantigensin
simulationsnvolving hundredsf antigensthis g? costcouldbereducedy variousmethodsOne
methodis only to compareclonesagainstantigensthat are within distance2r of the antigenfor
which clonesarebeinggeneratedThe algorithmstill works correctlybecausantigensat greater
than 2r distancecannothave intersectingballs of stimulation. In this case,the ¢g> comparisons
becomeworstcaseandthe actualnumberof comparisonslepend®nthedistancebetweerthe
antigensin the simulation. Another methodto reducethe g?> comparisonss to generateclones
in a ball larger thana ball of stimulationandthusavoid lazy generatiorfor ary future antigens
whoseballsof stimulationfall completelywithin the previously generatedargerballs. Thissecond
methodis effective whenthe antigensaretightly clustered.

5 Discussion

We have describedan algorithmthat useslazy evaluationto generateonly the subsetof clones
that canbe stimulatedby the antigensintroducedinto a simulation. Becausehis subsets typ-
ically atiny proportionof the clonerepertoire the algorithm permitsthe efficient simulationof
realistic-sizerepertoiresCorrectnessf thealgorithmwascheclked by shaving that,in atestcase
of 10 overlappingantigensthe algorithmproducedclonesin the samedistributionsasan eager
algorithm. Analysisof the algorithmshaowved, in simulationsof realistic-sizerepertoiresnvolving
lessthan 10 distinctantigensthatlessthan0.01%o0f the expressedepertoirewascreatedat less
than0.1%of thecostof creatinga completerepertoire We have implementedh lazy simulationof
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the humoralimmuneresponse¢hatusesarealistic-sizerepertoirewith a steady-statsizeof 10” B
cell clonesanda turnover of 5x 10> B cell clonesevery 6 simulatedhours(Smith etal., 1997a).
Simulationsof thesequentiainfectionby threeantigenghathave overlappingballsof stimulation,
overasimulatedoeriodof 200days,takeslessthan2 minutesof CPUtime, runningin Lisp, ona
SunUltra 2/2300.

Thealgorithmwe describeds specificfor modelsin which receptorsarerepresentedsstringsof
symbolsandaffinity is calculatedasa functionof the Hammingdistancebetweerreceptors.The
methodcouldalsobe appliedto otherrepresentationsf receptorsandothermethodsof calculat-
ing affinity, by changingthe calculationof the probability distribution of cloneswithin a ball of
stimulationandthe methodof generatingloneswithin a ball of stimulation.The methodis appli-
cableto bothagentbasedmodelsin which eachcell is representedhdividually, andto differential
equationbasednodelsin which eachcloneis representedly a differentialequation.

Someneuralnetwork andassociatie memorymodelshave similar structureandfunctionto the
immunesystemmodelsdiscussedibore (Smith etal., 1996). Thus, the lazy methodcanalso
be appliedto implementatiorof suchmodels. In particulay the methodcan be appliedwithout
modificationto the Spase DistributedMemory(SDM) model (Kanena, 1988). The methodcan
alsobeappliedwith modificationssimilarto thosedescribedor otherrepresentationsf receptors,
to the Cerebellar Model Arithmetic Computer(Albus, 1981), the Theoryof Cerebellar Cortex
(Marr, 1969),WISARD(Aleksanderetal., 1984),andvariationson SDM (Jaeckl, 1989aJaeckl,
1989b). Danforth (1997)useda lazy-like method,anda modified SDM learningrule (Danforth,
1991),toimprovetheperformancef SDM. Danforths methodaddsat mostonehard location(the
SDM equialentof a clone)on eachwrite to the memory at the exactlocationof thewrite. This
is in contrastto the clusterof hardlocationsthat would be addedby our method. Both methods
significantlyreducethe numberof hardlocationsin a simulation(comparedo anequvalenteager
simulation),anddistribute hardlocationsin accordancevith the distribution of addressesasedto
write to thememory Danforths methodmodifiesthe behaior of the SDM; our methodeavesthe
behaior unchangedandonly modifiestheimplementation.

Generaimmunesystemmodelsthatinclude cloneswith receptorshave beensimulatedwith the
orderof 10? clones(DeBoer& Perelson1991; Celada& Seiden,1996; Detours etal., 1996).
Latticebasedcellularmodelsthatuseonly oneor two bits to representhe concentratiorof highly
simplified clones,andmeasureffinity by neighborhoodn the lattice, have simulated10* clones
(DeBoer etal., 1992a)and108 clones(Staufer & Sahimi,1994)(thelatteronaCray-YMP).The
lazy evaluationmethodpresentedhereis the first to permitrealistic-sizerepertoiresf 107 to 108

clonesfor generaimmunesystemmodels.
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