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The transverse distribution of gluon and quark-antiquark pairs produced from a strong con-
stant chromo-electric field depends on two gauge invariant quantities, C1 = EaEa and C2 =
[dabcE

aEbEc]2, as shown earlier in [G. C. Nayak and P. van Nieuwenhuizen, Phys. Rev. D 71,
125001 (2005)] for gluons and in [G. C. Nayak, Phys. Rev. D 72, 125010 (2005)] for quarks. Here,
we discuss the explicit dependence of the distribution on the second Casimir invariant, C2, and show
the dependence is at most a 15% effect.

PACS numbers: 11.15.-q, 12.38.-t, 25.75.-q, 25.75.Nq

I. INTRODUCTION

Recently the transverse distribution of particle pro-
duction from strong constant chromo-electric fields has
been explicitly calculated in Ref. 1 for soft-gluon pro-
duction and in Ref. 2 for quark (antiquark) production.
This particle production method, originally discussed by
Heisenberg and Euler [3], Schwinger [4] and Weisskopf [5],
has a long history as a model of the production of the
quark gluon plasma following a relativistic heavy ion col-
lision [6, 7].

The physical picture considered here is that of two rel-
ativistic heavy nuclei colliding and leaving behind a semi-
classical gluon field which then non-perturbatively pro-
duces gluon and quark-antiquark pairs via the Schwinger
mechanism [4]. At high energy large hadron colliders,
such as RHIC (Au-Au collisions at

√
s = 200 GeV) [8]

and LHC (Pb-Pb collisions at
√
s = 5.5 TeV) [9], about

half the total center-of-mass energy, Ecm, goes into the
production of a semi-classical gluon field [10, 11], which
can be thought to be initially in a Lorentz contracted
disc. The gluon field in SU(3) is described by two Casimir
invariants, the first one, C1 = EaEa, being related to
the energy density of the initial field, whereas the second
one, C2 = [dabcE

aEbEc]2, is related to the SU(3) color
hypercharge left behind by the leading particles. So the
question we want to study in this short note is how sensi-
tive the transverse distribution is to this second Casimir
invariant C2. In a future paper we will discuss how the
results for the transverse distribution are modified by
the back reaction problem for the chromo-electric field.
Some of the history of previous work on pair production
in QCD is found in the papers of [12, 13, 14, 15, 16].
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II. PAIR PRODUCTION RATES IN QCD BY
THE SCHWINGER MECHANISM

In Ref. 1, Nayak and Nieuwenhuizen obtained the fol-
lowing gauge invariant formula for the number of non-
perturbative soft gluons produced per unit time and per
unit volume and per unit transverse momentum from a
given constant chromo-electric field Ea:

dNgg

dtd3xd2pT
(2.1)

=
1

4π3

3∑
j=1

|gλj | ln
[

1 + exp
(
− πp2

T

|gλj |

) ]
.

Here λj are real positive quantities defined as:

λ2
1 =

C1

2
(
1− cos θ

)
,

λ2
2 =

C1

2
[
1 + cos(π/3− θ)

]
,

λ2
3 =

C1

2
[
1 + cos(π/3 + θ)

]
, (2.2)

where θ is real and given by [17]:

cos(3θ) = −1 + 6C2/C
3
1 . (2.3)

For gluons, the range in θ is 0 ≤ θ ≤ 2π/3. The eigenval-
ues λj depend only on the Casimir invariants for SU(3)

C1 = EaEa , C2 = [dabcE
aEbEc]2 , (2.4)

where a, b, c = 1,· · · ,8 are the color indices of the adjoint
representation of the gauge group SU(3). Note that 0 ≤
C3

1/(3C2) ≤ 1.
In Ref. 2, Nayak obtained the following gauge invariant

formula for the number of non-perturbative quarks (an-
tiquarks) pairs produced per unit time, per unit volume
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FIG. 1: (Color online) Transverse production rate for gluons
for C1 = 100 and 1000 GeV4 and for θ = 0 and θ = π/3, as a
function of pT. For simplicity we denote here the gluon pro-
duction rate given in Eq. (2.1) by fg(pT , θ, C1). The chosen
values for θ give the minimum and maximum values of the
distribution at the maximum.

and per unit transverse momentum from a given constant
chromo-electric field Ea:

dNq,q̄

dtd3xd2pT
(2.5)

= − 1
4π3

3∑
j=1

|gλj | ln
{

1− exp
[
−π(p2

T +m2)
|gλj |

]}
,

where m is the effective mass of the quark and the eigen-
values λj are given by

λ1 =

√
C1

3
cos θ ,

λ2 =

√
C1

3
cos(2π/3− θ) ,

λ3 =

√
C1

3
cos(2π/3 + θ) , (2.6)

with θ given by

cos2(3θ) = 3C2/C
3
1 . (2.7)
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FIG. 2: (Color online) Normalized (to the maximum) forward
production rate for gluons as a function of θ.
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FIG. 3: (Color online) Transverse production rate for quarks
for C1 = 100 and 1000 GeV4 for θ = 0, π/6, as a function
of pT. For simplicity we denote here the quark production
rate given in Eq. (2.5) by fq(pT , θ, C1), The chosen values for
θ give the minimum and maximum values of the distribution
at the maximum. We take m = mq ≈ 1/3 GeV.

For quarks, the range in θ is 0 ≤ θ ≤ π/3, which is
half the range for gluons. The difference in sign in the
logarithm between the gluon distribution and the quark
distribution is related to bose vs. fermi statistics, with
the eigenvalues λj acting as effective temperatures. We
find that in the quark case, because of the quark mass,
the forward production depends on C1 and on θ, whereas
the normalized gluon distribution in the forward direc-
tion depends only on θ for a given initial energy density.
The value of C1 can be estimated from the initial center-
of-mass energy of the colliding ions, and the volume of
the Lorentz contracted Nuclei. For example for gold,
R ≈ 10 fm and at RHIC the center-of-mass energy is
≈ 200 GeV per nucleon. The initial density is then of
the order

ρ = Ecm/(V0γ) , (2.8)

with V0 = 4/3πR3, and γ = Mion/Ecm. For the above
RHIC case ρ ≈ 100 GeV4. We take m = mq ≈ 1/3 GeV.
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FIG. 4: (Color online) Normalized (to the maximum) forward
production rate for quarks as a function of θ and for increasing
values of C1. We take m = mq ≈ 1/3 GeV.



3

104 106 108 1010

7

8

9

10

11

12

10 2

C1

(f
-

)/
m

ax
m

in
m

ax
f

f
[

%
]

q
q

q

FIG. 5: (Color online) Normalized (to the maximum) per-
centage variation of forward production rates for quarks as
a function of C1. For quarks, the maximum and minimum
values of the forward production rate are reached for θ = 0
and θ = π/6, respectively. We take m = mq ≈ 1/3 GeV.

III. RESULTS

In Fig. 1 we plot the rate of gluon production as a
function of the transverse momentum for θ = 0 and π/3
for two values of the initial energy density C1 = 100 and
1000 GeV4. These values of θ give the minimum and
maximum values for the gluon production rate given in
Eq. (2.1). In Fig. 2 we show the percentage variation of
the magnitude of the normalized (to the maximum) dis-
tribution in the forward direction for gluon pair produc-
tion as a function of θ. We see that this result depends
only on θ because of the absence of a mass term. The
maximum variation on θ of the pair production rate oc-
curs in the forward direction and is approximately 15%.
We see that the maximum value of the pair production
rate occurs at θ = π/3.

In Fig. 3 we plot the rate of quark production as a

function of the transverse momentum for θ = 0 and π/6
for the same two values of the initial energy density, C1 =
100 and 1000 GeV4. These values of θ give the minimum
and maximum values for the quark production rate given
in Eq. (2.5). In Fig. 4 we show the percentage variation
of the magnitude of the normalized (to the maximum)
distribution in the forward direction for quark production
as a function of θ. For quarks, this quantity depends on
both θ and C1 but becomes independent of C1 as the
initial energy density increases at which point the mass of
the quark becomes irrelevant. The maximum value of the
quark production rate occurs at the endpoints θ = 0 and
θ = π/3. For quarks, the maximum percentage variation,
which occurs between θ = 0 and θ = π/6 is a function
of C1. This percentage variation asymptotes as a function
of C1 to a value of approximately 13%, as shown in Fig. 5.

IV. CONCLUSIONS

We have considered the dependence of the pair pro-
duction rate of quarks and gluons from a strong chromo-
electric field and have discovered that the effect of the
second Casimir invariant of SU(3), which was not present
in the electric field problem, effects the distribution by
less than 15%. This event by event dependence of the
transverse momentum distribution of jets on C2 may be
something of interest at heavy ion colliders.
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