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Abstract

Wedescribeamethodof implementingefficientcomputersimulationsof immunesystemsthat
have a large numberof uniqueB and/orT cell clones. The methodusesan implementation
techniquecalledlazyevaluationto createtheillusion thatall clonesarebeingsimulated,while
only actuallysimulatinga muchsmallernumberof clonesthatcanrespondto theantigensin
the simulation. The methodis effective becauseonly 0.001%to 0.01%of clonescantypi-
cally bestimulatedby anantigen,andbecausemany simulationsinvolve only asmallnumber
of distinct antigens.A lazy simulationof a realisticnumberof clonesand10 distinct anti-
gensis 1,000timesfasterand10,000timessmallerthana conventionalsimulation—making
simulationsof immunesystemswith realistic-sizerepertoirescomputationallytractable.

Keywords:lazyevaluation,simulation,immunesystem,cross-reactive memory

1 Intr oduction

TheB andT cell repertoiresof vertebrateimmunesystemscanrecognizeandrespondto almost
all foreignantigens,evenlaboratoryderivedonesthatalmostsurelyhave never beenseenin evo-
lutionary history. The repertoirecanalsodistinguish,at a fine level of detail, betweenforeign
antigensandthecomponentsof thebodyit protects.To achieve this broadyet detailedcoverage,
the immunesystemmaintainsa largenumberof highly specificclones,wherea cloneis a setof
cellsderivedfrom a singleprecursorandwhichalmostassuredlyhavea uniqueB or T cell recep-
tor. In this paperwe discussonly theB cell repertoire;however, themethodis alsoapplicableto
theT cell repertoire.

1Bulletin of MathematicalBiology (in press).
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ThemurineB cell repertoiremaintains
�����

to
�����

distinctclones(Köhler, 1976;Klinman etal.,
1976;Klinman etal., 1977),eachof whichtypically canbestimulatedby only

���	��

to
���	�	�

of all
possibleantigens(Edelman,1974;Nossal& Ada, 1971;Jerne,1974). In orderfor anantigento
stimulateaB cell it mustbind to antigen-specificreceptorson thesurfaceof theB cell.

Thebindingaffinity betweenreceptorsandantigensis basedoncomplementarityat themolecular
level. Perelson& Oster(1979)introducedan abstractmodelof binding in which moleculesare
consideredas points in a “shapespace”and affinity is measuredas a function of the distance
betweensuchpoints. Modelershave useda variety of methodsto representmoleculesin shape
space. Segel & Perelson(1988)andDeBoer etal. (1992)examinedoneand two dimensional
shapespacesin whichtheshapeof moleculeswasrepresentedby oneor two realnumbers,e.g.the
depthor depthandwidthof abindingcleft orprotrusiononamolecule.Affinity wasthenmeasured
asa functionof theEuclideandistance2 betweentheshapes.Seiden& Celada(1992),Forrest&
Perelson(1991),andPerelsonetal. (1996)(after Farmer etal. (1986)),representedmolecules
asstringsof 8, 32, and64 bits respectively andmeasuredaffinity asa functionof theHamming
distance3 (or avariationon it) betweenthem.Weisbuch& Oprea(1994)andDetoursetal. (1996)
representedmoleculesas stringsof digits chosenfrom a 4 and 16 letter alphabetrespectively.
Smith etal. (1997b)determinedthat representingmoleculesasstringsof 20 symbols,with each
symbolchosenfrom a4 letteralphabet,andaffinity measuredasa functionof Hammingdistance,
aswell asusinga realistic-sizerepertoireof

��� �
B cell clones,gave goodfits to immunological

dataimportantfor amodelof cross-reactivememory.

To makesimulationsof
��� �

clonescomputationallytractable,weusea techniquecalledlazyeval-
uation (Friedman& Wise, 1976;Henderson& Morris, 1976). This technique(as illustratedin
the next section)delayscalculations,andthe building of datastructures,until they areneeded.
Whennot all calculationsanddatastructuresaffect theresultof aprogram,andwhentherelevant
onescanbe identifiedefficiently, lazy evaluationcanresultin significantsavingsin run time and
memoryusage.In thecaseof the immunesystem,lazy evaluationcanbeeffective becauseonly
0.001%to 0.01%of all clonesareusuallystimulatedby any particularantigen,andbecausemany
simulationsinvolveonly asmallnumberof distinctantigens.

Lazyevaluationcanbeprogrammedexplicitly in traditionalprogramminglanguages,or implicitly
by usinglanguagesin whichall evaluationsareperformedlazily (Turner, 1979;Turner, 1985;Hu-
dak etal., 1992). Lazy evaluationhasbeenappliedin numerousdomainsincluding: animation
(Elliott & Hudak,1997),simulationof integratedcircuits(Dunne etal., 1993)(anda production
simulatorbasedon Yoshino etal. (1987)),soundsynthesis(Dannenberg etal., 1992),anddic-
tionarylookup(Lucas,1995). In this paperwe describehow lazy evaluationcanbeprogrammed
explicitly in modelsof theimmunesystem.

2Euclideandistanceis thefamiliarsquarerootof thesumof thesquaresof thedifferencesin eachdimension.The
Euclideandistancebetweenreceptors
	����
���������
�� and ������������������� , is � � �"!	#$!	�&% 
'#)(*��#,+ �

3Hammingdistanceis a countof the numberof locationsin which the receptorsdiffer. The Hammingdistance
betweenthereceptorsABDCCDADDA andABACCDADCA is 2 becausethey differ in thetwo underlinedlocations.
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2 Algorithm

In a conventionaleager approachto immunesystemsimulation,computationtime is taken and
memoryspaceexplicitly allocatedto generateall clonesat thestartof thesimulation(Figure1a).
Whenanantigenis introduced,the clonesthatcanbestimulatedby it (saidto bewithin its ball
of stimulation(Perelson& Oster, 1979)),alreadyexist andthe simulationproceeds(Figure1b).
In the modified lazy simulation,no clonesare generatedat the start of the simulation(Figure
2a). Instead,whenanantigenis introduced,thesimulationis suspendedwhile cloneswithin the
ball of stimulationof theantigenaregenerated(Figure2b). In this way, all clonesthatcouldbe
stimulatedby theantigenappearandactasin aneagersimulation.Theabsenceof theremaining
cloneshasnoeffectonthesimulationotherthanmakingit runfasterandtakelessmemory. Clones
mustnot beaddedto regionsof a ball of stimulationwherethey have alreadybeencreatedby the
introductionof previousantigens—thiswouldresultin toomany clonesin theintersectionsof balls
of stimulation(Figure2c).

(a)

...
B cell clones Antigen Ball of Stimulation

(b) (c)

Figure1: (a) In an eagersimulation,all clones( - ) aregeneratedat the startof the simulation.
(b) & (c) Whenantigens( . ) areintroduced,clonesalreadyexist andnonew onesneedto begener-
ated.

(a) (b) (c)

Figure 2: (a) In a lazy simulation, no clones are generatedat the start of the simulation.
(b) Whenanantigen( . ) is introduced,thesimulationis temporarilyhaltedwhile clones( - ) within
its ball of stimulationarecreated.(c) Whentheball of stimulationof a new antigenintersectsthat
of anexistingantigen,noadditionalclonesneedto begeneratedin theintersectionasit hasalready
beenadequatelypopulated.

For a lazysimulationto befunctionallyequivalentto aneagersimulation,clonesgeneratedwithin
a ball of stimulationmustbeaddedin thesamedistribution they would have hadin aneagersim-
ulation. Thecorrectdistributiondependson how receptorsandantigensarerepresented,andhow

3



Whena new antigenis addedto thesimulation

loop for i from 0 to r do
loop for j from 1 to num-clones(i) do

let clone = mutate(center, i)
if / clone is outside the ball of stimulation

of all previously added antigens 0
then / add clone to the simulation 0

where r is theradiusof aball of stimulation;

where num-clones(i) producesa randomnumberfrom thebinomial
distribution 132547698�:<; , where4 is thenumberof clonesin aneagersimulation,
and8�: is theprobabilitythata cloneis a radius= from anantigen;

andwhere mutate(center, i) mutatesi distinctlocationsof the
stringrepresentingthecenterof theball of stimulation.

Figure3: Pseudo-codedescribingthelazyalgorithmfor generatingclones.

affinity betweenthemis measured.Herewedescribea lazyalgorithmfor receptorsrepresentedas
stringsof symbols,andaffinity measuredasafunctionof theHammingdistancebetweenreceptors.
In aneagersimulationusingthis representation,receptorsaregeneratedby choosingeachsymbol
from a uniform distribution—looselymimicking the randomgeneticprocessusedby vertebrate
immunesystemsto generateclonaldiversity(Leder, 1991).

For the lazy simulation,clonesmustbe generatedonly within balls of stimulation. To do this
we developa methodto generateclonesat radius > from the centerof a ball of stimulation,and
thenrepeatthe methodat radii 0 through ? , where ? is the radiusof a ball of stimulation. The
probability, @ # , that a randomlyselectedclonein an eagersimulationis radius > from the center

of a ball is givenby @ #BA C�D #,EGFIHKJ � �MLJ
N # F �J

N H D � #5L , where O is the numberof symbolsin the string
representationof the receptor, and P is the numberof possiblesymbolsat eachlocation in the
string.Further, in aneagersimulationwith Q clones,theprobabilityof R clonesat radius> is given
by thebinomial SUT,QWVX@ #ZY[A\C �] E_^ @ #X` ] ^ �_a @ #X` � � ] . Thus,thenumberof clones, bR , to generateat

radius> from thecenterof a ball shouldbesampledfrom this binomialdistribution. Eachof the bR
clonesis generatedby changing> distinctsymbolsin thestringthat representsthereceptorat the
centerof theball of stimulation.

To avoid multiply generatingclonesin theintersectionsof ballsof stimulation,eachnew cloneis
addedto the lazy repertoireonly if it is outsidetheballsof stimulationof all antigensalreadyin
thesimulation. In thenext two sectionswe verify that the lazy algorithmgeneratesclonesin the
samedistributionsastheeageralgorithm,andcomparethealgorithmiccostsof thelazyandeager
algorithms.
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3 Verification

We generateda complex test caseto checkwhetherthe lazy algorithmgeneratesclonesin the
samedistributionsasthe eageralgorithm,especiallyin the caseof multiply overlappingballsof
stimulation. Following Smith etal. (1997b),moleculesin the testwererepresentedby strings
of 20 symbols,eachsymbolwaschosenfrom a four letteralphabet,andballsof stimulationhad
radius5. A seedantigenwasgeneratedby randomlyselectingeachof its symbolsfrom a uniform
distribution, and10 testantigensweregeneratedin a clusteraroundthe seed.Eachtestantigen
wasgeneratedby mutatingc randomlyselecteduniquesymbolsof theseed,wherec waschosen
from auniformdistributionin therangezeroto threesotheballsof stimulationof thetestantigens
wouldhave intersectionsof varioussizes.Clonesweregenerated,accordingto thelazyalgorithm,
andthenumberof clonesat radii 0 through5 for eachantigenwerecounted.Theexperimentwas
replicated100,000times. For 10,000of theseexperiments,thealgorithmwasmeteredto record
theballsof stimulationthatanewly generatedclonefell within. Thesedatawereusedto determine
how muchof eachball of stimulationwaspopulatedwith clonesgeneratedby previousantigens.

Table1 shows that the10 antigenswereat varyingHammingdistancesfrom eachotherandthus
hadvaryingoverlaps.Table2 shows that theseoverlapsresultedin many differentproportionsof
ballsof stimulationbeingpopulatedby clonesgeneratedby prior antigens,andwerethusareason-
abletestof thelazyalgorithm.Figure4 showsthattheobservedandexpecteddistributionsarethe
samewhencomparedvisually, andTable3 shows they arethesamewhencomparedstatistically.
Thus,thelazyalgorithmworkedcorrectly.

4 Algorithmic Cost

In this sectionwe comparethealgorithmiccostof the lazy andeageralgorithms.Thenumberof
clonesgeneratedin a lazy simulationis d[e_@fegQ , where d is the numberof distinct antigensin
the simulation,@ is the proportionof the repertoirethat canbe stimulatedby an antigen,and Q
is the total numberof clonesin the eagersimulation. Eachof theseclonesneedsto be checked
to seeif it falls within the ball of stimulationof any previously addedantigen. Thus, the total
numberof checksafteraddingd antigensis @7Q �ih ! ]�j	k R A H k H k � �ML9L� @)Q . If we assumethatthecost
of generatinga cloneis approximatelythe sameasthe costof checkingif a cloneis in the ball
of stimulationof anantigen,thenthe total costof generatingthe lazy repertoirefor d antigensisdl@7Qnm k H k � �ML� @)Q A k�o"pqk� @)Q . Thecostof theeagermethodis Q becauseit generatesQ clonesand
doesnot have to do any checks.Comparingthe costof the lazy andeageralgorithms,the lazy
methodis moreefficient thantheeagermethodwhen d is lessthanapproximatelyr �s .
For a realistic-sizerepertoirewith Q A ��� � and@ A ������
 , in a simulationwith 10 distinctantigens,
the lazy algorithmwill createlessthan0.01%of the clonerepertoireat 0.1%of the costof the
eageralgorithm.For lessthan447distinctantigens,andthesamerealistic-sizerepertoire,thelazy
algorithmis lowercostthantheeageralgorithm(Figure5). Simulationsof morethan447antigens,
whichwouldprobablyincludesimulationsof immunenetworks,wouldbemoreefficientusingan
eageralgorithm.
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Antigen Hammingdistanceto otherantigens Antigenstring
1 2 3 4 5 6 7 8 9 10

1 0 4 2 1 4 4 2 3 3 2 CCBDDDBCCCABDCCDADAD
2 4 0 4 3 6 6 4 4 5 4 BCBDDDBCCCADDCCDAAAC
3 2 4 0 1 3 4 2 3 3 2 CCBDDDBCCCABACCDADAC
4 1 3 1 0 3 3 1 2 2 1 CCBDDDBCCCABDCCDADAC
5 4 6 3 3 0 6 4 5 5 4 CCCDDDBCCCABCCCDDDAC
6 4 6 4 3 6 0 3 4 5 3 CCBCDDBCCCBBDCCCADAC
7 2 4 2 1 4 3 0 1 3 2 CCBDDDBCCCDBDCCDADAC
8 3 4 3 2 5 4 1 0 4 3 CCBDDDBCCCDBDCCDACAC
9 3 5 3 2 5 5 3 4 0 3 CCBDDCDCCCABDCCDADAC
10 2 4 2 1 4 3 2 3 3 0 CCBBDDBCCCABDCCDADAC

Table1: The pairwiseHammingdistancesbetweenthe 10 testantigensusedin the ex-
perimentalverificationof the algorithm. The tableis symmetricaboutthe main diagonal
becauseHammingdistanceis commutative. Thetableshows thattheantigenswereatvari-
ousHammingdistancesfrom eachother.

Antigen Proportionof clonesgeneratedby eachantigen
1 2 3 4 5 6 7 8 9 10

1 1.00 - - - - - - - - -
2 0.05 0.95 - - - - - - - -
3 0.21 0.03 0.77 - - - - - - -
4 0.33 0.06 0.17 0.45 - - - - - -
5 0.05 0.01 0.06 0.02 0.86 - - - - -
6 0.05 0.01 0.03 0.05 0.00 0.86 - - - -
7 0.21 0.03 0.09 0.13 0.01 0.02 0.51 - - -
8 0.10 0.03 0.05 0.09 0.01 0.02 0.14 0.57 - -
9 0.01 0.01 0.05 0.10 0.01 0.01 0.02 0.01 0.71 -
10 0.21 0.03 0.09 0.13 0.01 0.02 0.05 0.01 0.02 0.44

Table2: The balls of stimulationof the 10 testantigensall overlappedeachother; thus,
many of thecloneswithin a ball of stimulationweregeneratedby thelazy algorithmoper-
atingon prior overlappingantigens.Theproportionsgeneratedby eachantigenareshown
in this table.For example,for thefourthantigen,onaverage,0.33of theclonesin its ball of
stimulationwerealreadygeneratedby thefirst antigen,0.06by thesecondantigen,0.17by
thethird antigen,and0.45weregenerateddenovoby thelazyalgorithmoninjectionof the
fourth antigen.The datawerecalculatedby meteringthe lazy algorithmto recordwhich
ballsof stimulationa newly generatedclonefell within. Thevaryingproportionssuggest
thatthe10antigenswerea reasonabletestof thelazy algorithm.
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(a) Number of clones at radius 4 from antigen 1

Observed (solid impulses)
Expected (dashed curve)
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(c) Number of clones at radius 5 from antigen 1

Observed (solid impulses)
Expected (dashed curve)
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(b) Number of clones at radius 4 from antigen 10

Observed (solid impulses)
Expected (dashed curve)

0

1000

2000

3000

4000

5000

6000

7000

10 15 20 25 30 35 40 45 50 55 60

N
um

be
r 

of
 o

cc
ur

en
ce

s

t

(d) Number of clones at radius 5 from antigen 10

Observed (solid impulses)
Expected (dashed curve)

Figure4: Theexpected(dashedcurve) andobserved(solid impulses)distributionsof thenumberof clones
atradii 4 and5 from antigens1 and10. Thesedatawerecollectedfrom theapplicationof thelazyalgorithm
to thesequentialintroductionof the10 testantigensin 100,000independentsimulationsandcountingthe
numberof clonesat eachradiuswithin the ball of stimulationof eachantigen. Antigens1 and 10 are
shown becausethey had the leastandmostnumberof clones,respectively, generatedby prior antigens.
Plotsshowing thedistributionsfor theotherantigens,andotherradii, showedsimilarvisualcorrespondence
betweentheobservedandexpecteddistributions.

Radius Observed uwv goodness-of-fitvaluesfor eachantigenateachradius Degrees Critical
1 2 3 4 5 6 7 8 9 10 of freedom uwv

1 0.00 0.11 0.00 1.34 0.23 0.04 0.11 0.23 1.02 0.12 1 3.84
2 4.36 1.50 0.89 3.08 1.19 2.61 1.71 4.55 0.48 1.04 2 5.99
3 5.15 3.06 5.40 0.43 0.60 2.14 4.13 4.87 3.20 1.69 4 9.49
4 13.57 10.68 22.36 17.71 6.44 11.24 12.10 7.33 17.46 10.08 12 21.03
5 39.47 44.45 31.72 31.74 45.25 39.95 35.96 48.35 28.22 54.58 40 55.76

Table3: All observed x � values(exceptone)werebelow their respective critical x � value. Thus,thereis
noevidence(p=0.05)for rejectingthehypothesisthattheobserveddatawerein theirexpecteddistributions,
andwe concludethe lazy algorithmworked correctly. The oneexception(antigen3, radius4) appearsto
bea TypeI error, dueto statisticalvariation,becauseits x � valuewaslessthanthecritical valuewhenthe
experimentwasrepeated.Onesucherror in 20 testsis to beexpectedat p=0.05.Thedatausedwerefrom
the same100,000simulationsusedto make the plots of Figure4. Not enoughclonesweregeneratedat
radius0 (eighttotal in 100,000simulations)to performthetest.
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Figure5: A comparisonof the algorithmiccostof creatingthe B cell repertoireby the lazy
andeageralgorithms.Thealgorithmiccostwasmeasuredasthesumof thenumberof clones
generatedplusthenumberof checksthataclonewaswithin theball of stimulationof anantigen.
Calculationsweredonefor a realistic-sizerepertoirewith z|{~}�� � and ��{�}�� ��
 . The lazy
algorithmcostslessthantheeageralgorithmwhentherearelessthan447distinctantigensin
a simulation,andcosts1,000times lesswhenthereare lessthan10 distinct antigensin the
simulation.

Whentherearemorethan10distinctantigensin arealistic-sizesimulation,mostof thealgorithmic
costof thelazymethodis in the d � comparisonsof new cloneswith previouslyaddedantigens.In
simulationsinvolving hundredsof antigens,this d � costcouldbereducedby variousmethods.One
methodis only to compareclonesagainstantigensthat arewithin distance��? of the antigenfor
which clonesarebeinggenerated.Thealgorithmstill workscorrectlybecauseantigensat greater
than ��? distancecannothave intersectingballs of stimulation. In this case,the d � comparisons
becomeaworstcase,andtheactualnumberof comparisonsdependson thedistancesbetweenthe
antigensin the simulation. Anothermethodto reducethe d � comparisonsis to generateclones
in a ball larger thana ball of stimulationandthusavoid lazy generationfor any future antigens
whoseballsof stimulationfall completelywithin thepreviouslygeneratedlargerballs.Thissecond
methodis effectivewhentheantigensaretightly clustered.

5 Discussion

We have describedan algorithmthat useslazy evaluationto generateonly the subsetof clones
that canbe stimulatedby the antigensintroducedinto a simulation. Becausethis subsetis typ-
ically a tiny proportionof the clonerepertoire,the algorithmpermitsthe efficient simulationof
realistic-sizerepertoires.Correctnessof thealgorithmwascheckedby showing that,in a testcase
of 10 overlappingantigens,the algorithmproducedclonesin the samedistributionsasan eager
algorithm.Analysisof thealgorithmshowed,in simulationsof realistic-sizerepertoiresinvolving
lessthan10 distinctantigens,that lessthan0.01%of theexpressedrepertoirewascreatedat less
than0.1%of thecostof creatingacompleterepertoire.Wehaveimplementeda lazysimulationof
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thehumoralimmuneresponsethatusesa realistic-sizerepertoirewith asteady-statesizeof
�����

B
cell clonesanda turnover of ��e ����
 B cell clonesevery 6 simulatedhours(Smith etal., 1997a).
Simulationsof thesequentialinfectionby threeantigensthathaveoverlappingballsof stimulation,
overa simulatedperiodof 200days,takeslessthan2 minutesof CPUtime, runningin Lisp, on a
SunUltra 2/2300.

Thealgorithmwe describedis specificfor modelsin which receptorsarerepresentedasstringsof
symbolsandaffinity is calculatedasa functionof theHammingdistancebetweenreceptors.The
methodcouldalsobeappliedto otherrepresentationsof receptorsandothermethodsof calculat-
ing affinity, by changingthe calculationof the probabilitydistribution of cloneswithin a ball of
stimulationandthemethodof generatingcloneswithin aball of stimulation.Themethodis appli-
cableto bothagentbasedmodelsin whicheachcell is representedindividually, andto differential
equationbasedmodelsin whicheachcloneis representedby a differentialequation.

Someneuralnetwork andassociative memorymodelshave similar structureandfunction to the
immunesystemmodelsdiscussedabove (Smith etal., 1996). Thus, the lazy methodcanalso
be appliedto implementationof suchmodels. In particular, the methodcanbe appliedwithout
modificationto theSparseDistributedMemory(SDM) model(Kanerva, 1988). Themethodcan
alsobeapplied,with modificationssimilarto thosedescribedfor otherrepresentationsof receptors,
to the Cerebellar Model Arithmetic Computer(Albus, 1981), the Theoryof Cerebellar Cortex
(Marr, 1969),WISARD(Aleksanderetal., 1984),andvariationsonSDM(Jaeckel,1989a;Jaeckel,
1989b). Danforth(1997)useda lazy-like method,anda modifiedSDM learningrule (Danforth,
1991),to improvetheperformanceof SDM.Danforth’smethodaddsatmostonehard location(the
SDM equivalentof a clone)on eachwrite to thememory, at theexact locationof thewrite. This
is in contrastto theclusterof hardlocationsthatwould beaddedby our method.Both methods
significantlyreducethenumberof hardlocationsin asimulation(comparedto anequivalenteager
simulation),anddistributehardlocationsin accordancewith thedistribution of addressesusedto
write to thememory. Danforth’smethodmodifiesthebehavior of theSDM; ourmethodleavesthe
behavior unchanged,andonly modifiestheimplementation.

Generalimmunesystemmodelsthat includecloneswith receptorshave beensimulatedwith the
orderof

�����
clones(DeBoer& Perelson,1991;Celada& Seiden,1996;Detours etal., 1996).

Latticebasedcellularmodelsthatuseonly oneor two bits to representtheconcentrationof highly
simplifiedclones,andmeasureaffinity by neighborhoodon thelattice,have simulated

��� �
clones

(DeBoer etal., 1992a),and
��� �

clones(Stauffer & Sahimi,1994)(thelatteronaCray-YMP).The
lazy evaluationmethodpresentedhereis thefirst to permit realistic-sizerepertoiresof

��� �
to
��� �

clonesfor generalimmunesystemmodels.
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