NONLINEARITIES IN. ECONOMIC DYNAMICS

José A. Scheinkman

University of Chicago

May, 1989






Abstract

In this paper I survey a variety of recent contributions to nonlinear economic dynamics. A few theoretical
models of dynamic equilibrium are briefly examined in order to point out a variety of economic factors that
may be responsible for endogenous oscillations and chaos. I then move on to illustrate a class of statistical
methods that have been devised for the detection of nonlinear phenomena in experimental time series. I first
illustrate the basic intuition behind such tests and then report some rigorous results concerned with their
asymptotic distribution properties. Some conjectures on the use of positive Lyapunov exponents in the study
of economic time series and, more generally, on the future research agenda in this area of economics conclude
the paper.

Acknowledgments

Delivered as the Harry Johnson Lecture at the Royal Economic Society/Association of University Teachers
in Economics meeting in Bristol, April 1989. I thank William Brock, Lars Hansen, David Hsich, Blake
LeBaron, Robert Lucas, A. R. Nobay, and Michael Woodford. I owe a special debt to Michele Boldrin who
made extensive comments on a first draft and helped me clarify the example at the end of section 2. 1
also benefited from several discussions on the subject of nonlinear dynamics with the participants at the
workshops on “The Economy as an Evolving Complex System” at the Santa Fe Institute in 1987 and 1988.



Nonlinearities in Economic Dynamics
Page 2

Introduction

Nonlinear models played an important role in modeling economic dynamics
during the first part of this century (cf. e.g. Kaldor [1940], Hicks [1950] and.
Goodwin [1951]). By the 1960's however, the profession had largely switched to

the linear approach making use of Slutzky's [1927] observation that stable low

order linear stochastic difference equations could generate cyclic processes
that mimicked actual business cycles.

In the context of business cycle modeling there seem to hawe been at ieast
two reasons that led to the dominance of the linear stochastic difference
equations approach. The first one was the fact that the nonlinear systems
seemed incapable of reproducing the "statistical" aspects of actual economic
time series. At best, such models were able to produce periodic motionl‘and an
examination of the spectra of economic time series showed the absence of the
spikes that characterize periodiec data. The emphasis on the equilibrium
approach to aggregate economic behavior (cf. Lucas [1986]) would make things
even more difficult. The plethora of stability results for models of infinitely
lived agents with perfect foresight (Turnpike Theorems) suggested that even ghe
-regular fluctuations that had been derived in the literature on endogenous
business cycles were incompatible with a theory that had solid microeconomic
foundations. Further this indicated that while nonlinearities could be present,
the explanations of the fluctuations had to rest solely on the presence of
exogenous shocks that.working through the equilibrating mechanism would create
the observed randomness. Absent such shocks the system would tend té a

stationary state,

There were exceptions: Ando and Modigliani [1l959] realized that endogenous
¢ycle models could produce more complicated behavior.
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The second reason was the empirical success of the models based on linear
stochastic difference equations. Low order autoregressive processes captured
some of the features of aggregate time series. In turn these processes can in
principle result from an economy with complete markets where production is

subject to exgggngusfshocks+fWThoughmtheﬂtask—offconfrontingfthese'equilibrium

models ﬁith actual data has not yielded uncontroversial results (see the
discussion and references in section II) there was no obvious gafn in the
introduction of nonlinearities.

Similar conclusions appeared to be warranted from the literature on asset
prices. For the most part a random walk seemed to adequately describe stock
returns over periods at least as long as a week (Fama [1970]). The equilibrium
asset pricing models that followed the work of Rubinstein [1976], Lucas [1978]
and others, by linking stock returns to consumption variability provided, in
pPrinciple, a role for nonlinearities. However, the attempts to implement these
models involved parametrizations where, in the absence of shocks, fluctuations
would be absent. Reasoning similar to the one concerning macroeconomic
fluctuations indicated that this was the general situation.

It is now well known that deterministic systems can generate dynamics that
are extremely irregular. A simple example is given by the “teﬁt map"
£:{0,1] - [0,1] such that f(x)=2x if O<x<1/2, £(x)=2(1-x) if 1/2<x<l. For a

. . . . . 0
given Xy let xt—f(xt_l), t=1,2,.... This gives us a time series [xt]t=0' For

A third perhaps equally compelling reason is that linear or log linear models
are much easier to solve and estimate. In the analysis of certain equilibrium
models where one must consider explicitly the agents' forecast of the future
evolution of endogenous variables the certainty equivalence principle (Simon
[1956], Theil [1964]) that applies to the linear case greatly simplifies
things.
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sume pariiculay Xa the serias x, is quite well benaved as Lo1 example wher
! -
x0=2/% ani conseyuzatly xt=2/3 for ail ==1,2, ... ex cthers (¢c£. figure 1) the

X s scem to follow a very complicated tirzjesctory. This is tha general casae.
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Though there ave many, nenequivaient ways of defining ciiays, fev our

purposes a system x =I(x 1) whers f maps a closed bounded zet into itgelf
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chaotin if it exhibits sensitive dependence to initial conditiens, that g,
small differemces ia initial conditious tena te be amplified b f. It shculd be
obvious that the trajectories of such systems have to be quite eosmplicated., In
sectioa V below T define what is mean: by sensitive dependence and discuss its
implications for dynami: economics.

| CGver the last few years a literaturs Las developed where such complicated
dynamics appears in equilibrium mndels whers agents optimize while provided with
perfect foresight (cf. saction II below). As I argue in section II, it is
extremaly unreasonable to 5elieve that pureiy deterministic models could ever
explain the behavior of aggregate quantities or asset prices 1in actual
economies. Nonetheleés the developments discussed in the preceding paragraphs
show that nonlinearities could, in theory, explain part of the observed

fluctuations in guantities or asset Prices.

Baumol and Benhabib [1989] provide a simpls ekposition of how chaos arises in
one dimensional difference equations.
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The tent map example also shows that lineér statistical techniques may not
be enough to dismiss the influence of nonlinearities. Examples such as these
led to the development of measures to distinguish between data gene:ated.by a
deterministic system from data generated by a "random" system (cf. Grassberger
and Procaccia [1983], -Takens [1983]) -Section ITI-describes these tests &5 well
as some applications that were made in economic time series. In section IV I
expose the distribution theory developed by Brock, Dechert and Scheinkman [1987]
for statistics based on the Takens-Grassberger-Procaccia measure. Finally,

section VI contains some conclusions.

Section II. Equilibrium Models that Exhibit Complex Dynamics

Much recent work has been done showing that dynamic models with optimizing
agents can generate cyclic and/or chaotic trajectories. This work was donme
under a very strict set of rules, Agents maximize classical, i.e., concave,
smooth, often time additive--objective functions subject to well defined
constraints and are endowed with berfect foresight.

Benhabib and Nishimura [1979] showed that éyclical paths may arise in the
context of continuous time multisector models of opfimal:growth with an
additive, concave objective function in the presence of discounging. The well
known connection between competitive equilibrium with perfect foresight and
Pareto optimality can be used to reinterpret the paths that solve the Benhabib-
Nishimura example as the equilibrium paths of an economy with homogeneous
agents. These authors, (cf. Benhabib and Nishimura [1985]) also produced an
example of an infinite horizon discrete time single capital good model with
~optimal solutions that were two period cycles that is easy to describe.

Consider an economy with a representative individual that possesses in each
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period an endowment of one unit of labor has a linear utility function for
consumption and a discount factor §. Leisure yields no utility. The single
consumption good is produced in each period with the aid of capital (k) and
labor (£) and output at time t equals (ﬂt)a(kt)ﬁ where £t(kt) equals the amount

of labor (resp. capital) used in the production of the consumption good.

Capitalwéépreégétés totally igreach period and the amount of capital available
at time t equals the amount of labor used in the production of the capital good
in period t-1. Tt is easy to see that the maximal utility enjoyed by the
representative individual when he starts with an amount of capital kt and
produces an amount of capital kt+1 for the next period is
u(kt,kt+1)=(1—kt+1)ﬁ(kt)a. Hence we may write the maximization problem, using

this indirect utility function as

. - = .t B
(P) Max tzo § u(kt,kt+l), ko given.

This exampie with a==.5 was actually introduced by Weitzman (c¢f. Samuelson
[1973]) to generate cycles with § near 1. Weitzman’s example is not however
stable with respect to perturbations since if at+f<l, and § is close to one all
optimal paths converge to the unique optimal stationary state (cf. Scheinkman
[1976]). Benhabib and Nishimura showed that for a+f<l, a>.5 and § small, a
cycle of order two is the optimal solution for an appropriate initial kO'
It is also not ﬁifficult to determine that a two period cycle is the most
complicated behavior one can obtain in this class of examples. Associated with
a problem as (P) we have a policy function that gives the optimal capital stock

at time t as a function of the capital stock at time t-1. In the usual Cass-

Koopmans one sector model this policy function -is nondecreasing and thus no
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cyclical behavior can appear. One can readily verify that in the example above,
the policy function is monotone and hence either there are no cycles or a cycle
of period two arises.

Ivar Ekeland and I (cf. Scheinkman [1984]) suggested that the following

modification would generate arbitrarily long cycles for appropriate parameter

values. Let

u(kt’kt+l)=(1-k;+l)ﬁ(kt-7kt+l)a’ ¥<l. The story is just as before, except that
to produce tomorrow'’s capital one needs one unit of labo; and vy units of today's
capital, in fixed proportions. Boldrin and Deneckere [1987] showed that this
conjecture was in fact correct,

While these examples helped one understand the assumptions on tastes and
ﬁechnologies that would lead to.complicated dynamics theyldid not provide the
characterization of the set of possiﬁle types of: trajectories that could appear
in these models. This question was settled by Boldrin and Montfuéhio [{1985]
that established that any (sufficiently smooth) dynamics can arise in the
setting of multisector models of optimal growth with an additive, concave
objective function by a suitable choice of utility function, technology and
discount factor. Again, we may use the link between competitive equilibrium
with perfect foresight and Pareto optimality to rephrase this result in terms of
equilibria.

Other examples were derived by Benhabib and Day [1982] and Grandmont
[1985] for overlapping generations economies and Woodford [1987] in the context

of a model with infinitely lived consumers under borrowing constraints,

This research puts the literature on fluctuations arising from a purely

4 cf. Scheinkman [1984] section 3.
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deterministic system on an equal theoretical footing with the literature where
such fluctuations result from exogenous shocks that constantly impact an

intrinsically stable economy that otherwise would converge towards some steady
state. Another entirely different matter is whether these systems are capable

of flttlng observed economic time series or at least of belng callbrated to

generate data that grossly mimics some of the statistical properties of the
'actual data,

Kydland and Prescott [1982] showed fhat a slightly modified neoclassical
one good optimal growth model could, in the presence of exogenous technology
sh@cks, generate time series that would mimic a few of the characteristice of
some Post War U.S. aggregate economic time series. Further, the free parameters
in the model were chosen to be somewhat consistent with microeconomic and growth
observations.

There are no comparable results for the literature on deterministic
fluctuations. It is extremely unlikely that macroeconomic fluctuations could
ever be explained by a purely deterministic model with a manageéble number of
state variables. &here are even theoretical reasons to support this view. The
same property that makes chaotic systems look as if they were random--their
sensitivity to initial conditions--makes it difficult to forecast future values
of the variables that ageﬁts take as exogenous. This problems iIs not dissimilar
to that of choosing the correct value of the costate variable in infinite
horizon optimization ﬁroblems (cf. Hahn [1966]). Rational agents in such a

situation would quickly understand the limitations on their ability to predict.
At this point such agents may very well act as I do when facing the purely
deterministic process of tossing a coin--namely, treat it as if the future

values of the variables they are trying to predict are at least in part random.
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Nonetheless, nonlinearities may still be responsible for a good part of
the apparent fluctuations. Much seems not to be accounted by the log-linear
models of real business cycles. One difficulty pointed out by Murphy, Shleifer

and Vishny [1989] is with explaining the observed positive correlation of output

comovements across sectors. One could always assume that productivity shocks

are common to all sectors, but unless that involves the cheapening of some
common input or eguivalently a productivity shock to a commonly used input, it
seems unlikely. Murphy, Shleifer and Vishny argue that the data does not
support the hypothesis that productivity shocks to a common input are
responsible for the cycle,

All fully worked out examples in the literature on equilibrium
fluctuations arising from pﬁrely deterministic systems involve single wvariable
systems. This is due to the fact that easily checkable sufficient condifions
for chaotic behavior covef principally the single variable case. The.conditions
that insure chaos in multi-dimensional systems mostly involve the calculation of
Liapunov exponents (cf. seetion V below) although some results by Marotto [1978]
may be applicable. Nonetheless, the mathematical intuition indicates that
multi-dimensional systems can more easily give rise to chaotic dynamics than
single variable omes. Nonlinear systems involving several variables are capable
of getting in phase even when coupled by very weak links as in the ‘case of
coupled oscillators. Hence adding nonlinearities may improve our ability to
explain the comovements.5 Further, in the log-linear models, an important role
is played by sizable an& persistent technology shocks for which no good

explanations exist. The introduction of nonlinearities may very well reduce the

This idea arose in conversations with Mike Woodford.
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role played by these shocks.

Though some of the empirical tests described in what follows have been
applied to macroeconomic time series the shortness of these series makes it hard
to distinguish the presence of nonlinearities. Besides the possibility of

explalnlng the observed co-movements and dlmlnlshlng the size and per51stence of

the exogenous shocks nonllnear models may play an important role in reconciling
the existence of a cycle with the apparent unit root behavior of aggregate time
series. This is discussed in Section V below.

Any equilibrium model has associated with it an asset pricing model.
Interpreted as asset pricing models the purely deterministic models with perfect
foresight have a strong prediction that is easily rejected by data. If short
sales are permitted, or even if assets are held in positive net supply, the
returns on alllassets must be identical. This follows easily from the no-
arbitrage relationships. Hence, once again, one must either assume the presence
of some exogenoﬁs noise or weaken the notion of perfect foresight.

The difficulty of forecasting future values of a variable generated by
chaotic systems seems to make necessary weakening the notion of perfect
foresight. The following example is helpful. Consider an economy with
homogeneous agents and a single type of machine. This machine outputs at time t
an amount of the (non-storable) consumption good that equals X, - The quantity
X satisfies xt=f(kt_1) where £ is the "tent" map described above. The utilicy
function of each agenf is given by

- E 2 §%(c )(l *) /(1-a); a>0.
t=1

U(c1 .,C

Chy.. PR
2’ t

The rights to the output of the machine are traded in a competitive market and

it's price at time t is given by P.- Since, in equilibrium C X, We must have



Nonlinearities in Economic Dynamics
Page 11

at each time t,

(2.1) P(x) ™" = BE[Gr ) Mo, 4%, ) /T) ]

where It denotes the information usedugpmtime”pwbxmgggh,gﬁrghgﬁhgmgggngus,agents

to predict future dividends and prices.

Of course one possible candidate for an equilibrium is the perfect
foresight path. In this case agents perfectly predict as of time zero not only
X but also P, Suppose however that agents are restricted to linear
regressions of vector of variables on their past values. Then by looking at the
single variable x, one could not reject the hypothesis that the xt's are
distributed independently and uniformly in the interval [0,1]. TIf the xt's
where in fact independently and identically distributed (i.i.d.) and the
information that eacﬁ agent uses at time t iIs the known distribution of X, then

a solution to (2.1) is given by

(2.2) P = A,(x)% where ) = [5/(1-6)] E(x_, ) %

If a=1, i.e., the logérithmic utility function, then in fact the P, given by
(2.2) is a linear function of X, and hence if we restrict agents to linear
regressions of the observables (xt,pt) on their past values they could not
reject the hypothesis that the dividends and prices are i.i.d.. That is, if
agents assumed that dividends where i.i.d., then Pt;Alxt would be the candidate
equilibrium prices and, in fact, agents could not use past prices and/or
dividends to help predict future ones if they were restricted to linear
regressions. One could then argue that such an economy would behave as if

dividends where i.i.d.. For any other value of a however, the prices given by
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(2.2) will not constitute an equlibrium even in the case where agents are
restricted to linear regressions. The fact that the candidate equilibrium
prices given by (2.2) are a nonlinear function of dividends means that one can

use current dividends and prices to linearly predict future prices. In the case

“t-1

a=.5, for instance, if the pt'srare given by (2.2), a regression of P, onp

and X4 yields an R2 that typically exceeds .8 whereas that of X on Pr.1 and

_ t
X1 produces an R2 that typically exceeds .7.6 Hence if the market were to
produce prices as if the xt's are i.i.d., individuals using only linear
regression would be able to predict future dividends and prices with some
accuracy. Hence the hypotheéis that the agent’s information at t consists
solely of the unconditional distribution of the xt's would not be correct.

Implicit in this reasoning is a limitation_on agents’ ability to learn.
They start with a prior that dividends are i.i.d. and that the distribution of
prices is that implied by (2.2). They "learn" by running linear regressibns of
the observables in their past values. In the logarithmic case this "learning®
would not lead them to alter their priors. This is not true for other values of
@, but we have not taken the story far enough to exhibit actual equilibria.

In any case, nonlinearities may be responsible for a share of the apparent
randomness in asset prices. In the next two sections we exposit some techniques
that have been used to examine this question in actual economic data. In
section 3 we discuss the use of the correlation dimension measure. The basic

idea behind the use of this measure is that in a deterministie system given by

n . . . s .
xt+1=f(xt), xteR , the pairs of successive observations (xt,xt+1) lie in the

This should not be surprising since the tent can be well approximated by a
linear combination of the square root function and a linear function.
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graph of the function £ and hence in a lower dimensional set than if the xt's
are "random". Section 3 describes these tests as well as some applications that
were made to economic time series. The techniques discussed in section 3 have

the disadvantage that they are not accompanied by a distribution theory for the

relevantrstatistics,f”B;gpk,ﬁDgchertwandﬂScheinkman,[1987]Wproduced~an—

asymptotic theory for statistics based on the correlation dimension and this

material is discussed in section 4.

Section III: The Correlation Dimension

The earlier efforts in applying the ideas of chaotic dynamics in order to
uncover nonlinear dependence in economic data (cf. Scheinkman [1985], Brock
[1986]) consisted simply of using certain tools developed in the mathematics and
physics literature in a.rather direct way. The most promising of these

practices make use of the correlation dimension.

Let MR ZTREE be a sequence of veectors in RF. For each >0, let
C,(7) = ;;é—l)' ) 6Cr-1y;-y; 1D
1<i<j<m J
where #{a)=0 if a<0
=1 if a0
k
Here, |yy-yyl = max |y;-yj].

Intuitively Cm(1) denotes the fraction of the first m vectors yi's that are

within v of each other. For each v, let

C(v) = lim ¢ (v
e

The quantity C(y) indicates the fraction of all vectors that are within v of
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each other. Finally, let us define the correlation dimension of {yt}:;0 as

d = 1im ng_c(_x)__

40 log v

Intuition of why d is a measure of "dimension" can be obtained by considering

two examples.

Example 1: lLet ytn(xt,xt+l) where each X, is an independent draw of a uniform
distribution in [0,1]. Here as we double Y we expect to multiply by four the
number of neighboré of each point. Hence d=2.

Example 2: Let yt=(xt,axt) where X is again an independent draw of a uniform
distribution in [0,1]. Here as we double 7 we expect the number of neighbors to

double. Hence d=1.

Suppose now we are given a sequence of real numbers x..x...... For each N

1 72
N . . . .
let zt=(xt,xt+1,...,xt+N_1), the vector of N-histories of the x’'s. We will
write Cg, CN and dN for the quantities corresponding to Cm, C and d when yt=z§.

The length of the histories, N, is called the embedding dimension. Note that

N 2 N-1 | :
C.M = =33 ) LS CAC L SURTEE T b))
i m(m-1) l1=i<j<m k=0 Tk T4k ]

Consider again the tent map discussed in the introduction. For a given X,

t=1,2,... Clearly dzsl, since all 22

let xt=f(x ‘

t-l)’ ‘s must lie on the graph of
the tent map. On the.other hand, if the xt's are independently and uniformly
distributed in [0,1], as we discussed in example 1 above, d2=2. Hence using the
correlation dimension we can distinguish between the two possibilities!

This reasoning generalizes. Suppose yoeRp is given and yt=F(yt_l),

t=1,2,.... Let d be the correlation dimension -of {yt}:=0’ h:Rp»R be given and
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X, =h(y_). One may think of the xt's as observations on the yt's. Again, let
Xt+l""’xt+N-1)' Then dNSd, i,e., the "embedding dimension" does not
increase indefinitely with N. Further, under some rather general conditions if
NZZp#l then dN=d.7 Hence one can even find out the dimension of the unobservable
Wtiﬂe,SﬁﬁigéﬂiltlzzoyA“Qngtheﬁtherﬂhand,wjustmasﬁin"examplemlwaboveq—ifmthe~xt's
are independently and identically distributed (i.i.d.) on [0,1] and have a
density then dN=N.

These ideas provide a basis for distinguishing among deterministic and
random systems by estimating thé limit of the ratio log Cg(y)/log ¥ as v becomes
small for each N. Here m is the length of your data series minus the length of
the longest history you are congidering. The estimated EN should stabilize as N
increases if your data was generated by a deterministic system. |

One can accommodate a mixture of a deterministic system contaminated by a
small amount of randomness, i.e., the.observed xt=h(yt)+pt where the nt's are
i.i.d.. Looking at deterministic systems were noise distributed uniformly
[-2,a] is added to a system of known dimension, many researchers (e.g., Zardecki
[1982]; Ben-Mizrachi, Procaccia and Grassberger [1984]; Atten and Caputto
[1985]) have found that.the graph of log(Cg(y)) against log(vy) has the slope of
the embedding &imension (i.e., N) for y=a, and has the slope of the dimension of
the deterministic system above that level. Thus at a certain scale one observes
behavior as in a random system, while at a larger scale one sees the
deterministic motion.

The application of these techniques to economics present several problems.

First the time series in economics tend to be much shorter than it seems

The interested reader may consult Takens [1983] for precise statements.
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necessary to obtain good estimates when the dimensions of the original wvariable
Ve 1s moderately large (above 2 or 3). There are a few exceptions in finance.
More importantly as we argued above it is unlikely that the economic time series
of Interest are generated by purely deterministic systems. Further the

uncertainty is likely to affect the dynamics itself as opposed to merely

affecting-the observable.
These comments apply specially to estimates of the dimension of the system
that cannot be taken as anything but suggestive.8 Nevertheless these techniques

can be useful in detecting the presence of nonlinear dependence on data and

inspired the formal statistical tests discussed in the next section.

Section IV: Distribution Theory
Reecall that Cg(v) is interpreted as the fraction of the first m N-

histories that are within v of each other. ILet Xy ,X . be independent with a

27

commonn distribution F. For each >0, it isg expected that, for m large

(4.1) o ~ [eh(n 1"

In fact, Brock, Dechert and Scheinkman [1987] (henceforth BDS) established that
Jﬁ(CE(7)~[Ci(7)]N) converges to a mormal law. In this section we will present
the BDS result and indicate some extensions. Let us again write

- - 1 'l ' il 1
z, (xt""’xt+N—l) for the vectors of N-histories of the x's. A key point in

the BDS approach was the recognition that

See Ramsey and Yuan [1987] for a discussion of the effect of the smallness of
a data set on the computation of the dimension.
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N-1
I (8(y-|x, - x...
<m 0 i+k jtk

N 2

is a U-Statistic in the sense of Hoeffding {1948].9 Several results concerning

Central Limit Theorems for U-Statistics exist in the literature. Modern . ..

treatments of the theory of U-Statistics can be found in Serfling [1980] and
Denker and Keller [1983]. -

In BDS [1987] the following theorem was proved.
. - N 1 N
Theoxrem: If the xj's are i.i.d. then, Jm[Cm(w)-(Cm(y)) 1-N(0,a)

Further in the caée where the distribution F is continuous a formula to compute
a conéistent estimator for o was given.

The proof of the theorem as stated here can be exposited in a
straightforward manner if we forego the estimates of o. We will do so and we
will separate the argument in several steps. In what follows we will write C(y)

for the probability that two arbitrary xj's are within y of each other.

Step 1: Notice that for any pair Al,Az and for any realization of the histories

Originally U-statistics were defined for the case where Yy+Ygs--. are i.i.d..
A symmetric function h:RN;R is a kernel for u if y=Eh(y1,...,yN).
Corresponding to the kernel h thérg is a U-statistic U(yl,...,ym)=
(N)-1 Z h(yi RS 1 ) where the summation is over all (N) combinations of N

distinet elements (i .,iN) from {1,...,m}.

1"
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21’22""’zm we can write,
N 1
A + A0 = 2/mm-1)) L h(z,z,)
1<i<j=m J
where N-1
h(zg,25) = A kzoca(v-lxi+k-xj+kl>)+A2(a(v-lxi~xj|>>,

and, z,~(x.,x

e myeensX. . e fu ion is s etrie, i.e.
i 177+l x1+N-l) Th netl h ymm ?

h(§1,€2)=h(§2,§1) for any pair of wvectors (51,52)ER2N. Hence Alcg(7)+A20;(7) is
a U-statistic and further even though two arbitrary histories z, and z_ are not
in general independent, they.will so be if |t-r|>N. Hence the theorems of Sen
[1963] apply and since Eh(zi,zj)=A1(C(7))N+JL2C(7) if [1-3]>N,
Jm[AlCE(7)+AZCi(7)-Al(C(w))N-Azc(y)} is asymptotically normal. 1In the case
- where F (the distribution of Xl) is continuous the formula from Sen [1963] can
be used to compute the variance o(AI,Az) of the normal distribution.
Step 2: Consider now the vector (Cg(v),ci(y)). Since a bivariate distribution
is normal if (and only if) all linear combinations of its components are normal,
we can use step 1 to conclude immediately that Jm[(Cg(j),CI]I;('V))-((C('y))N,C('y))]
is asymptotically N(O0,)), for a 2x2 matrix Y with Ell=a(l,0), 222=o(0,l),
Thp=Yop=[0(1,1)-0(1,0)-0(0,1)]/2.
Step 3: Finally consider Cﬂ(y)-(Ci(v))rLg(Cg('y),Cg'l('y)), vhere g(u,v)=u-vY. The
delta method that allows us to conclude the asymptoﬁic normality of certain
smooth functions of asymptotically normal random variables applies. More

10

precisely,

JmlCo (1)~ (G (4)]-N(0,0) where

10 Cf. Sexfling [1980] chapter 3.
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o=[0g/3u,38/5v] Ylag/ou,98/av1=(1,5¢c(r) L Ti1,nc0(r)) ¥ 1.

There are straightforward generalizations of the BDS theorem. Several
forms of dependence can be treated with the use of theorems on U-statistics
established by.Denkef and Keller {1983]. These theorems allow one to deal with
, a_strictlywstationarymprocesslejxw,;Timwhichfsatisfies a mizing condition. -

Since. in this case the probability that two N histories are within ¥ of
each other is mo longer, in general, equal to the probability that two arbitrary
points be no farther than vy, the statement of the result must chanée. Let FN

denote the distribution of the vectors of N histories, and

N-1
) = If[kno AL LT SRR ILUNERLNCH

and
Z 4= (xﬂ,...,x£+N_1).

Then, /m[C) (M -G (M (m)-(c(3™)] - 8(0,0)

The computation of the variance of the estimator under any specific alternative
hypothesis to i.i.d. can also be quite complicated. Hsieh and LeBaron [1988a]
restate the theorem and propose numerical methods to implement the test under
these conditions. )

The BDS theorem can be used to test for departures from.i.i.d. in data
sets where linear tests failed. As such it has power against simple nonlinear
deterministic systems that "look" random from the linear viewpoint--as the
"tent” map mentioned above--as well as related nonlinear stochastic systems.
Simulations reported in Brock, Dechert and Scheinkman [1987], Brock, Dechert,

Scheinkman and LeBaron [1988], and Hsieh and LeBaron [1988a,b] show that it has

good power against many of the favorite nonlinear alternatives. There are of
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course many other tests for nonlinearities.ll Further this test has been used
to detect departures from random walk behavior in several economic time series
ineluding stock returns (cf. Scheinkman and LeBaron [1989a], LeBaron [1988]),
foreign exchange rates (Gallant, Hsieh and Tauchen [1988], Hsieh [1989]), and

some macroeccneomic time series (Brock and Sayers [1988], Scheinkman and LeBaron

[1989b].

The fact that 02(7) is a U-statistic, and that smooth functions of
asymptotically normal wvariables are themselves asymptotically ﬁormal, can also
be used to show asymptotically normal behavior of statistics related to several
of the measures discussed earlier as the following examples show.

E#ample 1l: Note that Alcg(yl)+AZC£(72) is also a U-statistic for any vector of
parameters (Al,yl,N,A2,72,P). For simplicity suppose again that the xj's are
indgpendent. Just as in steps 1 and 2 of the proof of the theorem above one
shows that the vector Jm(Cg(yl)-(C(yl))N,Cg(yz)-(C(yz))N) is asymptotically a
bivariate Normal N(0,}). Let g8(z,y)=log z-log y. Then g’(z,y)=0 and hence it
follows from the delta method that

Jm[log €. (v,)-log C (v,)- NLogC(y,)+N1ogC(v,)] is N(0,0), where
a=—-[(C(—yl))-N,(C('yz))-N]'Z[(C('yl))-N,(C('yz))-N]. In this way ome can in theory
compute confidence intervals for measures of the slope of log (CN(y)) like the
ones reported in Scheinkman and LeBaron's [1989]. One difficulty lies in
estimating the elements of ). This, in principle, can be done even in the more

interesting case where the xj's exhibit some dependence provided one is willing

1 Some popular examples are in Engle [1982], Hinich [1982] and Tsay [1986].
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to assume enough mixing to apply the results from Denker and Keller. Again one
must account for the fact that with dependence

. N 1 N
lim Cm(7) - Cm(T)) #0
M :

and that the dependence has also to be considered in the calculation of the
asymptotic variance,

. . N N+1 N . .
Example 2: Consider the quantity Sm(7)=cm (1)/Cm(7) introduced by Scheinkman
and LeBaron [1986]. The expression

SN(v) = lim sﬁ(w)
=

gives us the conditional probability that two points are mo further than v given
that their past histories of length N are at least that close. Just as above,
under independence, we can use the fact that the vector

N+1,Cﬂ(7)-(0(7))N) is asymptotically a bivariafe-Normal to

W ICHRICHONGIS
infer that Jm(Si(7)~C(1)) is itself asymptotically nmormal. Scheinkman and
LeBaron [198%9b] contains a formula for estimating the variance of this
distribution. -

Frequently one is int;erested in finding nonlinear dependence on the
resiﬁuals of particular models fitted to the data. In many macroeconomic time
series, for example, low order autoregressive models are known to yield a good
fit. 1In the analyses of foreign exchange rates, ARCH models (cf. Engle [1982])
were used by Hsieh [1989] to pre-filter the data.

In practice one can proceed as in Scheiﬁkman and LeBaron [198%a,b]} to

examine the distribution of the estimated residuals, First the model is

estimated and a set of residuals is generated. These residuals are randomly
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reordered and data sets are then reconstructed using the estimated model. 1In
each of these data sets one reestimates the model and measures the BDS
statistics on the residuals. This "bootstrap" like procedure is then used to
determine the significance of the value of the statisties in the original

residuals.

Another possibility is to use extensions of the BDS theorem that apply to
the case where xj’s are estimated residuals. Some of these are discussed in

Brock [1987] and Brock, Dechert, Scheinkman and LeBaron [1988].

Section V

From the viewpoint of economic dynamics there seems to be two related
properties of nonlinear systems of interest. The first one is that such systems
can generate the quasi-periodic or even erratic behavior that characterizes some
of the economic time series. If the true system exhibits nonlinear dependence
then treating the time series as if it was generated simply by a linear
stochastic difference equation will lead us to have an exaggerated view of the
amount of randomness affecting the system. The second is that such nonlinear
systems can generate sensitive dependency to initial conditions, i;e., small
initial differences can be magnified by the dynamics. Of course that is a
property shared by unstable linear systems but in the nonlinear case this
sensitive dependence can occur while the system remains confined to a bounded
region which is a necéssary requirement in some economic applications. The
study of this sensitive dependence to initial conditions is at the heart of
nonlinear dynamics and attempts to measure this sensitivity in data generéted by
dynamical systems are helped by an extremely well developed mathematical theory.

Let us start with a deterministic system xt+l=f(xt) with £ sufficiently
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smooth. If the initial state is disturbed the characteristic or Liapunov
exponents measure the rate at which the initial perturbation increases

(decreases). Let us write xt(xo) for the solution that starts at x Then, to

0°

a first order,

| XT€X6+YBD“-“x§(xb)”I'= f'fI(xb¥yd)”:'fT(ia)*l'ﬁ”]”DfT(gb)’yb'|jw -

Recall that a probability measure p is an invariant measure for £ if
p(f~1(E))=p(E) and that an invariant measure is called ergodic if f-l(E)=E
implies that either p(E)=0 or p(E)=L1.

Oseledec’s theory (cf. Eckman and Ruelle [1985]) implies that under some
regularity conditions if p is an invariant measure for f that is exgodie, for p-

almost all XO

A(%5,¥4) = lim (T 10g ]DfT(xo)(yO)l)
Tow

exists and equals one of possible N values Alz...aAN. Further for almost all Yo
this limit equals Al. In other words for almost all choices of Xq and

infinitesimal Yo the change at time T, §x. will satisfy

T

SxT =Yg

In partiecular, if Al is positive, small changes in initial conditions will tend
to be amplified through time, i.e., the system will exhibit sensitive dependence
to initial conditions. If the system lies in a bounded set such amplification
camnot go on forever and it is precisely this combination of boundedness and
sensitivity that characterizes chaotic dynamics. The Ai's are called the

characteristic or Liapunov exponents of the map f.
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These results remain true when one deals with a stochastic difference
equation xt+l=f(xt,pt) where for each t, f(-,pt) is chosen at random
independently and according to a fixed law (cf. Kifer (1986], for details).
This, of course, is the case of interest for economic applications.

Eckman Kamphorst, Ruelle and Ciliberto {1986] construct an algorlthm for

rcomputlng Llapunov exponents from an experlmental time series, Eckman,
Kamphorst, Ruelle and Scheinkman [1988] applied this algorithm to the CRSP
value-weighted portfolio weekly retufns and estimated Al=.15/week. Since the
distribution theory for this estimate is unknown, this value can at this time be
taken only as suggestive, |

Much attention had been paid recently to the existence of unit roots in
macroeconomic time series as well as the implications of the presence of such
unit roots. Quah [1987] constructs a stochastlc process y_ where the
condltlonal expectation of yt+ satisfies E[yt+rlyt] ~r” yt with [I'|=1, but
nonetheless possesses a statlonary.dlstrlbutlon with zero mean. The conditional
expectation shows in the case where |P|>l a tendency to diverge and in the case
where T'=1 no tendency to settle down. This property is of course shared by the
usual (linear) unit-root processes, but this has no implications concerning the
stationarity of the process. He further argues that this distinction between
unit-roots and lack of stationarity--that is missed in much of the macroeconomic
literature on unit roots--may be empirically relevant by exémining U.s.
aggregate output.

Let us consider a system

(5.1) X, = h(xt_1)+wt

: . N . s - )
where X lies in a subset of R, w, is i.i.d. and such that an ergodic measure
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exists. A possible definition of "locally explosive" conditional expectation is
exactly that the largest Liapunov exponent is positive. Note that this
definition involves changes in the state at time t+r in response to a small
(infinitesimal) shock W, at time t as r gets large and not simply changes at
time t+1. Vq§g}pq§cis7thgg;gmhxqgghlymsgatgsvthat,thewmagnitude of this- change
is (with probability one) in@ependent of either the state at time t, the
direction of the shock or the ensuing history of wf's. In particular the
conditional expectation of the magnitude of the change is independent of either
the state at time t or the direction of the shock. If the largest Liapunov
exponent is positive then the sysfem exhibits sensitive dependence and
infinitesimal deviations are amplified. From a local point of view the system
behaves as a linear systems with a root outside the unit circle. Obviously, if
one considers a finite shock and the support of p is compact then the magnitude
of the change cammot exceed the diameter of the support of p. In spite of this

sensitive dependence the process X, is stationary.

Section VI: Conclusion

The research we reviewed in this lecture is clearly in its initial stage.
There is no guarantee that yet this attempt to bring nonlinearities to the
center of the study of economic dynamics will succeed. But the vast progress in
the mathematics of nonlinear systems has already brought in some interesting
dividends in economics. Oﬁ the theoretical side it has clarified how
complicated economic dynamics can be even in the most benign enviromment. On
the empirical side it has led to the development of new tools to detect
dependence. To be fair none of these developments are far enough along to bring

about a change in the way economie practitioners proceed.
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There are at least two directioms that could prove speéially useful for
future work. The first one involves attempts to build explicit computable
models that combine small amounts of randomness with nonlinearities and that
succeed in generating data that replicate some of the aspects of economic or

financial time series. The other is the development of a distribution theory

for estimates of Liapunov exponents that would allow one to decide whether

sensitive dependence is present on data.
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FIGURE 1

Tent Map lterations
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In this figure 0 indicates the initial point Xy 1 indicates x1=f(x0),

2 indicates x2=f(xl) etc.
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