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Summary

We analyze a large-scale model of the immune network using the shape-space formal-
ism. In this formalism, it is assumed that the immunoglobulin receptors on B cells can
be characterized by their unique portions, or idiotypes, which have shapes that can be
" represented in a space of a small finite dimension. Two receptors are assumed to inter-
act only when the shapes of their idiotypes are complementary. We model this by using
a Buclidean metric and assuming that shapes interact whenever their coordinates in the
space-space are of opposite sign. The range of the interaction is deﬁned by a standard
Gaussian function with variance o2.

The degree of stimulation of a cell when confronted with complementary idiotypes is
modeled using a log bell-shaped interaction function. This leads to three possible equi-
librium states for each clone: a virgin, an immune, and a suppressed state. We study
the stability properties of the three possible homogeneous steady states of the network.
For the parameters chosen, the homogeneous virgin state is stable to both uniform and
sinusoidal perturbations of small amplitude. A sufficiently large perturbation will however
destabilize the virgin state and lead to an immune reaction. Thus, the virgin system is
both stable and responsive to perturbations. The homogeneous immune state is unstable
to both uniform and sinusoidal perturbations, whereas the homogeneous suppressed state
is stable to uniform, but unstable to sinusoidal, perturbations. Using numerical meth-
ods we study the non-uniform patterns that arise from perturbations of the homogeneous
states. Identifying with the in vive situation, these patterns represent the actual immune
repertoire of an animal. In contrast with most reaction-diffusion models, pattern formation
. 1n this model is not dependent on long range 1nh1b1t10n and short -range a,ctnra,tzon

Embeddlng our model in a one-d1men310nal sha,pe-space we numencally analyze the
system upon varying the parameter . If o is large compared to the size of the shape-space,
the system attains a fixed non-uniform equilibrium. Conversely if o is small, the system
attains one out of many possible non-uniform equilibria, with the final pattern depending
on the initial conditions. This demonstrates the plasticity of the immune repertoire in this
shape-space model. We describe how the repertoire organizes itself mto la.rge clusters of
clones having similar behavior.



We extend these results by analyzing pattern formation in a two-dimensional (2D)
shape-space. To do this we use a lattice mapping whose rules are rigorously derived from a
simplified version of the underlying differential equations via a logarithmic transformation
of variables. A novel feature of the lattice model is that the neighborhood of cell (i, )
is centered around cell {—z,—j). Thus interactions are nonlocal. The 2D patterns that
we find are reminiscent of those found in reaction-diffusion systems with many hills and
vallevs. The scale of the pattern depends on neighborhood size, with small neighborhoods
generating fine scale patterns with narrow peaks, and large neighborhoods generating large
scale patterns with wide peaks and valleys. Both one and two-dimensional models support
patterns in which a fraction of the clones are not stimulated by network interactions. The
fraction of such “disconnected clones” increases with both dimensionality and o.

Introduction

Jerne (1974) postulated that the immune system functions as a network with a complex-
ity comparable to that of the nervous system. The number of different lymphocyte clones,
or idiotypes, involved in the immune network may be of order 10° to 10%. Interactions
amongst the clones depend on complementarities between the different immunoglobulin
receptors characteristic of each clones. The degree of binding of two idiotypes, usually
measured by their equilibrium binding constant or affinity, depends on the generalized
shapes of the two receptor molecules involved (Perelson & Oster, 1979). By generalized
shape, we mean not only the average geometric shape of the binding region of the receptor
molecule, but also factors such as the electric charge, dipole moments, and hydrophobicity.
Recent structural determinations of antigen-antibody complexes (cf., Amit et al, 1986;
Stanfield et al, 1990) highlight the importance of shape complementarity and show that
in the binding region positive charges are complemented by negative ones (Sheriff et al.,
1987). Because cells in the immune system are constantly being generated in the bone
marrow, stimulated to grow, and dying, one is led to conceive of the immune network as a
vast collection of shifting clonal populations each characterized by a generalized shape z.

Qur attempts to model high-dimensional immune networks have utilized two differ-
ent approaches to represent molecular shape and to compute complementarity between
molecules. In one approach, we have associated the shape of receptors with a binary
string, and used the degree of complementarity between bitstrings to determine the degree
of interaction between clones. The degree of interaction is then used to generate terms
in a system of ordinary differential equations that determines the population size of each
clone. In this approach the number of idiotypes incorporated in the network can vary,
owing to the introduction of novel clones from a source meant to mimic the bone marrow,
and owing to interactions among the clones present in the network (Farmer et al., 1986;
De Boer & Perelson, 1991). In a second approach put forward by Segel & Perelson (1988),
and which we shall pursue here, shape is described by a vector of real numbers and a
set of partial differential equations in both shape and time variables determines the size
of clonal populations. A typical rule to determine complementarity is that a receptor of
shape z is complementary to a receptor of shape —z. By finite difference methods, the
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partial differential equations can be converted into a set of ordinary differential equations.
Thus, a discrete set of equations results but these are different from those in the bitstring
model in that they have a different interaction kernel.

It is conceivable that an adequate characterization of essential shape variables can be
accomplished by a relatively small number of measurements (Perelson & Oster, 1979). This
gives a shape-space of some small finite dimension. Our earlier work (Segel & Perelson,
1988) was confined to a one-dimensional (1D) shape-space; here we will extend this to a
two-dimensional (2D) shape-space. By contrast, in the bitstring approach the shape-space
is the #-dimensional hypercube, where £ is the number of bits in the string used to represent
shape. As we demonstrate below the advantage of using a continuous shape-space is that
standard analytical methods are available for analyzing system behavior.

The model that we analyze here is the snnplest of a sequence of models that we have
proposed, and studied extensively, in previous publications (De Boer 1988; De Boer &
Hogeweg, 1989a-c; De Boer et al., 1990; De Boer & Perelson, 1991; Perelson and Weisbuch,
1991; Weisbuch et al., 1990). For each B cell population, the model incorporates one
differential equation with terms correspondinig to (1) a constant source of cells from the
bone marrow, (2) cell death, and (3) proliferation in response to cell activation. The most
crucial feature of the model is that the degree of activation is a log bell-shaped function of
the total amount of stimulation a cell receives. Since a bell-shaped function has a region in
which it increases and a region in which it decreases, the effect of increasing the stimulation
can either be an increase or a decrease in proliferation. A steady state exists in each of the
two regions. We have called these the immune state and the suppressed state, respectively.
A third steady state exists when the degree of stimulation is low. This virgin state, is
characterized by a balance between the source of cells from the bone marrow and the loss

of cells due to cell death.

Here we study this model in a shape-space setting. Our aim is to come to a better
understanding of repertoire development. The potential repertoire of our model immune
system is the entire shape-space. Owing to network interactions, some regions of the shape-
space will be suppressed, some will be activated, and some will hardly be stimulated by
other shapes in the inmune network. Accordingly, we expect some spatial distribution of
clone sizes throughout the network, where “spatial” refers to shape-space. This distribu-
tion, together with the spatial distribution of the degree of stimulation, defines our immune
repertoire. We will show that the repertoire is very plastic in the sense that it can assume
any of a large number of distinct spatial distributions. Further, we analyze the onset of
pattern formation via linear stability theory. We find that the formation of patterns in the
immune repertoire does not require different ranges of inhibition and activation.

The most important immunological question that we address is whether or not the
network, in its shape-space setting, will be able to combine a functional idiotypic network
with a clonal organization of functionally disconnected antigen-reactive clones. In two
recent reviews, Coutinho (1989) and Holmberg et al. (1989) argue that about 10-20% of



clones form an idiotypic network. In their view, the other 80-90% of clones are discon-
nected from the network and form a clonal compartment of immunocompetent but resting
Iymphocytes that is responsible for immune responses to foreign antigens. The network is
thought to select which T and B cell clones are expressed in an animal. This is what we
call repertoire selection. In a shape-space model, the question of finding a combination of
network and independent clonal organizations boils down to finding a mosaic of regions
that are stimulated by the network and regions that are hardly stimulated. We will show
this to be possible, but in our model the fraction of cells in each compartment does not
agree with the Coutinho-Holmberg estimates.

The outline of this paper is as follows. We will first introduce the 1D shape-space
version of our model, and discuss its three uniform equilibrium states. We analyze the
stability properties of these three states to both uniform and sinusoidal perturbations of
small amplitude. We numerically study the model and then, based on our results, modify
the model by introducing density dependent growth to give more realistic non-uniform
patterns. We then analyze a two-dimensional version of the model using a 2D lattice
mapping. Readers unfamiliar with mathematical analysis may wish to skip the sections
dealing with the stability of the uniform steady states.

Model

Our model is composed of an infinite number of B cell populations of different shapes
that may be ordered in a finite-dimensional shape-space. In order to facilitate analytic
treatment we study a simple version of our idiotypic network model, in which we do not
differentiate beitween B cells and free antibody, and in which we use a phenomenological
log bell-shaped function to summarize the chemistry involved in receptor crosslinking and
subsequent B cell activation. We have previously shown that more complex models that
incorporate antibodies and crosslinking chemistry have similar steady states but in some
parameter regimes tend to have oscillatory and/or chaotic behavior (De Boer et al., 1990;
Perelson & Weisbuch, 1991). Free antibody can be imagined as present, if one assumes
that there is always a constant number of free antibodies per lymphocyte. Note, however,
that we have shown before that this can be an unrealistic assumption (De Boer & Perelson.
1991). An analysis with this assumption lifted will be published elsewhere (Perelson &
Segel, 1991).

Tn our model we consider B cell populations, b(z,1t), with receptors of shape z at time
¢. Although z may be a vector in R”, we mainly consider only the samplest case wherein
z is a real number bounded by the half—lenvth L, of shape-space, 1e., - L <z < L. In
the analysis that follows we will indicate places in which the treatment would need to be
varied for higher dimensional shape-spaces. Weisbuch (1990) and Weinand (1990, 1991)
have explicitly dealt with two and three dimensional shape-spaces; Percus (1988) presents
a model in which the dimension need not be specified. High dimensional models restricted
to a Bethe lattice have also been presented by Percus (1989) and Weisbuch et al. {1990).



Recently Stewart and Varela (submitted) present a 2D shape-space model resembling the
one presented here. Their model is further addressed in the Discussion.

Writing 5(z,t) as b, we propose as the fundamental population balance equation of our
model

o0 = M 4 b(PS(R)— d)

Here M is the constant source of cells from the bone marrow, d is the per capita rate of cell
death, P is the maximum per capita rate of B cell proliferation, f(k) defines the degree of
activation, and £ 1s the total stimulation that the population receives from all other B cell
populations in the shape-space. We will refer to h as the external field or simply the fleld
of the population. The model is non-dimensionalized by scaling the time T to the rate at
which B cells turn over, '

B = m bW~ 1) )

wheret—Tdm M/d and p = P/d.

The most crucial feature of this model is the shape of the activation function f(h),
which is taken to be a biphasic dose-response function (Fig. 1)

h h 62
f(h) = 9+h( -92+h) 01 +h G2+ h’ @
where 82 > ;. The first factor in % increases from 0 to 1, reaching its half-maximal value

at #1, the second factor decreases from 1 to 0, reaching its half-maximal value at 6. For
&,

(VB + v62)*’
h.= +/816,. Because 0 < f(h) < 1, we derive from Eq. (1) that the B cells can maximally
grow at a rate p — 1. Thus, in order to allow for net clonal expansion p must be greater
than 1. Since maximally stimulated cells divide about once every 16 h, and cells live a few
days (e.g. d =0.5d!), p = 2 is a typical non-dimensional rate of proliferation.

82 > 61, the maximum is apprommatel} one. This maximum is attained at

Below the maximum of f(h), increasing h increases f(h); we call this the stimulatory
regime. Above the maximum, increasing h decreases f(h); we call this the suppressive
regime. Plotted as a function of log h, the graph of f(h) is a bell-shaped curve (Fig. 1). An
important argument for the use of a log bell-shaped function is that receptor crosslinking is
involved in B cell activation. The fraction of cell surface receptors cross-linked by a ligand
when plotted against the logarithm of the ligand concentration is called a cross-linking -
curve. For bivalent ligands the cross-linking curve is bell-shaped and symmetric around
its maximum (Dembo & Goldstein, 1978; Perelson & DeLisi, 1980; Perelson, 1984).

The field h(z,b) that is felt by B cells of shape z determines the degree of cell stimu-
lation. To specify the field, we assume cells of shape z are stimulated by cells of comple-
mentary shape centered around £ = —z. For any shape z, let g(z, 2)b(,t)dZ be the total



stimulation (o.r'ﬁeld), k, that B cells of shape z receive from B cells of shapes between £
and & + dZ, where dZ is a small number. Then

L
h(z,b) = / (e )82 ) (3)

As in Segel & Perelson (1988), we assume that affinity or degree of interaction between
shapes z and # decreases according to a Gaussian function g(z, ) of the distance to the
_ perfect match =z = —3:

g(z, %) = G(2ro?) "/ * expl—(z + £)*/207] , (4
where G and ¢ are constants determining the amplitude and width of the function, re-
spectively. If each shape is complementary to only a small fraction of all possible shapes,

o < L. Because we can scale 8y, and o, we can set G = 1 without loss of generality (De
Boer & Perelson, 1991). This has the advantage that for L > o

f g(z,2)di = 1. (5)
—L - . - ) '
For a multidimensional shape-space, we replace Eq. (4) with

g(x,%) = G(2r0°) ™2 exp[~(x + %)*/20°] ,

where £ is the dimension of the shape-space and x and X are ¢-dimensional vectors. Using
different variances in different shape-space directions is also possible in this multidimen-
sional model.

Equilibrium states. We have shown before (De Boer, 1988; Weisbuch et al, 1990) that
whenever m < 8; < 62 Ea. (1) has three spatially uniform equilibria. We have called
these the virgin, the immune, and the suppressed state respectively. In the shape-space
each equilibrium corresponds to a uniform state in which all B cell populations are equal,
ie., b(z) = b. By Egs. (3) and (5) this means that the fields, A(z,b) = b = constant, for
all 2. Each of the three states has its own typical range of values of the field. We greatly
simplify our analysis by approximating f(h) differently in each of the three states.

The virgin state corresponds to a situation in which B cells are hardly stimulated. This
corresponds to the first region of the bell-shaped function where h < ¢; < 62 and

HOET- (24)

Recalling that for a uniform state, h = 3, the équilibrium value, b, of the virgin state is
then given by

db . D 32
T —O-—-m+915 -b,
with solutions
s+ 1E4/1—4mp/6 .
b } (6)
2p/6:



Thus, the condition for having a virgin state is that 4/1 — 4mp/8, is real, or
dmp < 8; . ' : (7)

Whenever Eq. (7) holds, Eq. (6) has two real positive solutions. The virgin state corre-
sponds to the smaller of the two, ie., to b~. (The solution &T is close to ¢ and thus
violates the condition h <« #;1.) Choosing m < 61, we approximate /1 — 4mp/8; by its

first order Taylor expansion, and obtain
. b ~m. (8)
Since we choose m < 81, Eq. (2a) is a good approximation of Eq. (2).

In the immune and the suppressed'sta.tes B cells proliferate. Since a proliferating
population based upon Eq. (1) expands mainly by cell division, and not by receiving novel
cells from the bone marrow, we neglect m and observe that to a good approximation

Hp(fR) -1 =0, or f()= %, for 5>0. ()

The immune state corresponds to a situation in which further stimulation, i.e., a small
* increase of h, increases the rate of proliferation. This corresponds to the increasing region
of f(h) where h < \/6183. If /010, <02, ie., if V0, < /83, then 8,/(82 + h) = 1. Thus,
we assume /81 € /B2, and in the region m < h < /8102 < 8,, we approximate Eq. (2)
by .

- h
= 2
£y = 5 (2%)
Since h = b, Eq. (9) becomes
b 1
h = == -,
F(k) 61+6 »p
and hence
_ 91

Note that because p > 1, b > 0.

The suppressed state corresponds to situation in which further stimulation, i.e. an
increase of k, decreases the rate of proliferation. This corresponds to the decreasing region
of f(h) where h > +/0,8,. Therefore, by arguments similar to those given above, we
approximate Eq. (2) by

- 8,
b) = = .
_ 56) = 55 (20)
Since k = b, Eq. (9) becomes _
: 62 1
h) = == -,
1) +b6 p
and hence
b=(p—1)8 . (11)



Becanse p—1=1, the B cell population levels in the immune state, Eq. (10), and the
suppressed state, Eq. (11), are located around the respective half-saturation constants, 6,
and 9,, of the two saturation functions that make up f(h).

The Omne-dimensional shape-space: Stability Analysis

The linear stability analysis that we perform below follows that given in Segel & Perel-
“son (1988) for a similar model having only one uniform equilibrium state. Treating each
of our three equilibria separately, we analyze stability to first uniform and then sinusoidal
perturbations. This is necessary since, as we shall see, in this model in which the shape
z = 0 is distinguished the system response to an infinite wavelength sinusoidal perturba-
tion need not be the same as the response to a uniform perturbation. This has been noted

before (Segel & Perelson, 1990).

© Stability to uniform perturbations. We first examine the effect of a small perturbation
b'(t) that is applied to each B cell population. For each of the equilibria
0=m+b(pf(d) -1} . (12)
Writing
b(t) = b+ b'(t) (13)
we find that '

oB+b) O - .
KoY Ot B+ 0)pFE+)— 1) (14)

Upon substituting the first order Taylor expansion of f (5 + b'), employing Eq. (12), and
neglecting the second order terms in ¥ we obtain

%b?' = b(pf(B) + Bpf (B) —1) .

where f'(b) denotes the derivative of f(h) with respect to h evaluated at B = b. For
stability we require 8b'/0t < 0 when V' > 0, i.e.,

pf(3)+Bpf/(H) ~1<0. - (15)

* For the virgin state, b = m Eq. (8), we approximate the log bell-shaped function Eq. (2)
by its linear part, Eq. (22}, and obfain
- ™ ey =L
f(m)_61 ) f(m)_al'
Thus, the stability condition Eq. (15) becomes
2pm < 8 . (16a)

This stability condition is even less restrictive than condition Eq. (7) for having a virgin
state. Since p = 2, and m < 6, both conditions will be satisfied. We conclude that the
virgin state is stable to uniform perturbations. The stability properties of the three steady
states are summarized in Table 1.



2 T we approximate Eq. (2) by Eq. (2b), i.e., by the full

For the immune state, b =

stimulatory region of f(h),

5 - 61
b . () = —— .
Thus, the stability condition Eq. (15) becomes
1
P= <o, (16b)

Since p > 1 the stability condition is never satisfied. We conclude that the immune state
is unstable to uniform perturbations (see Table 1). :

For the suppressed state, b = (p — 1)62, we approximate Eq. (2) by Eq. (2¢), i.e.,‘ the
decreasing region of f(h), : '

5) = PO =-
Thus, the stability condition Eq. (15) becomes

- (2-;—1> <0. (16¢)

Since p > 1 the stability condition is always satisfied. We conclude that the suppressed
state is stable to uniform perturbations (see Table 1).

_ b
(62 +0)*

Stability to sinusoidal perturbations. Now consider a perturbation that is exponential in
time and sinusoidal in space. For that purpose consider a shape-space of infinite domain.
We search for perturbations that can destabilize the uniform steady-states. We propose

b'(.:c,t) = e)\t[ﬂe:kz +ﬁ* —:kz] . (1{)
where the asterisk.denotes the complex conjugate, and k is the wavenumber of the per-
turbation. In higher dimensions, we use a similar perturbation but replace kz by k- x,
where k and x are vectors. We assume k # 0, so that the perturbation is sinusoidal and

leaves the averase value of b unchanged. Employing Eqs. (3) and ( 17), and redefining the
Gaussian function as g(z + &), the perturbation of the field 2 due to b’ is

R(b') = e / " gz + 2)[Bei*? + pre™*]dz

= CAt_/ g(z)[ﬁeik(z—z) +ﬁ*e—ik(z—z)]dz

— ektg(k)[ﬂe—-ikz _l_f))*eikz'] . (18)
Here § is the Fourier transform .
o0
g(k) = / e g(z)dz =702 (19)
—oo



- Thus,

| In analogy to Eqgs. (12;14) we write
MLY) B s 54 30 [ps ([ oo+ DB+ ¥ (20) - 1]
Employing Eq. (5) we reshuffle this into
%)ti =m+(b+1b) [pf (B + fg(a: + i)b'(i)d:ﬁ) - 1] ,
which, upon expanding f(-) around b yields
Wt G4 ) [ps ) 421G [ oo+ 2 (@) - 1]
Neglecting the second order term of &', and using Eq. (12), this can be rewritten as

& L IO LSS

Employing Eqgs. (17) & (18) and cancelling e, this becomes |
A[Be*e 4 Bre=7) = [Be*® + Bre ™ (pf(B) — 1) + [Be™™% + e *)bp ' (B)5(F) -

0= (pf(8) — 1 = N)[Be™™ + f*e™*=] + bpf' (B)g(k)[Be ™™ + e .
For k # 0, the coefficient of exp(ikz) must vanish separately from the coefficient of
exp(—ikz). Thus,

Blpf(d) —1 —X)+ B*bpf'(b)i(k) =0, (20a)

Fei®)—1-N+fpfBaky=0. (200)
Subtracting the complex conjugate of Eq. (20b), S(pf(b) —1 - A*) + Brbp f'(5)g(k), from
Eq. (20a) yields

B =2 =0.

For 8 # 0, this means that A is real and that the behavior in time is monotonic. Since A

is real, Eqs. (20a & 20b) are merely each others complex conjugates. Splitting 8 into its
real and imaginary parts

18 = ;31' + zﬁt »
‘and taking the real and imaginary parts of Eq. (20a) we obtain

Brlpf(B)—1—A+bpf(b)ak)] =0,
Bilpf(b) — 1— A = bpf'(B)s(k)} = 0.
Nontrivial solutions result when :

Br=0,i#£0,A=2" and B, #0,6i=0A=2X", (21)
where : ‘ |
A= pf(B) =1+ Bpf'(B)eF o k40, (22
and Eq. (19) has been used to substitute for (k). We now use this result, i.e., the values

of AT and A~, to examine the stability of the virgin, immune, and suppressed steady states
to sinusoidal perturbations.
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In the virgin state, b = m, we approximate Eq. (2} by Eq. (2a)

- b - 1
B=5 » FH=5
Substituting this into Eq. (22) yields
+ __ pm Pm -k’
V= TE 1T . (23)
For m < 8, the term before the £+ symbol is negative. Instability, i.e., A > 0, can therefore
only be obtained for AT. The largest contribution of the term followmg thP + symbol in
Eq. (23) is obtained when e~ —**¢*/2 reaches its maximal value, which equals unity for & = 0.
Hence we obtain as a sufficient condition for stability
L (24a)
1
This condition is equal to the requirement for stability of the virgin state to a uniform
perturbation (i.e., Eq. (16a)) and is satisfied as long as the virgin state exists. We conclude
that the virgin state is stable to both uniform and sinusoidal perturbations (see Table 1).

_ 8 _ |
In the immune state, b = —11, we neglect m and approximate Eq. (2) by Eq. (2b),

. p-
le.,

- b 1 b _(p— 1)2

b) = = =— and b

=535 FE) = (6:+8)?  6ip?
Hence Eq. (22) simplifies into
zE =Pl e (24b)
p

Because p > 1, AT > 0 and the immune state is unstable to sinusoidal perturbations.
Substituting Eq. (21), A = AT, 8, # 0 and 8; = 0, into Eq. (17) yields

vz, t) = ¢'.=."‘+‘,E‘r[e"kaC 4 e~ = 28,.e* tcoskz |
and hence destabilizing perturbations are of the form cos kz (see Table 1).

In the suppressed state, b = (p — 1)92, we neglect m and approximate Eq. (2) by
Eq. (2¢), i.e.,

= G2 1 - - 1
b) = ==~ d Fll)=-——Z=r =———.
1) b+b p F®) (62 + b)? p*6;
Hence Eq. (22) simplifies into '
P St GRS (24c)
p

Since p > 1, A~ > 0 and the suppressed state is unstable to sinusoidal perturbations.
Substituting Eq. (21}, 8- = 0 and B; # 0, into Eq. (17) yields

V(z,t) = e)‘-tﬂgz’[eikz - e;ikz'] = —28;e* tsinkz ,

and hence destabilizing perturbations are of the form sin kz (see Table 1).
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Sinusoidal perturbations of the immune state and suppressed state are expected to grow
most rapidly when exp[—k%02/2] = 1, i.e., for an infinite wavelength & = 0. The states
differ however with respect to the form of the “most dangerous” sinusoidal perturbation,
i.e., whether it is sinz or cosz. It is important to realize that, with respect to z = 0,
perturbations of the form sinz are asymmetric in the shape-space, whereas those of the
form cosz are symmetric. Thus, if a perturbation of the form sinz increases certain
populations around shape z, the complementary shapes around —z decrease. Because
these complementary shapes comprise the field h(z}, perturbations of the form sin z induce
an opposite change in each population and its field. Conversely, since perturbations of the
form cos z are symmetric around z = 0, cosinusoidal perturbations causes both populations
and fields to change in the same direction. '

For the immune state, in which coskz is most dangerous, this means that any in-
creased population gains an increased field. Indeed, by Eq. (2b), this causes the increased
* populations to increase further. Similarly, any decreased population will decrease. Addi-
tionally, as & — 0, a cos kz perturbation, tends to increase all shapes uniformly. Indeed,
the requirement for stability to sinusoidal perturbations Eq. (24b) is identical to that for
stability to uniform perturbations Eq. (16b).

For the suppressed state, in which the asymmetric perturbation sin kz is destabilizing,
this means that any increased population gains a decreased field. Indeed, by Eq. (2¢), this
causes the increased populations to increase further. Similarly, any decreased population
will decrease. Additionally, as & — 0, sin kz, perturbs all shapes of equal sign in the same
direction. Thus, one side of the shape-space populations increases, while on the other
side populations decrease. Since the changes on the positive side of the shape-space will
reinforce the rate of change on the negative side of shape-space, and vice-versa, such a
perturbation grows rapidly.

A Discrete One-dimensional shape-space

So far in our analysis we have treated shape-space as if it were continuous. In order to
numerically solve Egs. (1)-(5) that determine our model we need to discretize the problem.
Although this can be done with any of a number of well-studied procedures, we prefer to
describe a discrete formulation of our model that can stand on its own as an immune
network model. This is the same philosophy that underlies the numerical work in Segel &
Perelson (1988) and Perelson & Segel (1991).

In the discrete formulation of the one-dimensional problem, the shape-space is divided
into subintervals of width A. Let b;(¢) represent the population size of a set of clones of
related shape centered around b(z,t), where z = iA, i = —N,...,N. Let the interval of
shapes represented by b; be symmetrically distributed around b(z,?), i.e., have width A/2
on each side of §(z,t). Thus the entire shape-space is now defined on —L — A/2 <z <
L+ A/2. Since there are 2N +1 intervals each of width A, L = NA. If periodic boundary
conditions are used, then the extension of shape-space beyond L is not needed. In this
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case, we set b..ny = by and hence we map the region of width A/2 to the left of ~L into
the region of width A/2 to the left of L, and similarly for the regions to the right of L and
— L. Despite the apparent complexity, we choose this symmetric representation so that b
represents clones distributed around the origin of shape-space.

In the discrete representation,
b,‘(t) = b(.’r.,t)A , t=-=N_...,N,

. where b(z, 1) is a density having units of number /unit length of shape, whereas b; has units
of number. In this formulation we can either view the b; as representing “superclones”, i.e.,
a set of clones of sufficiently similar shape that their behavior can not be distinguished, or
if we have a fine enough grid as the set of all possible clones in the animal.

We now construct a set of discrete equations that are the counterparts of Egs. (1)-(5).

Thus db . : :
| ?; = m; + bi(pf(hi) = 1), (1)
where m; is the rate of supply of clones of type i. The activation function f(-) is still given

by Eq. (2). The counterpart of Eq. (3) specifying the field is
N
hi= > g(i,i)bi(t)A . (3
) j=—N ‘
Because we have discretized shape-space, the Gaussian now becomes

9(8,7) = G(2ma?) "2 exp[—(i + 7 )2 A% /257 . (4"

~ If periodic boundary conditions are used, b_n = by, this system forms a set of 2N
ordinary differential equations. We use periodic boundary conditions to simulate having
an infinite domain. Thus if the tails of the Gaussian reach the boundaries we wrap them
around the domain, allowing the distance in the Gaussian to increase. Thus the field
becomes
i+ N ‘
hi= ) g, )b(0A (3")
‘ j=—i-N

where b; is assumed to be 2N periodic, i.e., b;j = bjyan = bj-2n.

In the discrete approach one can view this set of differential equations as forming the
true model, which describes the interactions among a set of 2N clones. The continuous
system of partial differential equations then is an approximate description and presumably
a good one when N is large. The alternative approach is to view the partial differential
equations as the true model. Then any of a number of discretizations are possible, some
more accurate then the simple trapezoidal rule approximation for the integral in Eq. (3').

Simulation. We have simulated the discrete model by numerical integration. Since the
space is sampled according to the Gaussian function g(-), and because A defines the step
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size in space, we define A = o/n, where n is the number of intervals used to approximate
one standard deviation of the Gaussian. We typically choose n = 5, and test the accuracy
of the approximation by increasing n, which should not affect the results. For the size,
L = NA, of the shape-space we arbitrarily choose L = 1. The number of differential
equations needed, 2N, is then determined by N = L/A = nL/o. Increasing the accuracy
of the spatial approximation, i.e., increasing n, thus increases the number of differential
equations. To see that L is arbitrary, notice that once N and n are specified, the ratio
N/n = L/, hence L can be varied as long as ¢ is chosen appropriately.

In order to verify our analytic derivations, we have simulated this discrete system with
periodic boundary conditions. See Fig. 2. In the numerical approximation the maximum
wavelength is 2L. Owing to the penodlc boundary conditions the wave has to repeat
itself beyond L and —L. First, for the virgin state, 5 = m, we confirmed the stability to
both uniform and sinusoidal perturba,tmns (not shown). Second, for the immune state, a
uniform perturbation that increases the popula,t.ton size of clones initially at the immune
state, b = 6y, causes all of the clones to increase in size until the suppressed state, b=6,,
is attained. Conversely, a uniform negative perturbation that decreases the population
size of all clones at the immune state, causes clones to decrease uniformly in size until the
virgin state, b = m, is attained (not shown).

Recall that the immune state is unstable to perturbations of the form cos kz, whereas
the suppressed state is unstable to perturbations of the form sin kz. Fig. 2a shows that
a perturbation of the immune state of the form sinz has the tendency to damp out.
However, due to non-linear effects the network fails to return to the immune state, but
attains the uniform virgin state. Fig. 2b shows a perturbation of the immune state of
the form cos z. The perturbation increases in amplitude, spreads, approaches the uniform
suppressed state b = 6,, from where it grows further in the form of sinz. As predicted,
the suppressed state was found stable to uniform perturbations. Fig. 2c shows the effects
of a perturbation of the form sin z made to the suppressed state b = 8. The perturbation
grows monotonically until non-linear effects come into play. Conversely, a perturbation of
the form cos z decreases in amplitude (Fig. 2d). These observations confirm our analytic
results.

The simulations displayed in Figs. 2b and 2c¢ did not attain an equilibrium distribution.
The simulations were terminated because the long term dynamic behavior of the model
grew-unrealistic since some of the populations grow very large by self-stimulation. This is
illustrated in Fig. 3a, which displays the distribution of clones and fields at ¢ = 50 that is
attained by continuation of the simulation shown in Fig. 2c. Figure 3a displays two peaks
of about 10! cells, having a stimulatory field value. Closer inspection shows that the
fields of each peak are comprised of the tails of the Gaussian centered around the shape
complementary to that peak. In other words, the clones stimulate themselves. To see this,
consider the effect of a single clone at z = =, where z1 > 0 but near the origin: Thus, let

b, =2,
b("”)_{o, ifr#z
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Then, by Eq. (3), |
h(y) = ] oz + V)b(z)dz = big(z1 + 1) . (25)

The feld is maximal at y = —z; and falls towards zero as y approaches z;. If, at some
value of ¥, h(y) = /818, then a clone at y will be maximally stimulated. If this maximal
stimulation occurs at ¥ = 1, then the clone at z; will stimulate itself maximally. Roughly
speaking this will occur if z; is within a few standard deviations of the origin. More -
precisely, we require »1g(2z1) & /6182 or z; = o+/2log(n)/2, where n = bi /2702 616.
Notice that the larger b; the further from the origin that the cione can be located and still
maximally stimulate itself.

This analysis shows that we expect that the clone near the origin x = 0 in Fig. 3a
will stimulate itself. This self-stimulation makes sense because shapes of shape zero are
supposed to match themselves. B cell clones that stimulate themselves have been discov-
ered in mice and are called autobodies (Kang & K&hler, 1986). In our model a low affinity
~‘autobody can grow large enough to sustain its own proliferation, and — as a side effect —
dominate a large proportion of the shape-space. The other peak in Fig. 3a stimulates itself
due to the periodic boundary condition. This is unrealistic. In Fig. 3b we further continue
the simulation, showing the B cell distribution at ¢ = 50,100, 150,200. This shows that
the peaks keep on increasing, moving further into the tail of the Gaussian distribution.
The population levels are unrealistically high, and we end up (at ¢ = 200), with a reper-
toire containing only two species. In Figs. 3c-d we repeat these simulations for a system
having fixed, instead of periodic boundaries. We now only find the autobody peak, but its
behavior in terms of increasing to extremely large populations is the same. '

* Inreality shape-spaces are neither infinite nor periodic. Having confirmed our analytic
“derivations, which were done for an infinite domain, it seems more realistic to omit the
“"periodic boundary conditions and assume fixed boundaries for our more exploratory nu-
merical work. Fixed boundaries only affect the field of the clones close to the boundaries.
For instance, in a uniform state, b = b, the field of the clone in the middle still approx-
imates A = b, but shapes at the boundary have a fleld that is closer to h = 5/2 than to
h =b. This non—umform distribution of the field destabilizes the uniform suppressed state
b = (p — 1)f;. Because the suppressed state is unstable to sinusoidal perturbations, and
because completely uniform perturbations are unrealistic anyway, this hardly changes the
interpretation of our results.

' Assuming fixed boundaries eliminates the possibility of self-stimulation via the edges
of the shape-space, but fails to solve the problem raised by the autobodies centered around
z = 0. The reason why a small degree of self stimulation causes populations to be so large
can be understood by writing

db

S =mt b(pf(eb) — 1), (26a)
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where b is an autobody of shape z1, h = eb defines the degree of self stimulation, and
from Eq. (25) € = ¢g(2z1). In analogy with the derivation of the three uniform equilibrium
states, i.e., Egs. (8), (10), & (11), we now obtain

61 5 = (p—=1)f2
S S S L
ep—1)’ €
for the virgin, the immune, and the suppressed state of the autobody, respectively. In
analogy with the stability analysis for uniform perturbations, one can show that the virgin

b=m, b=

and the suppressed state are stable, and that the immune state is unstable. Thus we expect .

an autobody, once stimulated, to grow sufficiently large that it ultimately suppresses itself.
The counterintuitive property of the self stimulation is that a decrease of the degree of self
stimulation, €, increases the equilibrium population in either the immune or suppressed
states. Instead of interactions fading away at the tails of the Gaussian distributions they
may become more pronounced! We consider this point further in the Discussion.

A simple solution to the problem of ‘la;rge population sizes is to incorporate a self-
limiting term in the growth equation for each population. Thus, we multiply the maximum
proliferation rate p by the density dependent function r(b), so that Eq. (1) is replaced by

O =t b f(R(B) 1) (269)

where r(b) is

(o) = 9 el

Instead of r(b) a variety of other functions could be used. For example, Segel & Perelson
(1988) suggested e~**. The logistic type term, (1 — b/bmaz), could also be used. We
prefer r(b) for two reasons. First, unlike the logistic term there is no strict maximum
population size. Populations can get larger than 83 but not much larger. Thus the limit
to population growth is somewhat elastic. This is more akin to what happens in the
immune system, where the total number of lymphyocytes is controlled but can still rise
during infections. Additionally, because a logistic term allows for negative growth rates, it
requires the assumption that above the maximum population size stimulated clones decay
more rapidly than non-stimulated clones. This need not be the case in the immune system.
As to the exponential term, it also gives rise to an elastic imit, but it has the disadvantage
that to find the steady state population size one needs to solve a transcendental equation
rather than a polynomial.

Incorporating the density dependent function r(b) into the model will have no effect
on the stability results as long as r(b) only pla,ys a role at population densities that are
much larger than the three equilibrium states b = m, b = 61/(p — 1), and b = (p — 1)6s,
respectively. The equilibrium value that is atta.med by a population, b, limited by the
growth limitation only, i.e., for f(h) =1, is

bz
83+ b B

, hence, b=(p—1)s,

"3
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which is of order 83. Setting 8; > 82 > 61 > m, ensures that r(b) ~ 1 in the virgin,

immune and suppressed equilibrium states. Whenever r(b) & 1 it can be omitted from
Eq. (26b), reducing it to Eq. (1), that we have used for the stability analysis.

One can also show formally that adding r(b) to the model does not add new uniform
equilibrium states. Considering a region where r(b) plays a functional role, i.e., let b a
uniform B cell population of order 8;. Because h = b= 63 > 6 > 6,

h d &

hrR T e
As a result, f(h) =~ 0. However, if f(2) ~ 0, Eq. {26a) reduces to
ab
E R om— b 3

- which has the virgin. state, b.=m, as the only equilibrium solution. Since m < 6; <
8 < 03, b is not of order s, which contradicts our assumption. Hence, besides the virgin,
immune and suppressed states, there is no additional uniform equilibrium in the region
where b>> 65,

Plasticity. In Fig. 4 we show the time evolution of a network incorporating the self-
limitation r(b) with #3 = 10%. The variance is equal to that studied in Figs. 2 & 3, 1.e., 0 =
0.045. As an non-uniform initial condition, we now assign to each population a value that
is randomly distributed around the suppressed state with 10% standard deviation. The
main difference with the results shown above is that an equilibrium distribution is attained.
In the equilibrium sorme populations are close to the maximum #;, while other populations
attain values around the immune and suppressed states. As was to be expected, the
autobody close to the origin £ = 0 grows to the maximum level. One can calculate the
affinity at which the autobody will be located. From Eq. (1), in order to stimulate itself
6; < €b < by, and b = (p — 1)d;. Since maximal growth is attained at eb = /6,0, the
autobody population is expected to be centered around

/8.6,

C(p-1)6s

which for our parameters is € = 10%/10® = 10~3. Further, since ¢ = g(2z;), we find for the
parameters in Fig. 4, =3 = 0.095.

€

In Fig. 5 we display a number of different equilibrium distributions as a function of the
standard deviation o. (Note that A and N vary with o, but that this should not affect the
results). The main result is that the smaller the variance the more peaks are there in the
repertoire. Interestingly, we find an organization that goes beyond the level of individual
peaks. We find custers of clones that are all distributed around either the immune or the
suppressed state. The size of the clusters is much larger than the width of the Gaussian.
The entire cluster interacts with another cluster at the opposite part of the shape-space.
We may thus speak of a cluster of idiotypes and a cluster of anti-idiotypes. If the idiotypic
cluster is in the immune state, the anti-idiotypic cluster is in the suppressed state (and vice
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versa). Within each cluster we find an array of peaks and valleys of clone sizes distributed
around the average state. Clones in interacting clusters behave in a coordinated way. While
the network is slowly attaining an equilibrium distribution, idiotypic and anti-idiotypic
clusters oscillate as if they were two interacting antibody species (not shown).

We have noted earlier in the bit-string models that clones may organize into larger
units that have similar properties in the network (De Boer & Perelson, 1991). The present
results suggests that these clusters may be of any size (see e.g. Figs. 5a & 6). An interesting
implication is that one should be able to formulate a model in terms of interactions between
clusters of clones.

For ¢ = 0.016, we display in Fig. 6 two different equilibrium distributions. The only
difference between Figs. 5a, 6a & 6b is the (random) initial condition. Varying only the
random number seed used.to generate the initial random distributution, we have simulated
a total of ten of these networks. Each of these attained a different equilibrium repertoire.
We conclude that the immune repertoire of this shape-space model has a high degree of
plasticity. The immunological implication of this is that external influences, such as self or
foreign antigens, may easily influence the repertoire of the network. One common feature
of all the repertoires that are attained is the large autobody located around the origin of
the shape-space.

Self antigens. Coutinho (1989) and Holmberg et al. (1989) argue that the interaction
between the environment of self antigens and the developing immune network determines
repertoire selection. Having such a plasticity in repertoire selection we postulate that
it 1s indeed to be expected that self antigens will influence the selection of the network
repertoire. Within the shape-space framework, any particular antigen will also have a shape
z, where —L < z < L, and its concentration a{z) will influence the field of complementary
B cell clones. Complete incorporation of antigen would modify Eq. (3) into

;i |
e b)= [ gle Db + az, )z (27)

and would require an additional partial differential equation for a specifying antigen dy-
namics. For self antigens, which we expect to be present at constant concentration,
8a /0t = 0, no new equation need be added. Further, self antigens are thought to in-
duce tolerance or non-responsiveness in clones that recognize them (cf., Goodnow et al.,
1988). To model this, for any self antigen of shape z we tolerize clones of shapes in the
range (z — 0,z + ¢). Clones within this region are deleted from the repertoire by omit-
ting the source from the bone marrow (i.e., m; = 0). Thus, tolerance induces holes of a
width 20 in the repertoire. In Figs. 6c and 6d we show the same networks with the same
initial conditions as the ones shown in Figs. 6a and 6b, respectively, but in the presence of
three self antigens located at z = —0.20,0.21,0.33. Because the repertoires in Figs. 6a,b
differ from those in Figs. 6¢,d, we conclude that the self antigens do influence repertoire
selection. Depending on how the deleted clones fit in the repertoire, this difference may
either be substantial, as between Figs. 6a and 8¢, or may be minor, as between Figs. 6b
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and 6d. Additionally, because the same three self antigens select the different repertoires
in Figs. 6¢c-d, we conclude that even a self-referential repertoire may be sufficiently plastic
to be able to reflect further environmental differences.

We have also studied the response to foreign antigens by implementing Eq. (27). If

an antigen is introduced in a stimulatory concentration, and contains sufficiently many

_epitopes (i.e., different shapes), it modifies the repertoire (not shown). Coutinho’s and

Holmberg's view is that immune responses to antigens do not come from the network but

stem from the clonally organized compartment of the immune system. We show below

that some idiotypes remain functionally disconnected from the network. Such shapes may

~ therefore account for an immune response typical of a clonally organized immune system.

Interestingly, whenever pertubations by antigens modify the repertoire, the disconnected

shapes may become functionally connected to the network. This may account for a form
~ of memory (Coutinho, 1989; De Boer & Perelson, 1991).

Clonal organization. The question of whether or not the immune system combines a
functional idiotypic network with a set of clones functionally disconnected from the network
can be addressed by searching for regions in shape-space in which both the field and the B
cell populations are small, indicating that B cells exist in the virgin state. Such cells would
not be stimulated by the network and hence would be available to respond to antigen as
perceived in the classical picture of clonal selection theory. Virgin regions exist in the
repertoires shown in Figs. 2-6. They tend to be located adjacent to the high peaks (of
order f3) in the repertoire. The mere existence of these “virgin” regions fails to provide a
conclusive answer to our question about the organization of the immune system, because
- the virgin regions occupy only a small proportion of the shape-space. We believe this may
be an artefact due to the low dimensionality of the shape-space. Below, this question will
be addressed further with a 2D shape-space model.

Towards an Automaton Model

Above we have assumed that m is small, 1.e., m € 6;. Here we make a more drastic
assumption and simplify Eq. (1) by setting m = 0. Thus, B cell dynamics are governed by

10b
35 = pf(W-1. (28a)
Changing variables to B = In b, we obtain '
0B
& =pi(h) -1, (285)

where for each shape z -

L
h(z,B) =/ g(z,2)eBEV 4z |
. -L .
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Changing to logarithmic variables has the advantage that the variation in the rate of
increase of each population is now bounded between '

oB
1< —<p-1==1.
=5 = p
Since this significantly reduces the stiffness of the differential equation, Kq. (28a), we
simplify Eq. (28b} into the mapping -

B(t+1) = B() +pf(h) —1, (28¢)

which is equivalent to using an Euler integration method with step size one.

Since changing from a one-dimensional shape-space to a two-dimensional shape-space
does not affect the stability conditions, we study this system as a 2D lattice mapping with
shape variables # and y that are integers, —N < z,y < N. We propose a circular shape-
space, i.e., one that is bounded by z2 +y? < N2, The rationale for this is that shapes with
‘extreme values of both 2 and y should be rare: -

In two-ciimensions, the mapping is
B(z,y,t +1) = B(z,y,t) + pf(h(z,y,B)) =1, (29)
where the field, A(z,y, B), is »

Mz, y, By =A% Y g(3,5)ePEIY
i,jEC(—z,~y)
where C(—z,—y) = {§,§ | (6 + 2)® + (j +¥)? < n?} is the circle centered at (—z, —y) with
radius n. In computing h(z,y) we assume fixed boundaries. The function g(%,7) is the
two-dimensional Gaussian

9(i,7) = (270~ expl-A%(i? +37)/25%] (30)

The effect of a source of novel cells from the bone marrow is re-implemented in this
model by requiring that populations B(z,y) never become smaller than zero (note that
B = 0 corresponds to b= 1, i.e., to one B cell). Thus, the mapping, Eq. (29), is modified
to

B(z,y,t + 1) = max[0, B(z.3,1) + pf(h(z, v, B)) ~ 1] (31)

A cellular automaton. A general formalism for studying lattice models with finite states
is cellular automata. By changing to integer states, and by proposing a simple next state
function, we reformulate our 2D lattice mapping into a cellular automaton. The advantages
are that (1) the formalism is very general, and (2) that the integer arithmetic is so much
faster than real arithmetic that it should become feasible to study 3D shape-spaces.

To formulate the cellular automaton, we use instead of the biphasic function, f(4),

the simple window automaton defined previously by Neumann and Weisbuch (1991); i.e.,
whenever the field A{z,y) falls within the window 6; < h(z,y) < 62, clone B(z,y,t)
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increases, otherwise it decreases. Choosing a time scale such that in one time unit a clone
increases or decreases a factor of e, we obtain the next state function

_ J B(z,y,t)+1 if 61 < hlz,y) <625 5
Blz,y,t+1) = {max[O,B(:c, y,t)—1)] otherwise . ' (82)

The only fixed point of this function is the virgin state B(z,y,t + 1) = B(z,y,{) =0. In
our simulations of the window automaton, we set ; = In(10%) &~ 4, and 62 = In(10*) = 9.

In the window automaton model we define the field to be the integer sum of the
(logarithmic) clone sizes weighted by a Gaussian function of the distance in shape-space

h(z,y) = max |0, B(z 3,t) — Az(’ '”2) . (33)
',:'ec;—:z,—y) [ o Ca

where C(—=z,—y) is the circle of radius n defined above, h is an integer, and where we

again assume fixed boundaries. The radius n is naturally defined by the distance at which

large clones no longer contribute to the field, 1.e., when B(z, 5t)— Az-’-'i’sL <0.

The 2D patterns obtained with the cellula.r automaton model are very similar to those
presented in Figs. 7-9 of the 2D lattice mapping. Because we intend to compare the 1D
shape-space with the 2D shape-space, we will only present results of the 2D lattice mapping
in which B(z,y,t) is a real number.

The 2D Lattice Mapping

The standard way of formulating a discrete time lattice model is to develop transition
“rules that depend on some finite (and usually local) neighborhood of each cell in the lattice.
Since our model is defined in terms of an infinite Gaussian function, we introduce a cut-
off point below which interactions are assumed negligible. To implement the cut-off, we
truncate the 2D Gaussian so that terms with amplitude below 10~ are set to zero. This
implies that the fleld is non-zero only over a neighborhood of radius n. By Eq. (30) this
radius depends on the parameters o and A. The fact that we don’t consider a standard
local neighborhood, but instead the neighborhood around the cell having complementary
coordinates, introduces non-locality in the lattice. The implication is that processes in one
region in the lattice influence processes in other distant regions.

The introduction of an affinity cut-off seems realistic because interactions at affinities
below 10* M~ or 5 x 10* M~ do not seem to lead to B cell stirnulation (Fish et al., 1989;
Riley & Klinman, 1986; Klinman, 1972). Additionally, we have seen in Eqgs. (25} & (1")
that the minimal affinity e limits the maximal size that each individual population can
attain. Thus an affinity cut-off of € = 10~3, defining the smallest possible self-stimulation,
sets the maximum self-stimulatory population to roughly 82/¢ = 107. Since the maximum
population size and the minimum affinity are coupled this way, we seem to have two
choices for preventing populations to grow extremely large. The most natural choice in the
lattice mapping seems to be a finite neighborhood, the most natural choice in the discrete
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approximation to the continuous PDE model seems to be the maximum population size.
See Appendix 1 for some technical subtleties that arise because we have set m = Q.

We have studied the lattice mapping for N = 50,A = 0.02,(L = 1),p = 2,6; =
10%,8; = 10%, and several values of o. Figures 7-9 display the distribution of clone and
feld sizes that were attained after 500 time steps for ¢ = 0.022,0.031,0.063. The size
of the neighborhood was n = 4,5,8 in these three cases, respectively. At ¢ = 0 each
square in the lattice was assigned a random value distributed around the maximum of the
bell shaped function, i.e., B = ln+/618,, with 10% standard deviation. At each location
(z,y) the greyscale indicates the size of the clone B(z,y) (i.e., the left panels) and the
size of of the field In A(z,y) (i.e., the right panels). The greyscales displayed in Figs. 7-9
display roughly circular patterns. The patterns are reminiscent of those typically found in
reaction-diffusion systems. Were we to use the standard square local neighborhood, instead
of the circular Gaussian neighborhood used here, the patterns would be more rectangular.
Interestingly, the pattern formation depends on the non-locality that is introduced by the
complementary neighborhoods. If we change the neighborhood relation into the standard
local neighborhood, we find no pattern at all. Conversely, if we assume complementarity
in one direction, but a local neighborhood in the other direction, we find patterns that
are very similar to the patterns shown in Figs. 7-9. Different matching rules in different
directions allow different properties of the binding site to be expressed. The interpretation
of complementarity would for instance be a geometrical fit; the interpretation of a local
neighborhood would for instance be hydrophocity. Other properties, such as charge, require
other {non-local) neighbor relations.

The distributions of clone sizes and field values in Figs. 7-9 form landscapes of roughly
circular hills and valleys. These patterns resemble the distributions of the 1D shape-space
shown in Figs. 2-6 in a number of ways. First, the field patterns are wider and rounder than
that of the clone patterns. Second, the ridges and hills in the 2D clone patterns correspond
to the peaks and clusters in the 1D clone patterns. Superimposing the clone and the field
distributions reveals that the large clones are typically located at intermediate field values,
i.e., at values between #; and ;. Thus the dark ridges of large clones correspond to contour
lines of intermediate height in the field landscape. Third, as the variance of the Gaussian
is made smaller, more peaks and valleys appear. Thus, the scale of the pattern increases
with o. '

The ¢t = 500 distributions displayed in Figs. 7-9 are not in a steady state. To illustrate
this, we show in Figs. 10a-d, how clone sizes at four points in the shape-space vary with
time. As can clearly be seen, the clone sizes fluctuate over several orders of magnitude,
and some points may remain empty (i.e., B(z,y) = 0) over considerable periods of time.
The oscillatory behavior does not seem to depend on the variance o2. Inspection of the

" global pattern as it evolves in time reveals that the landscape of hills and valleys changes
slowly (not shown). Thus, although clone sizes change on a rapid time scale, the global
pattern seems to be more conserved and changes on a slower time scale. The same is true
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in the 1D shape-space. We have described how the clusters may oscillate for a long time
without changing their location in space.

Clonal organization. In the 1D shape-space and in the 2D lattice mapping we have scored
the number of shapes that have a field and a clone size that are smaller than #;/10; we call
these the “disconnected” clones. Such shapes are only poorly stimulated by the network,
and correspond to clones that would behave according to the tenets of classical antigen-
driven clonal seleciion theory (Burnet, 1959). As a function of o, we plot in Fig. 11 the
average percentage of disconnected clones in 1D (o) and in 2D (e) shape-spaces. For both
‘the 1D and the 2D shape-space, increasing o increases the percentage of disconnected
clones. This may seem counterintuitive because an increase in o, i.e., in cross-reactivity
of each clone should increase the connectedness of the network. The explanation seems to
be that increasing o causes the scale of the patterns to increase. This creates large valleys
where both clones and fields are small. Even more striking is the difference between the 1D
and the 2D shape-space. Apparently, increasing the dimension of the space increases the
scale of the patterns, and hence the percentage of disconnected clones. An extrapolation
from Fig. 11 into a higher dimensional shape-space would predict that it should be possible
to obtain a substantial percentage of disconnected clones. Whether this can get close to the
80-90% of disconnected clones that Coutinho (1989) and Holmberg et al. (1989) estimate
remains unknown.

The effect of an increase in dimensionality is two-fold. First, for equal values of o, a
2D shape-space has a higher percentage of disconnected clones. Second, comparing Fig. 5c
with Fig. 8, for both of which & = 0.032, the 2D shape-space seems to allow for more local
peaks. Thus, if the number of local peaks were to correspond to the number of specificities
in:the repertoire, it would seem that the 2D shape-space allows for a higher value of o.
Fig. 11 suggests that this would increase the percentage of disconnected clones.

Discussion

We have modified our earlier partial differential equation shape-space model (Segel
& Perelson. 1988) so as to take into account the bell-shaped B cell activation function
that has characterized much of our recent network modeling (¢f. De Boer, 1988; De Boer
& Hogeweg, 1989a-c; De Boer et al., 1990; De Boer & Perelson, 1991; Weisbuch et al.,
1990; Perelson & Weisbuch, 1991). Whereas the original Segel-Perelson model had only one
uniform steady state, the virgin state, this model has three: virgin, immune and suppressed.
We have argued previously (Segel & Perelson, 1988) that one important characteristic of
the virgin state is that it be stable but not too stable. Stability is important so that small
random perturbations do not excite the system. However, it should not be so stable that a
large perturbation, say by antigen, leads to no appreciable response. For the current model,
we have shown that the virgin state is stable to both uniform and sinusoidal perturbations.
To keep the state from being too stable, requires setting the parameters of the system near



the stability boundary. This can easily be done by .adjusting 8,1, the threshold for activation
in the bell-shaped function.

In addition to the virgin state, our model has immune and suppressed states that are
sustained by network activity. We showed that homogeneous immune and suppressed states
are unstable to sinusoidal perturbation. Thus the entire immune system can not remain
in a homogeneous activated state. Perturbing the system from either the homogeneous
immune or suppressed state leads to the formation of a pattern of activity in shape-space,
with some clones, roughly speaking, immune, some suppressed and others virgin. The
generation of pattern in this system does not rely upon short-range activation and long-
range inhibition. ' ' ‘

Segel and Perelson (1988) considered a model that was similar in many respects to the
model considered here. The basic equation (1) was similar, but included two exponentials
limiting the total number of B cells and the maximum clone size, respectively. Their def-
inition of the field {corresponding to Eqs. (3) and (4)) was the same as those used here.
Instead of using the biphasic function (2), Segel and Perelson (1988) treated activation a
and suppression s separately. Different standard deviations ¢, and o, were used in cal-
culating h, and h,. Segel and Perelson were seeking a reaction-diffusion type instability
of the uniform state. Hence they assumed a long range inhibition and a short range acti-
vation (o, > 0,), although later they showed that this assumption could be reversed and
the effect would be the same (Segel & Perelson, 1990). It should be borne in mind, how-
ever, that the requirement of relatively long range inhibition in reaction-diffusion theory
is a consequence of the effort to bring about instability to small perturbations at a “most
dangerous” wave length that is positive. In particular “most dangerous” perturbations
of infinite or zero wavelengths are regarded as unacceptable in reaction diffusion theory.
The reason is that if linear theory predicts instability at an intermediate wavelength then
one has a good idea of the pattern wavelength that in fact emerges from the nonlinear
equations—without resorting to extremely demanding nonlinear calculations. Thus, one
can without difficulty compare one’s predictions with observed patterns.

The situation is different in the present instance. Here a primary goal is not to predict
observed instability patterns but rather is to arrange conditions so that the virgin state
is stable but not too stable. Hence it is quite admissible to consider instabilities at zero
or infinite wavelength in seeking the stability boundary. There is therefore no reason to
restrict oneself to relatively long range inhibition, and indeed our model contains only a
single “range”. Note that there is still a pattern that develops from the infinite wavelength
instability of the supressed state, a pattern that is determined by nonlinear effects.

In previous models in which antibodies or B cells were characterized as being in levels,
Aby, Absy, ..., where antibodies on level 1 are complementary to those on level 2, etc., we
found that immune and suppressed states tend to alternate. For example, Ab; immune,
Ab, supressed, Ab; virgin, ¢ = 3,4,... was a possible (localized) steady state (Weisbuch
et al, 1990). Depending on network topology and parameter values, “percolating” states
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could also occur in which the entire immune system is activated; e.g., Ab; immune, Abs
suppressed, Ab; immune, Aby suppressed, etc. (De Boer & Hogeweg, 1989b). The charac-
tistic of all these possible steady states is that clones in the immune state which have high
population tend to suppress clones connected to them, but the suppressed clones settle at
population levels sufficiently higher than virgin that they can sustain the activation of the
immune clone. In our current model there is no a prior: assignment of clones to levels, yet
we still see that in patterns that form spontaneously clusters of immune clones will lie in
regions of shape-space that are complementary to clusters of suppressed clones. This is not
surprising since the bell-shaped activation function requires an immune clone to see a low
field as generated by a suppressed population, and a suppressed clone to see a high field
“of the type generated by an immune clone. What is surprising is that we find localized
regions of shape-space, of width much larger than the field sensed by any single clone, in
which all clones are activated. Further, this region is complementary in shape shape to a
- region of roughly equal width in which all clones are suppressed (Fig: 6a). These higher
order localized structures seem to be emergent properties of our model.

To further characterize patterns in shape-space we developed a 2D lattice mapping
and a 2D cellular automaton. The results obtained with these 2D shape-spaces bear
resemblance to recent results obtained by (Stewart & Varela, 1991) with a different 2D
shape-space model. Technically however, the two models differ significantly. First, they
consider only two complementary idiotype species, black and white, that interact whenever
their distance in shape-space is sufficiently small. Second, their model neglects population
dynamics, thus, rather than dealing with gray scales that indicate population sizes, clones
are either present or absent. Clones are present if they receive a degree of stimulation that
falls between two thresholds (that are comparable to our ¢, and #2). Patterns evolve by the
introduction of novel shapes from the bone marrow. Novel shapes are only incorporated
if their field falls within the stimulation window. I they are incorporated they change the
fields of nearby clones. This, in turn, can lead to the elimination of those clones having a
field outside the window. The pattern is updated until a coherent field is found. In contrast,
since our shape-space incorporates all possible shapes, we assume that new cells emerging
from the bone marrow are not unique, and thus may be merged with one of the pre-existing
populations. Thus, in our model pattern changes are driven by changes in population size,
and not by the introduction of novel clones per se. Lastly, Stewart and Varela, use their
model to describe a shape-space mechanism for self tolerance. In our opinion, however, the
tolerance they find is not robust to the incorporation of clonal population dynamics of the
type that they have used previously (Varela et al., 1988; Stewart & Varela, 1990) and that
we use in this paper. When we follow Stewart and Varela’s procedure, and incorporate self
antigens evoking a stimulatory field, we invariably observe infinite expansion of self-reactive
clones.

Studying this simple model of idiotypic B cell proliferation we have been troubled by
the problem that B cell populations grow extremely large to compensate for low-affinity
interactions. Since interaction terms are typically of the form affinityx concentration, the
effect may be realistic. Two properties of the model that are responsible for the extremely
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large populations are unrealistic however. First, as we have argued above, we need an
affinity cut-off to account for the fact that low affinity antibodies are unable to stimulate
B cells, even at high concentrations. However, because affinities of IgG antibodies may
vary over six orders of magnitude, our model would still allow populations to deviate six
orders of magnitude. This remains unrealistic. Antibodies of type IgM, which tend to be
found in early networks, typically are all of low affinity, e.g., 10* — 10° M~! and thus this
discrepancy in population levels may not appear for IgM interactions. Second, and most
important, these artifically high population levels are probably due to the fact that in our
model stimulated B cells fail to stop proliferating. Experiments suggest that B cells at
a maximum go through eight rounds of cell division (cf. Klinman et al., 1984). Usually,
activated B cells mature into plasma cells, which produce antibody but do not divide, If
we were to incorporate into our model B cell maturation into a non-dividing end-stage cell,
as has been done in earlier models (Bell, 1970, 1971; Perelson et al., 1976, 1978), we would
_ achieve a model in which the individual populations remain bounded. Such a model might
not need the ad hoc population limitation that we have introduced here.

Whether or not the immune network is able to combine a fully connected network
with a clonal organization of part of the repertoire is partly answered by the current
shape-space analysis. We do find regions of the shape-space where the field is so low that
clones remain virgin. Clones in these regions are capable of responding to foreign antigens
according to the tenets of classical clonal selection theory. The low ratios between virgin
and stimulated clones that we find seem to be at variance with the ratios reported in the
empirical literarure, i.e., 10-20% in the network and 80-90% disconnected clones. However,
the results suggest that shape-spaces of higher dimension will support large scale patterns
that contain a higher percentage of disconnected clones. This is to be addressed in future
research. '
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Table 1. Stability properties of the uniform steady states

state stability to perturbation most dangerous
uniform - sinusoidal perturbation

Virgin Stable Stable —

Immune Unstable Unstable coskz

‘Suppressed -~ - Stable - . Unstable sin kz
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Legends to the Figures

Figure 1. Graph of the bell-shaped proliferation function, f(k) given by Eq. (2), versus the
logarithm of the fleld ~. Equilibria involving proliferation, i.e., the immune and suppressed
state, are close to the intersections of f(h) with the line y = p/2, see the text.

Figure 2. Development of sinusoidal perturbations to the uniform immune and the uniform
suppressed state. Periodic boundary conditions with parameters: m = 1,p = 2,6, =
10%,8, = 104, L = 1,0 = 0.045,n = 5,A = 0.009, N = 112, The final distribution is
shown as a heavy line. (a) A perturbation around the immune state, b = 100, of the form
50 sin zm/L, where —L < z < L, damps out during the first few time steps. Because the
increased populations decrease more rapidly than the decreased populations increase, the
increased populations receive insufficient stimulation at the time they attain the immune
state. Hence they decrease further, and the system finally attains the virgin state b=m.
(b) A perturbation around the immune state, b = 100, of the form 10 cos zw /L, where —L <
¢ < L, increases and spreads through the shape-space. In the middle region the uniform
suppressed state is attained. The network leaves the suppressed state via a distribution
of the form sinz. (c) A perturbation around the suppressed state b = 10%, of the form
10sin zw/L, where —L < z < L, grows rapidly. The network finally approaches a pattern
with narrow but high peaks. (d) A perturbation around the suppressed state b = 104, of
the form 10 cos zm/L where —L < z < L, damps out and returns to the uniform suppressed
state.

Figure 3. The distribution of the B cell populations (light lines) and of the fields (heavy
lines) that are attained long after a destabilizing perturbation (5 = 10sinzw/L) of the
suppressed state. Periodic boundary conditions with parameters as in Fig. 2. (a) The
distribution at t = 50 on a logarithmic scale ranging to 10'% cells. The two, unrealistically
large, peaks are sustained through self-stimulation. The corresponding peaks in the fields
reach the opposite part of the shape-space by crossing at ¢ = 0 and ¢ = L. The low
affinity that is typical of the tail of the Gaussian distribution is counter balanced by a
very large population size. (b) The time evolution of these spiky patterns on a logarithmic
scale ranging to 10*° cells. The B cell distributions are displayed at t = 50,100, 150, 200.
(¢) As Fig. 3a but for fixed boundary conditions. Now the shape-space is dominated by a
single large peak, which is a low affinity autobody. (d) As Fig. 3b but for fixed boundary
conditions.

Figure 4. Time evolution of a network with bounded population sizes and fixed boundaries.
Parameters as in Fig. 2 except 83 = 10°%. In the initial state populations are randomly
distributed around #; with 10% standard deviation.

Figure 5. The distributions of B cell population sizes and fields, for models with bounded
population sizes and fixed boundaries, depend on the range of interaction in shape-space,

i.e., 0. Parameters as in Fig. 2 except 83 = 10°. We display the equilibrium repertoire
attained at ¢ = 1000. (a) o = 0.016,A = 0.003, N = 316. (b) ¢ = 0.022, A = 0.004,N =
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224, (c) ¢ = 0.032,A = 0.006, N = 158. (d) o = 0.045,A = 0.009, N = 112. We indicate
the size of ¢ by a heavy horizontal line running from —¢ to ¢ at the top of the Figure.

Figure 6. Steady state distributions for the model studied in Fig. 5a, with bounded popula-
tion sizes and fixed boundaries. Parameters as in Fig. 5 except ¢ = 0.016,A = 0.003, N =
316. Figs. 5a, 6a and 6b differ only in the seed of the random number generator used to
generate the initial population distribution. Figs. ¢ and d show the same two networks
with three self antigens located at ¢ = —0.20,0.21,0.33 (arrows).

Figure 7. 2D patterns in the lattice mapping after 500 iterations. Parameters: p = 2,61 =
10%,6, = 104, L = 1,N = 50,A = 0.02,¢ = 0.022. (a) clone sizes: black corresponds to -
B = 20, light grey corresponds to B = 0. (b) field sizes: black corresponds to Inh = 17,
white corresponds to lnh = 0. :

Figure 8. As Fig. 7, but N = 50, A = 0.02,0 = 0.032. (a) clone sizes. (b) field sizes (bere
black corresponds to Inh = 16).

Figure 9. As Fig. 7, but N = 50, A = 0.02,0 = 0.063. () clone sizes. (b) fleld sizes (here
black corresponds to In h =13).

Figure 10. Dynamic changes in the sizes of clones located at (N/2,N/2), (=N/2,N/2),
(N/2,~N/2), and (—N/2,~N/2) in the lattice mapping for various values of 0. (2) o =
0.016. (b} o = 0.032. (c) o = 0.045. (d) & = 0.063.

Figure 11. The average percentage of disconnected clones at t = 500 in 1D (o) and 2D (»)
shape-spaces. Each e is the average of four 2D simulations, each o is the average of five
1D simulations.

Figure 12. The equilibrium populations in a 3D or 2D network (see Appendix 1) as a
function of the source m. Parameters: p = 2,6; = 10%,6, = 10*. (a) In a 3D network the
clone with the highest affinity disappears when m = 0. (b) In 2D networks both a high
affinity, i.e., Ji2 =J21 =0,Jaa = Jz2 =1 (heavy lines), and a low affinity interaction, i.e.,
Jug = Joy1 = 0.5, Jz3 = Jaz = 0 (light lines), are hardly dependent on m.
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Appendix 1.

To transform our differential equation model into a mapping we omitted the source of
cells from the bone marrow, i.e. we set m = . Since the source was small in any case, i.e.,
m <& f1, this seems to be a reasonable assumption. However, simulating the differential
equation model Eq. (1') for m = 0, gave us very different results from those shown in
Fig. 5 for m = 1. Instead of having peaks centered around maxima of either 8;, 82, or
85, all peaks had a maximum of about §3. Simulating a 2D lattice mapping in which we
incorporated a maximum population size of In 63, the only peaks that were attained were
comprised of clones at In#f;.

We give two indications that setting m = 0 reduces the plasticity of the system because
it eliminates steady state solutions. First, the virgin state normally at b = m collapses
to the origin leading to the elimination of all wrgm clones and solutions that depend on
virgin clones to maintain other clones in a nonvirgin state. 'As an example, consider the
possible steady states of the two species system

db

. _dtl =m+b1(Pf(J11bl + J12b2) —1) =0, (A.1)
dba '
7y =m+ bo(pf(Ji2br + Ja2b2) —1) =0, (A.2)

where we have set J,; = J1a. To determine the steady state, we substitute Eq. (2) for
f(R) into Eq. (A.1) and solve the resulting quadratic equation for b;. Substituting into
Eq. (A.2), rearranging and squaring to remove radicals, we obtain a 12th order polynomial
equation for the steady state value of ;. Setting m = 0 converts this polynomial into b8
times a sixth order polynomial. Thus six solutions collapse into the trivial solution b; =0
when m=0. This shows that one loses nontrivial solutions by eliminating the source.

Second, we numerically studied a similar system with three populations where the
second species was connected to species one and three. The interaction matrix, J, was
given by

0 05 0
J=]105 0 1
0 1 ©

Here the coupling between bs and b3 is twice that of b2 with b;. In the presence of a source
term one of the equilibria of this system is an immune state of b, that is maintained by
both &; and b3. For m = 10, we find by = 265, b; =~ 26,, and b3 = 0.56; (Fig. 12a). In
order to suppress b1, b2 needs to be of order 26,, since at a suppressive steady state with
p=2

92-]-0.552 _p T2
Since by = 262 doubles the suppression on bs, b3 attains a population size that is interme-
diate between the suppressed and the virgin state. Such an intermediate state can only
exist if m > 0. This is illustrated in Fig. 12a, which shows the equilibrium population
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levels of the three populations as a function of m. Decreasing m decreases bs until it dis-
appears. Note that it is b3 that is excluded, i.e., it is again the lowest affinity interaction
that dominates.

For compérison, we show in Fig. 12b the same immune state in the absence of b3, for
Jia = Jap = 0.5 (the light lines), and in the absence of b1, for Joz = Ja2 = 1 (the heavy
lines).

These findings suggest that eliminating the source term may significantly reduce the
number of equilibria. In particular the co-existence of several clones of different affinity
around either the immune or the suppressed state may become unlikely. We are presently
contemplating approaches that would enable us to generalize this suggested result.
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