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Discrete Choice with Social Interactions I: Theory

Abstract:

This paper provide an analysis of aggregate behavioral outcomes when individual
utility exhibits social interaction effects. We study generalized logistic models of
individual choice which incorporate terms reflecting the desire of individuals to
conform to the behavior of others in an environment of noncooperative
decisionmaking. Laws of large numbers are generated in such environments.
Multiplicity of equilibria in these models, which are equivalent to the existence
of multiple self-consistent means for average choice behavior, will exist when the
social interactions exceed a particular threshold. Local stability of these multiple
equilibria is also studied. The properties of the noncooperative economy are
contrasted with the properties of an economy in which a social planner
determines the set of individual choices. The model is additionally shown to be
well suited to explaining a number of empirical phenomena, such as threshold
effects in individual behavior, ethnic group fixed effects in income equations, and

large cross-group differences in binary choice behavior.
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1. Introduction

A large body of recent research has begun to consider the role of social
interactions in economic behavior. By social interactions, we refer to the idea
that the utility or payoff an individual receives from a given action depends
directly on the choices of others in that individual’s reference group, as opposed
to the sort of dependence which occurs through the intermediation of markets.
When these spillovers are positive in the sense that the payoff for a particular
action is higher for one agent when others behave similarly, the presence of social
interactions will induce a tendency for conformity in behavior across members of
a reference group. Further, as described by Bernheim (1994), even when the
underlying intrinsic utility from the actions differs widely across individuals due
to heterogeneity of individual characteristics, the presence of this desire to
conform may create either a tendency either towards common behavior or
towards a few polarized types of behavior within a reference group. In addition,
social interactions can also represent an explanation for large cross-group
variations in behavior if different groups conform to alternative types of self-
reinforcing behavior. When social interactions act as strategic complementarities
between agents, multiple equilibria may occur in absence of any coordination
mechanisms, as described by Cooper and John (1988).

The intuition that individuals seck to conform to the behavior of reference
groups has found successful application in a number of circumstances.* One
obvious example follows from the consequences of social interactions within a
neighborhood for individual behavior. Bénabou (1993) shows that when the cost
of individual education investment is a decreasing function of the investment

decisions of one’s neighbors, neighborhoods can exhibit large discrepancies in the

1A very early study of the role of social interactions in binary choice is
Schelling (1973), who provides a wealth of charming examples, ranging from
driving patterns to styles of athletic play.
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level of human capital formation. One interpretation of this spillover is that
deviation from a neighborhood’s mean education level is costly. This type of
spillover can have powerful consequences for income distribution; in fact as
shown by Durlauf (1994a,b), such effects, when intergenerational, can lead to
permanent inequality between family dynasties. Alternatively, Schelling (1971)
shows how preferences over neighborhood racial composition can lead to
pronounced residential segregation, even when these preferences are relatively
weak. Similarly, Glaeser, Sacerdote, and Scheinkman (1994) argue that social
interactions can explain large differences in community crime rates.

The emphasis on social interactions as a determinant of behavior, while
relatively recent in the context of economic theorizing, is of course not new from
the perspective of sociology. One early analysis of the role of social interactions
is found in the literature on the “culture of poverty” (see Lewis (1966) and
Liebow (1967) for classic formulations and Montgomery (1994) for an interesting
formalization), which argues that isolated poor groups exhibit different values
towards work and childrearing from the population as a whole. More recent
treatments of ghetto poverty, such as Wilson (1987), even while rejecting a strict
cultural explanation for phenomena such as labor force withdrawal and out-of-
wedlock births, nonetheless do emphasize the social multiplier which converts
changes in private utility to changes in community-wide behavior. In fact, this
interdependence between private incentives and imitative behavior will drive our
theoretical framework.

Recent empirical evidence which is consistent with the presence of social
interaction effects has been developed in a number of contexts. Case and Katz
(1991) provide evidence that the probability of social ills in one neighborhood is
increasing in the prevalence of these same ills in adjacent neighborhoods. Crane
(1991) finds a relationship between both school dropout and teenage childbearing
rates and the occupational composition of a community. Haveman and Wolfe
(1994) present similar findings, concluding in terms of high school dropout rates,

for example, that “If those who grew up in a “bad” neighborhood were to grow



up in a “good” neighborhood, (the) probability of dropping out falls by 52%"
(pg. 250). Finally, Anderson (1990) provides a fascinating portrait of the power
of social interactions on individual behavior in the inner city of Philadelphia
based on direct field observation.?

The potential role of social interactions has also been demonstrated in
economic situations far removed from neighborhoods. Brock (1993) shows how
these types of effects, when embedded in the expectations formation process, can
help explain asset market volatility. Brock and Hommes (1995) further show
how these effects, when embedded in a model of costly learning, can produce
complex aggregate dynamics. Finally, we observe that models such as Frank
(1985) which include relative status in individual utility, introduce social
interaction effects as well in ways similar to our own analysis.

This paper is designed to provide an analytical framework for studying
economies in which social interactions are embedded in individual decisions.?
Our analysis follows Brock (1993) in exploiting the relationship between models
of discrete choice with interaction effects and a class of stochastic processes
known as random fields. Random fields modelling has proven useful in studying
the potential for multiple equilibria and complex cross-section dynamics in large
heterogeneous economies (see Follmer (1974) for an early contribution and
Durlauf (1993) and Bell (1994) for recent examples) in which all agent
interactions are local, 7.e. when individuals have incentives to conform to the
behavior of a small number of appropriately defined neighbors. Our current

2At the same time, two caveats should be stressed in interpreting these
types of studies. First, as well described in Jencks and Mayer (1990), the
evidence of these effects is often not robust across studies and regression
specifications.  Second, as emphasized in Manski (1993a,b) the empirical
literature has not successfully distinguished between evidence of social
interactions and the presence of correlated (within-group) individual effects,

especially when these effects are themselves among the determinants of group
formation.

3See also Arthur (1987,1989), Ioannides (1990), Weidlich (1992), and
Krugman (1995) for applications of stochastic process models to social
phenomena which are very much in the spirit of the current analysis.
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analysis shows how to derive complementary conclusions when the interactions
are global, i.e. where individuals face incentives to conform their behavior to the
mean of a common reference group.

One interesting feature of our analysis is the use of parameterizations
suggested by the discrete choice literature to embody social interactions. This
strategy leads us to consider binary decision problems for individual agents.
Such a framework naturally fits a wide array of social phenomena, such as
teenage pregnancy, participation in the above ground economy versus becoming
a criminal, location in a city or suburb, entry or withdrawal from the labor
force, staying in or dropping out of school, etc. TUnder the discrete choice
parameterization, the model proves to have a number of interesting theoretical
properties. A major goal of this paper is to demonstrate that our framework can
be theoretically useful without any sacrifice of economeftric tractability and
therefore may prove valuable in a variety of applications. In the sequel to this
paper, Brock and Durlauf (1995b), we develop the associated econometrics which
will allow for empirical implementation of our framework.

Section 2 provides a baseline model of social interaction effects. Section 3
develops a probabilistic equilibrium characterization of individual choices under
the assumption that these choices are made noncooperatively. Dynamic
behavior, with a focus on the stability of various steady state average choice
levels, is studied as well. Welfare analysis is conducted which shows how to rank
the multiple steady states, when they exist. Section 4 develops a probabilistic
equilibrium characterization of individual choices in the presence of a social
planner. Section 5 considers the implications of alternative formulations of social
utility. Section 6 discusses some empirical implications of the model. Section 7

provides summary and conclusions.

2. Utility maximization in the presence of social interactions



7. Modelling individual choice with private social utility

We consider the problem of individual choice in the presence of social
interactions. Formally, each individual in a population of I agents must choose
a binary action at some common time. Fach of these binary actions is coded
into w;, a realization with support { —1,1}. The space of all possible sets of
actions by the population is the I-tuple w = (wy,...,wy). Finally, w_; denotes
(W1 i _ 1y 4 1>~ wy), the choices of all agents other than i.

Individual utility, V(w,), consists of three components.
Vi(w;) = ulwy) + 5wy p(w _ ) + e(w;) (1)

The term p(w _ ;) denotes the conditional probability measure agent 7 places on
the choices of others at the time of making his own decision. The components of
total utility are threefold: wu(w,) is the private utility associated with a choice,

N is a

S(w;, p(w _ ;) is the social utility associated with the choice, and e(w;

random utility term, independently and identically distributed across agents.
Agent ¢ knows e{w,) at the time of his decision.

This formulation is closely related to a number of types of social
interactions which have appeared in the literature. When
S(1,p(w_;)-S(-1,p%(w_;)) is increasing in a rightward shift of p*(w_;)
(where a rightward shift in a probability measure is interpreted in a stochastic
dominance sense), our social utility component will exhibit the expectational
analogue to increasing differences in the sense of Milgrom and Roberts (1990),
pg. 1261, and will represent a version of the binary choice models with
externalities studied in Schelling (1973). When S(w;,p*(w _;)) both exhibits

increasing differences and takes the form , with

mf=(I—-1) " IE(Y wilu(w_ ) (2)
iFi



social utility will exhibit the “totalistic” (z.e. dependent only on the average
actions of others) form of strategic complementarities studied by Cooper and
John (1988).

2. Parametric assumptions

We restrict our analysis to parametric representations of both the social
utility term and the probability density of the random utility term. These
assumptions will render our model both theoretically and econometrically
tractable.

First, we consider forms of social utility which exhibit a strategic
complementarity that is both totalistic and constant. This means that we are
interested in forms of S(w,, M¢) which have the property that

825 (w;, mg)

=J>0 (3)

A constant cross-partial allows one to measure the degree of dependence across
agents with a single parameter. This assumption leads us to two functional
forms for social utility. The first embodies a multiplicative interaction between

individual and expected average choices,
L) = Jw,ms. (4)

We will designate this as the proportional spillovers case, since the percentage
change in individual utility from a change in the mean decision level is constant,

given the individual’s choice.

The second parameterization captures a pure conformity effect of the type
studied by Bernheim (1994),

omf) = —(w;-mH)? (5)



This specification penalizes deviations far from the mean more strongly than the
proportional spillovers case.
To see the relationship between the two forms of social utility, we rewrite

(5) as
(- % = Jwgm§ — L1 + (mH?), (6)

making use of the fact that w? =1. This form of (5) when contrasted with (4)
shows that while the two social utility specifications differ in levels, they
coincide on those terms which contain the individual choice variable.

Finally, we assume that the errors ¢{ —1) and ¢(1) are independent and

extreme-value distributed, so that

1y _ 1

Prob(e( —1) —€(1) < z) TT cop(— o) (7)

As the probability that w; takes on the value —1 rather than 1 will equal the

probability that V(—1) > V(1), parameterization of the probability density of
e( —1) —€(1) will allow explicit calculation of Prob(w ).

3. Equilibrium properties under noncooperative decisionmaking
i. Large economy behavior with proportional spillovers

We first study the behavior of the model with the proportional spillovers
specification (4) under the assumption that agents act noncooperatively.
Operationally, this means that each agent makes his choice given an expectation
of the mean choice level which is independent of the realizations of e(w;) ¥V i. In

other words, agents do not communicate or coordinate their decisions. It is



standard® under the extreme-value assumption for e(w;) that each individual

choice will obey the probability

exp(Blu(w;) + Jw,ms)) )
> exp(fu(vy) + Jvms))

Prob(wz-) =

In this probability, £ parametrizes the extent to which the deterministic
component of utility determines actual choice. When f=00, the effect of e(w;)
on the realized choice will vanish whereas as §=-0, the probability that w; = —1
(or 1) will converge to % regardless of the values of the private and social utility
terms under each choice.

Since the e(w;) terms are independent across agents, the joint probability

measure over all choices will equal

eop(B(Y" (u(uw) + Twom))
Prob(w ) = =1 7 .9
exp(B(D_ (ulv;) + Jvig)))
v, e{-1,1} vye{-11} i=1

When J = 0, this expression is proportional to the logistic density; the

standard logistic form follows directly when one performs the change of variables
K, = =i ;_ in order to shift the support of the individual decisions from {—1,1}

2

to {0,1}. In this case, the applicability of laws of large numbers to the sample
average of the individual decisions, [ _1§: w; = Wy, is immediate. When J # 0,
this standard form is augmented by sgé_}all interactions. This case possesses a
probability structure equivalent to the so-called mean field version of the Curie-

Weiss model of statistical mechanics, (comprehensively developed in Ellis

4See Anderson, de Palma, and Thisse (1992) for a valuable discussion of
the various motivations for the logistic model as well as derivations of many
standard results.



(1985)). The properties of this joint probability measure, for large I, may be
developed as follows.
First, we compute an equilibrium probability measure for the model

under the assumption that
mi =m fived ¥ i (10)

In other words, each individual’s expectation of the mean is replaced with a
common value. Second, we convert eq. (9) so that the exponent in the
expression only depends on w; linearly. This may be done as follows. Since we
are dealing with binary choices, private utility w{w;) can be replaced with
hw;+k where h and k are chosen so that A+k=1wu(l) and —h+k=1u(-1).
Notice that this implies that h:%(u(l)-—u(—l)) and so this parameter is
proportional to the deterministic private utility difference between the two
choices.

This linear representation implies that the joint probability equals

Prob(u) = III exp(B(hw; + JMw;))

i=1 exp(Bh4+BJm)+exp(— ph— BJM) (11)

since ezp(k) cancels out in numerator and denominator.

The probability density thus factors into the product of I independent
and identically distributed Bernoulli random variables. Hence a law of large
numbers will apply to the sample mean for any m, as described for example in
Ellis (1985) pg. 299. The expected value of each of these random variables will

equal

_ cap(Bh + ) — cop( — Bh— BIm) _ -
E(w,) = cap(Bh + BIm) T exp( — Bh—BIm) — tanh(Bh + fJm).  (12)

Finally, we require that this joint probability measure i1s self-consistent

(or equivalently, that expectations are rational in a steady state), so that



E(w;) =m.5 Together with egs. (10) and (11), we have Proposition 1, which
characterizes the behavior of the large economy limit under noncooperative

decisionmaking.

Proposition 1. Law of large numbers for discrete choices with noncooperative

decisionmaking

2. When agents choose actions noncooperatively given social utility specification

eq. (4), and given commonly held expectations 7, then as I=o00,%7

W =5 tanh(Bh + BJm). (13)
4. There exists at least one value m* such that

m* = tanh(Bh + SJIm™). (14)

Any such m* is a self-consistent expectation of the mean of choices across all

agents in the large economy limit.

This model will exhibit an analogue to multiple equilibria in deterministic
models of strategic complementarities, such as those described in Cooper and
John (1988), when there exist multiple solutions to eq. (14). These multiple
solutions imply the existence of distinct average choice levels which are each
compatible with individually optimal decisions. Conditions for the existence of
multiple solutions may be immediately obtained from the properties of the

5This self-consistency requirement is the “social equilibrium” condition
discussed in Manski (1993a,b).

6Throughout, “=," and “=,” refer to strong and weak convergence
respectively.

"See Ellis (1985) pg. 181 for a formal justification for using strong
convergence in the proposition.
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tanh( - ) function and are summarized in Proposition 2.
Proposition 2. Existence of multiple average choice levels in equilibrium

i. If BJ>1 and h =0, there exist three roots to eq. (14). Omne of these roots is

positive, one root is zero, and one root is negative.

4. If BJ > 1 and h # 0, there exists a threshold H, (which depends on 8.J) such
that

a. for |Bh| < H, there exist three roots to eq. (14), one of which has the

same sign as h, and the others possessing opposite sign.

b. for | Bh| > H, there exists a unique root to eq. (14) with the same sign

as h.

Proposition 2 allows us to designate without ambiguity m*. as the mean choice
level in which the largest percentage of agents choose —1, m* as the mean
choice level in which the largest percentage of agents choose 1, and my, as the
root associated with a mean between these two values, when there are multiple
roots.

One interesting feature of the proposition is that the potential for multiple
average equilibrium choice levels depends both on the strength of the social
utility as well as the magnitude of the bias towards one choice induced by
private utility. In other words, for each f and J, there will exist a level for 2
which ensures that the equilibrium is unique. This implies one is most likely to
observe multiplicity in those social environments in which private utility renders
individuals relatively close to indifferent between choices.

One can establish the 11m1t1ng ;iroper’mes of the percentage of positive

choices in the population, EI— 2 , when agents possess self-consistent
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expectations in the sense of eq. (14). Given Proposition 1, &; will converge
strongly (according to Proposition 1) to a limit £* which depends on &, 8, J and
the selection of a particular solution to (14) when multiple solutions exist. The

following properties for £* are straightforward to verify.

Proposition 3. Relationship between limiting percentage of positive choices and

model parameters
i, fh=0and 8J <1, k* = %
i, limy_, o k* = 1.

. limy_, _ o, k* =0.

w. If k=0, limj_, k* =1, %, or 0 depending on whether m% , my,, or m*%. is

the root of eq. (14) which characterizes the equilibrium of the economy.

v. If h#0, then lim;_  k¥*=1 or 0, depending on which root of eq. (14)

characterizes the equilibrium of the economy.
2. Dynamic stability

We consider the dynamic stability of the steady equilibrium choice levels

m*, m* , and my;,. We do this by considering the dynamics of the mean choice

levels under the assumption that the expectations term ¢ obeys the relationship
1 Ve (15)

where
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My 1= P o0 - (16)

In other words, we consider the dynamics of a sequence of large economies in
which expectations are myopic. While this analysis certainly does not exhaust
the analysis of learning mechanisms in the model, it does illustrate how dynamic
analogues of the model will evolve. Notice as well that if the spillover effects are
intertemporal, as in Durlauf (1993), so that aggregate behavior last period affects
current individual payoffs, our analysis will also apply.®

Eq. (11) immediately implies the existence of a unique m; conditional on
any my_ 1. Therefore, local stability of a particular steady state identified in

Proposition 1 will require that it represents a limiting solution to
my = tanh{Bh + BJm, _ ) (17)

where my is taken anywhere in some neighborhood of that steady state.
We sketch an argument on stability as follows, assuming #J >1 and

h=0. In this case, the derivative of m; —m, _, with respect to m, _, will equal

O(my—my_4)

B, =PI (tanh?(BJm,_ ) — 1. (18)

P _
Suppose we start with the mgy =0. This would imply that (ml(gi?a) ™)
(]

since tanh(0) = 0. Hence my, =0 is not locally stable, since by continuity and

>0

symmetry of tanh(-), one could find a neighborhood around mg =0 such that
my > my if my >0 and my <my if my<0. Now suppose that we start with
my = 0%. By eq. (17), my>m,_; ¥V t>1, so the sequence is monotonically
increasing. Since my, is bounded, the sequence must converge to some limit
which, by Proposition 2.i, must be m* since there are no other steady state

8For example, the payoff to labor force participation of generation ¢ might
depend on the labor force participation decisions of generation ¢—1 due to role

model or labor market connection effects.  Loury’s (1977) notion of
intergenerational social capital may also be given this interpretation.
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solutions with positive value. Therefore m*_ is locally stable from below. Now
suppose that my = 1. In this case, eq. (18) implies my <my, eq. (17) implies the
sequence is monotonically decreasing, which will again require that its limit is
m”*  since there are no other steady states with positive value; hence m* is
stable from above. This verifies local stability of m* . By symmetry, m*. must
be locally stable as well.

Analysis of the case with three roots and || # 0 (but small) is parallel
to the A =0 case. Further, analogous reasoning can be used to show the stability
of the unique steady states which occur when either 8J <1 or [A]| is large

enough. Together, this leads to Proposition 4.
Proposition 4. Stability of steady state mean choice levels

Under the assumption of noncooperative decisionmaking and the expectations

formation process eq. (15),
i. If eq. (14) exhibits a unique root, that root must be locally stable.

. If eq. (14) exhibits three roots, then the steady state mean choice levels m*.
and m?%. are locally stable whereas the steady state mean choice level mj, is

locally unstable.

This result provides an interesting complement to analyses in Miyao
(1978a) and Bénabou (1993) on the instability of integrated neighborhood
equilibria in which there are intra-group externalities. While those analyses
show how agents will segregate themselves by type in the presence of
externalities, thereby inducing within-group homogeneity and cross-group
heterogeneity, our analysis illustrates how agents will choose to act relatively
homogeneously when their types (defined in terms of realizations of e(w,) across

i) are heterogeneous and they are required to form a common group.
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In subsequent analysis, we shall focus only on the two stable equilibria.
122. Welfare analysis

Unlike the frameworks studied in Cooper and John (1988) and Milgrom
and Roberts (1990), there will not exist a Pareto ranking across the two
equilibrium mean choice levels given a realization of the individual utility errors
¢;(w;). The reason for this is simple. Exireme realizations of these errors will
cause some agents to choose —1 and others to choose 1 regardless of the social
utility induced by the choices of others. Hence these agents will disagree on the
relative desirability of the m* and m*.  equilibrium means, and therefore no
Pareto ranking will exist. However, one can exploit the preference symmetry
across agents to calculate the expected utility of a typical agent (¢.e. expected
prior to the realization of his random utility terms) under the two equilibria, and
use this to evaluate social welfare under the two mean choice levels. This

calculation compares

E(mazy, V(w) | mY ) = Emazy, (hw; + k + Jwm? -+ e(w))) (19)
to

E(mazy, V(w;) | m' ) = Emazy, (hw; + k + Jo;m™ + e(w;). (20)

Anderson, de Palma and Thisse (1992) (see pg. 60-61 for a proof) show

that for any root m*, the expected utility can be written as

E(ma:t:wz,V(wz-) | m*) =

B~ L(in(ezp(Bh+ Bk + BIm*) + exp( — Bh + Bk — fIm*))). (21)
When h=0, it is easy to show that |m* | = |m™ |, so eqs. (19) and (20)
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must be equal. Thus in the absence of any private utility, each root provides
equal expected utility. On the other hand, when A >0 (<0), |m* | > [m™ |
(|m% | > |m® |), so that the expected utility under m* (m* ) must exceed
the expected utility under m* (m%_ ). Intuitively, the root whose sign is the
same as the mean that private utility alone would induce is that which
maximizes expected utility since the private and social utility effects work in the

same direction. This verifies Proposition 5.
Proposition 5. Welfare rankings

i. When £ >0 (< 0), then the equilibrium associated with m* (m™.) provides a
higher level of expected utility for each agent than the equilibrium associated

with m* (m™*,.).

. When h =0, then the equilibrium associated with m*_ and the equilibrium

associated m* provide equal levels of expected utility for each agent.
iv. Large economy behavior with conformity effects

Finally, we consider the properties of a noncooperative equilibrium when
social utility embodies conformity effects of the form eq. (5). In this case, the

joint probability for choices will obey

(i Jeod — (1 4 722
emp(ﬂ('z (hw; + Jw, 2(1-}-m )
Prob(w) = = i
> exp(B(Y. (hy+ Jvym —%(1 + ?712)))

v €{-11} vre{-1L1} =1

(22)

B8J

Notice however, that emp(—T(l—l—ﬁz)) cancels out of the numerator and

denominator of this expression. Hence, egs. (22) and (11) are equivalent, which

16



