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Abstract—Effective complexity measures the information con-
tent of the regularities of an object. It has been introducedby M.
Gell-Mann and S. Lloyd to avoid some of the disadvantages of
Kolmogorov complexity, also known as algorithmic informaton
content. In this paper, we give a precise formal definition of
effective complexity and rigorous proofs of its basic propgies.
In particular, we show that incompressible binary strings ae
effectively simple, and we prove the existence of strings # have
effective complexity close to their lengths. Furthermorewe show
that effective complexity is related to Bennett's logical épth: If
the effective complexity of a stringx exceeds a certain explicit
threshold then that string must have astronomically large epth;
otherwise, the depth can be arbitrarily small.

Index Terms—Effective Complexity, Kolmogorov Complexity,
Algorithmic Information Content, Bennett's Logical Depth, Kol-
mogorov Minimal Sufficient Statistics, Shannon Entropy.

I. INTRODUCTION AND MAIN RESULTS

HAT is complexity? A great deal of research has been

performed on the question in what sense some obje

consequences can be analyzed mathematically.

One of the most well-known complexity measureKs-
mogorov complexity1], also calledalgorithmic complexity
or algorithmic information contentin short, the Kolmogorov
complexity of some finite binary string is the length of the
shortest computer program that produgcem a universal com-

puter. So Kolmogorov complexity quantifies how well a string
can in principle be compressed. This notion of complexity

has found various interesting applications in mathematics
computer science.

Uller, Arleta Szkota

its regularities. Then, the effective complexity ofis defined
as the algorithmic information content of the regulariaéme.

In this paper, we are interested in the basic properties of
effective complexity, and how it relates to other complexit
measures. In particular, we give a more precise formal defi-
nition of effective complexity than has been done previgusl
We use this formal framework to give detailed proofs of the
properties of effective complexity, and we use it to showan u
expected relation between effective complexity and Bdimet
logical depth [4].

Since there are now so many different complexity mea-
sures [5], our result contributes to the clarification of the
interrelations within this “zoo” of complexity measuresohé-
over, we hope that our more formal approach helps to find
applications of effective complexity within mathematigs,

a similar manner as this has been done for Kolmogorov
complexity.
We now describe our main results and give a synopsis of

@é?s paper:

are “more complicated” than others, and how this fact and i

« After some notational preliminaries in Section Il, we mo-
tivate and state the main definition of effective complexity
in Section 1.

« In Section IV, we analyze the basic properties of effective
complexity. In particular, we show in Theorem 10 that
effective complexity indeed avoids the disadvantage of
Kolmogorov complexity that we have explained above:
Random strings are effectively simple.

Although the existence of effectively complex strings
has been mentioned in [2], it has not been conjectured

Despite its usefulness, Kolmogorov complexity does not
capture the intuitive notion of complexity very well. For
example, random strings without any regularities, sayng#i
that are constructed bitwise by repeated tosses of a fair, coi
have very large Kolmogorov complexity. But those strings
are not “complex” from an intuitive point of view — those
strings are completely random and do not carry any intergsti
structure at all.

Effective complexitys an attempt by M. Gell-Mann and
S. Lloyd [2],[3] to define some complexity measure that is
closer to the intuitive notion of complexity and overcomes
the difficulties of Kolmogorov complexity. The main idea of
effective complexity is to split the algorithmic informati
content of some string into two parts, its random features and
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explicitly. Based on the notion of algorithmic statistics a
studied by Gacs at al. [6] we provide a formal existence
proof, see Theorem 14.

Section V contains our main result (Theorem 18 and
Theorem 19), the relation between effective complexity
and logical depth. In short, it states that if the effective
complexity of some string exceeds a certain explicit
threshold, then the time it takes to compute that string
from a short description must be astronomically large.
This threshold is in some sense very sharp, such that
the behavior of logical depth with respect to effective
complexity is comparable to that of a phase transition
(cf. Fig. 2 on page 11).

In Section VI we show how effective complexity is
related to the notion of Kolmogorov minimal sufficient
statistics.

Finally, in the Appendix, we give an explicit example
of a computable ensemble on the binary strings that has
non-computable entropy. This illustrates the necessity of
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the details of our definition in Section IlI. We use the notatiod: if both 2 and; hold.
We start by introducing notation. Note that the “naive” form of conditional complexity as
defined in (1) does not satisfy the chain rule (3). Only the
Il. PRELIMINARIES AND NOTATION weaker identity

We denote the finite binary strings\,0,1,00,01, ...} by +
{0,1}*, where\ is the empty string, and we writ&(z) for K(z,y) < K(y) + K(xly) )
the length of a binary string € {0,1}*. An ensemblé is a holds in general.
probability distribution on{0, 1}*. All logarithms are in base

5 We will often use obvious identities liké& (x) : K(x,y)

We assume that the reader is familiar with the basic conceé)gsnfféﬁ’rzz];vﬁ(gggzr:’v'rt;]fglrjttﬁ;p::;n(j'g? tlg ?he;atl)lov;fllek;)e/ tﬂegn q

of Kolmogorov complexity; a good reference is the book W/it' :

. o AR w o . anyi [1].
Li and Vitanyi [1]. There is a “plain” and a “prefix” versiorf o Another i tant isite for thi is the defi-
Kolmogorov complexity, and we will use both of them in this .. nother important prerequisite for this paper 1s the detl
paper. The plain Kolmogorov complexity(x) of some string nition %fl t]r]]:e |Ioref|x Kolmogorgy complexnﬁ{(E) of some |
z is defined as the length of the shortest computer progr%r%sqeur;:/alini ngtiocr?sngfzt“;gscrlitpt?;:;’r’]g;ﬁ dthriairleeazer\r/ifra
chat outputse if it is given as input to a universal computerRef. [6] the lesson that it is very important to exactly sfeci

' C(z) == min{£(p) | V(p) = . which of them we will use. _ .

Our definition of K (E) for ensemble& is as follows. First,
Prefix Kolmogorov complexity is defined analogously, buiprogram that computeB is a computer program that expects
with respect to a universaprefix computerU. A prefix two inputs, namely a string € {0, 1}* and an integen. € N,
computerU has the property that i/ (s) is defined for some and that outputs (the binary digits of) an approximation of
string s, thenU (st) is undefined for every stringthat is not E(s) with accuracy of at lease~". Then, our preliminary
the empty string. So definition of K (E) is the length of the shortest program for
. the universal prefix computéf that compute&.
K(x) :=min{{(p) | U(p) = z}. Obviously, not every ensemblg is computable — there is
There are different possible choices@fandV'; we fix one a continuum of string ensembles, but there are only countabl
of them for the rest of the paper. many algorithms that compute ensembles. Another unexgpecte
Several variations of Kolmogorov complexity can be easilglifficulty concerns the entropy of a computable ensemble,
defined and will be used in this paper, for example, thiefined ast (E) := — - (1}~ E(z)log E(z). Contrary to
complexity of a finite list of strings, or the complexity of ana first naive guess, the entropy of a computable ensemble does
integer or a real number. With a few exceptions below, weot need to be computable; all we know for sure is that it is
will not discuss the details of the definitions here and iadte enumerable from below. To illustrate this, we give an explic
refer the reader to Ref. [1]. example of a computable ensemble with a non-computable
The first exception that deserves a more detailed discussantropy in Example 22 in Appendix A.
is conditional complexity There are two versions of condi- Thus, for the rest of the papewe assume that all
tional complexity, a “naive” one and a more sophisticated.onensembles are computable and have computable and finite
The naive definition is entropy H(E), unless stated otherwise.
. « Even when one restricts to the set of ensembles with
K(zly) = min{t(p) [ p € {0,1}", Ulp.y) =}, (1) computable entropy, the map — H(E) is not necessarily
that is, the complexity of producing string given stringy a computable function. Hence the approximate equality
as additional “free” information. A more sophisticatedsien
due to Chaitin [7] reads

K. (zly) :== min{l(p) | p € {0,1}*, Up,y*) =z}, (2) is not necessarily true uniformly iB. Thus, from now on we
replace the preliminary definitioA (E) by

K(E,H(E)) £ K(E)

that is, the complexity of producing, given a minimal
programy* for y. The advantage of<, (-|-) compared with K(E) := K(E,H(E)),

K(|) is the validity of a chain rule i.e. we assume that computer programs for ensembles

K(x,y) x K(y) + K. (z]y) (3) E carry additionally a subprogram that computes the
entropy H(E).
for all strings z and y. Here we make use of a well- P (E)
known notation [6] which helps to suppress additive cortstan
Suppose thaf, ¢ : {0,1}* — N are functions on the binary _ _ _ _
strings, and there is somec N independent of the argument TO define the notion of effective complexity, we follow the
value s such thatf(s) < g(s) + c for everys € {0,1}*, i.e. Steps described in one of the original manuscripts by M.-Gell
the inequality holdsiniformly for s € {0,1}*. Then we write Mann and S. Lloyd [3]. First, they define thetal information
N of an ensemble as the sum of the ensemble’'s entropy and
f(s) < g(s) (s € {0,1}%). complexity.

IIl. DEFINITION OF EFFECTIVE COMPLEXITY
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To understand the motivation behind this definition, suppomformation theory, this is called the “asymptotic equiftaom
we are given some data (a finite binary string) which has property” (cf. Ref. [8]). An appropriately extended versio
been generated by an unknown stochastic process. We woafldhis result holds for a large class of stochastic processe
like to make a good guess on the process that genergtedncluding ergodic processes.
even if we only have one sample of the process. This isThis motivates to define that a stringis typical for an
similar to a scientist that tries to find a (probabilisticktiny of ensemblé if its probability is not much smaller thagr (),
physics, given only the present state of the universe. Toemak Definition 2 ¢-Typical String):
a good guess on the probability distribution or ensenible Let E be an ensemble; € {0,1}* a string andj > 0. We
that producedr, we make two natural assumptions: say thatr is o-typical for E, if
o The explanation should be simple. In terms of Kol-
mogorov complexity, this means th& (E) should be
small. We return to the scenario of the scientist who looks for good
« The explanation should not allow all possible outcomegeories (ensembleB) explaining his datar. As discussed
but should prefer some outcomes (includiny over apove, it is natural to look for theories with small total
others. For example, the uniform distribution on a billiofnformation (). Moreover, the theory should predictas
different possible physical theories is “simple” (i€(E) a3 “typical” outcome of the corresponding random experiment
is small), but it is not a “good explanation” of our physicathat is, - should bes-typical for E for some small constardt
world because it contains a huge amount of arbitrarinessHow small can the total information of such a theory be?
This arbitrariness can be identified with the “measure gfhe next lemma shows that the answer is “not too small”.
ignorance”, the entropy df. Thus, itis natural to demand | emma 3 (Minimal Total Information):
that the entropyH (E) shall be small. It uniformly holds forz € {0,1}* andd > 0 that
Putting both assumptions together, it is natural to comgiue
sum K (E) + H(E) which is called the “total information” K(z) 2 inf{X(E) | z is o-typical for E} 2 K(z).

E(z) > 2~ HE(+9)

3(E). A “good theory” is then an ensemblB with small +90
S(E). Remark. The upper bound¥(x) and the computability of
Definition 1 (Total Information): E show that the set is finite, and the infimum is indeed a
For every ensembleE with entropy H(E) = minimum.
— > sefo1}- E(z)log E(z), we define thetotal information Proof: Fix somed > 0 and somer € {0,1}*. Clearly,z
Y(E) of E as is d-typical for the singlet distributiofi,,, given byE, (z) =1
Y(E):= K(E)+ H(E). andE,(z') = 0 for everya’ # x. This ensemble has entropy

. o H(E;) = 0. Thus, the total informatiort(E,) equals the
Note that the total information is a real number larger thatpomplexityK(IE ). We also have

or equal tol. If E is computable and has finite entropy, as
always assumed in this paper, the(E) is finite. K(E,) £ K(2),
In the subsequent work [2] by M. Gell-Mann and S. Lloyd,

it has been pointed out thdf (E) ~ >° . 1,- E(s)K(s[E). s describing the ensemhl&, boils down to describing the
It follows that ’ string x. Furthermore, the corresponding additive constant

+
N does not depend anor 4. It follows thatinf{>(E)} < K (x).
B(E) ~ e{%:l}* E(s) (K(S|E) + K(E)) ' ©) To prove the converse, suppdBas any ensemble such that

x is d-typical for E. Then we have the chain of inequalities
This has a nice interpretation: The total information gities

average complexity of computing a string with the detour of K(x) b K(z,E)
computing the ensemble. +
The next step in [3] is to explain what is meant by a string < K(E)+ K(zlE)
being “typical” for an ensemble. Going back to the analogy 2 K(E) + [—logE(x)]
of a scientist trying to find a theor§f explaining his data, < K(E)+ [H(E)(1+0)] (6)
a good theory should in fact predict that the appearance of < S(E)+6H(E) +1 R
2 has non-zero probability. Even more, the probability:) =
should not be too small; it should be at least as large as that < Z(E)1+6)+1. (8)

OfV\‘/{f'f?" tr? utcorEesb_?tf th? C‘,?t”e?p‘l’,,”d'rlg procefs s d The first two inequalities follow from general properties of
atis the probability of a "ypical” outcome ol a ran or.nrorefix Kolmogorov complexity, while the third inequality is
experiment? Suppose we toss a biased coin with probab|6t

p for heads andl — p =: ¢ for tails n times, and call the te to the upper bound

resulting probability distributionE. Then it turns out that K (z|E) 2 '~ log E()] ©)
typical outcomesr have probabilityE(x) close to 2", '
where H := —plogp — qloggq, andn - H is the entropy of which follows from coding every string with E(z) # 0 into

E. In fact, the probability thaE(z) lies in betweer2z~"(/+¢) g prefix code word of length— log E(z)] (such a code exists
and 2-"(H+e) for ¢ > 0 tends to one as gets large. In due to the Kraft inequality). Moreover, (6) is a consequence
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of -typicality of s for E, and (7) uses the definition of the Suppose we fix some daiaand plot only those ensembles
total information:. O E such thate is §-typical for E for some fixed constarit > 0.

This was one of our two requirements that a “good thedty”

The ultimate goal of effective complexity is t0 assign g, ghould fuffill. That is, we dismiss all the ensembles for
useful complexity measur&(z) to stringsz. In our analogy, which 2 is not a typical realization

this means that the scientist wants to assign a natural num €rhen Lemma 3 tells us that all the remaining ensembles
to his dataz saying h_OW complexa? is. Simply ta!qng the must, up to an additive constant, have total informatiogdar
Kolmogorov complexity K'(x) as this value has importanty, . () /(1 4 4). Graphically, this means that all those
drawbacks: It does not at all capture the intuition that €0M, "\ sembles must approximately lie right of the straightité

plexity” should measure the “amount of structure” of an ahje H(E) + K(E) = K(z). One of these ensembles is the Dirac
In fact, if 2 is uniformly random (i.e. the result of fair coin measures.. the enser.nble withi,(z) = 1 and d,(z/) = 0

tossing), thernk (z) is large, while the string possesses almo?(t)r © # 2': It has Kolmogorov complexityi(4,,) + K(2)

no structure at all. - . .
The strategy of S. Lloyd and M. Gell-Mann [3] is instead t(%md entropyH (9,) = 0, hence minimal total information. It

take that complexity< (E) of “the best” theoryE that explains l(?rc]);responds fo the circle on theaxis at the left end of the
the datax. What is “the best” theory? As already discusseaJ '

a good theory should have small total informat®(iE), and tht\e/x? 3l§rc;12?<\)/'?aldif§3 ursrfgt(ijoﬁ ssr?gﬁlrgjdbreegilrser:\neﬁln géorolsﬁ)?c’d
the datax should be “typical” forE in the sense that the Y- b

probability E(z) is not much smaller thag—#(® | According to Lemma 3, this means th&(E) should not
Given some data, there are always many “good theories’be much larger than the Kolmogorov complexiy(x). We

which satisfy these requirements. Which one is “the best“:!‘entlfy the “good” theories as those ensembles that are not

To think about this question, it is helpful to look at acC & @Wway from the line in Fig. 1; say, we consider those

graphical representation of “good theories” and their prtips ensembles as "good” that are below the dotted line with

e . . X(E) = K(z) + A.
as described in [3] and depicted in Fig. 1. Among the remaining good theories, which one is “the

best”? The convincing suggestion by M. Gell-Mann and S.
Lloyd is that the best theory is the simplest theory; thathis,
ensembleE with the minimal Kolmogorov complexitys (E).
The complexity K (E) of this minimizing ensemble is then
defined as the effective complexity of

In other words, the effective complexity of is defined as
the smallest possible Kolmogorov complexity of any “good
theory” (satisfying the two requirements) for This suggests
the following preliminary definition (we discuss an imparta
modification below):

Definition 4 (Effective Complexity I):
Given parameters, A > 0, the effective complexitfs a(z)
of any stringz € {0,1}* is defined as

Esalz) = iInf{K(E) |« is d-typical for E,
3(E) < K(x) + A},

Fig. 1. The minimization domain of effective complexity.oRéd are only
those ensembleB for which the fixed stringe is typical. or asco if this set is empty.
We refer to the set on the right-hand side asrttigimization

Suppose we plot the set of theories in the entrop lomain of z for effective complexity, and denote it by

complexity plane. That is, for every computable ensentble 5,a(x). Thus

(with finite and computable entropy), we plot a black dot at Esalz)= min K(E).

the plane, where the-axis labels the entropy (E) and the ’ E€Ps A (z)

y-axis labels the Kolmogorov complexity (E). Note that ensembleB of the minimization domairP; ()

The Kolmogorov complexitys (E) is integer-valued, and if of ; ¢ {0, 1}* satisfy
n € N is small, there are only few ensembBswith K (E) =
n (in fact, the number of such ensembles is upper-bounded el a4
by 2™). Thus, there are only few black dots at small values of 1+9
the y-axis. Going up the-axis, the number of ensembles and'his notion of effective complexity is closely related to a
hence the density of the black dots increases. guantity called “Kolmogorov minimal sufficient statistic¥Ve
The total informationX(E) is the sum of the ensemble’sexplain this fact in more detail in Definition 20 and Lemma 21
entropy and complexity. Thus, ensembles with constant tota Section VI below.
information correspond to lines in the plane that are palrall As pointed out by M. Gell-Mann and S. Lloyd, it is often
to the tilted line in Fig. 1. useful to extend this definition of effective complexity by

K@) £ om) < k(2) + A
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imposing additional conditions (“constraints”) on the ems Note that we allow thaf depends on. This makes it possible,
bles that are allowed in the minimization domain. Therfor example, to introduce the constraint thais an element
are basically two intuitive reasons why this is useful. Tof an ensemble of stringhat all have the same lengtfust
understand those reasons, we go back to the scenario dhleC as the set of probability distributions df, 1}, where
scientist looking for good theories to explain his datd&Recall n = ¢(z).

the interpretation of the minimization domain of effective In general restricting the set of ensembles will increage th
complexity as the set of “good theories” fat Reasons for value of effective complexity, i.e.

considering constraints on the ensembles are:

« Given the stringz, there might beertain propertieof = CCD = &al2lC) = & alxlD).
that the scientigudges to be importanThose properties T js in agreement with our intuition. Indeed such restric

should be explained by the theories in the sense that {ig,s give a way to demand explicitly that some regularites
properties are not just simple random coincidences, byl considered string appear as a consequence of regularities

necessary or highly probable properties of each OUICOTBE the generating process. As such, they contribute to the
of the corresponding process. effective complexity.

For example, suppose that a scientist wants to find goodlf the constrained sef or the constantA are too small

theories that explain the present state of our universe.gnch that the (constrained) minimization dom&ga (x) N C

gddmor!, that scientist finds it pa_rtlcularly importantdan is empty, then effective complexity is infinite, according t
interesting that the value of the fine structure constant fs.sinition 5. Furthermore note that

about% and would like to find theories that explain , .
why this constant is close to that value. Then, he will * €54 (2(C) is decreasing i andA,n

only accept ensembles that have expectation value of * If €5.(2[C) is finite andz € {0,1}", then

this constant not too far away froqﬁg—T £ OV < K A < o 11
In terms of effective complexity, this scientist views the 58(@[C) < K(z) + A < n+ Ollogn). (11)

appearance of a fine structure constant of abgdtas In many situations in physics, the constrained egpearing
an important structural (non-random) propertyagfthe in the definition of€s A (x|C) consist of those ensembles that
encoded state of our universe. Thus, he considers thigve expectation values of observables within certaimiats.
property as part of the regularities of Effective com- That is, we have real-valued functioyis the observables, and
plexity is the Kolmogorov complexity of the regularitiesthe set of ensembles consists of those ensemblEswith

of z, thus, this scientist tends to find a larger value of

effective complexity than other scientists who consider > E@filx) € L

the fine structure constant as unimportant and random. z€{0,1}*

« The scientist might havaddltlonal_ mfgrma_\tlon_on the where the setd; C R are intervals or possibly fixed real
process that actually created This situation is often . . .
numbers. Sometimes it even makes sense to allow different

encount_ered n t_hermodyqamms. Suppose menf:odes ntervals I;(E) for different ensemble&; say, the intervals
some microscopic properties of a gas in a container that a i .
S o may all be centered around the same fixed expectation value,
scientist has measured. In addition to these measuremg . : . o
- . ; ! ut may have a width which grows with the standard deviation
results, the scientist typically also has information on

) . of E with respect to the observabjé.
severalmacroscopic observabldike the temperature or o . i .
This is explored in more detail in the following example.

the total energy in the box — at least, crude upper bounds . ]
are usually given by basic properties of the Iaboratog_ Example 6 (Constraints and Observables):
[

physics. Then, a “good theory” consistent with the actu IXd some stringfx IE {?’1}*|' L?t éw be an in?ex set
physical process within the lab must obey the additiond[" {fi}ifM ha at;my oblrea '\\’/3 ue C%nslﬁlza'm lén(]f.t'ons
constraints given by the macroscopic observables. on {0’1.} (the observables). ve wouid fike o eme_ a
In terms of effective complexity, the macroscopic Obser\p_onstramed set of ensemblés with the following property:

ables respectively the additional information contrisuted= Shall contain all those ensembles which have expectation

to the regularities of: and enlarges its effective complex-yalues of the observabldg; } that are “not too far away from”

ity the actual valued;(z) of the observables evaluated on the
- . . string z. This is done in the following way:
Definition 5 (Effective Complexity I1):

Gi terg A > 0. theeffecti lexit c To each observablg; and ensemblé, associate a corre-
ven parameters A > 0, theeffective complexit,a (z|C) sponding interval;(E) C R. The choice of those intervals is
of a stringx constrained to a subsétof all ensembles is

somewhat arbitrary — we only demand that they contain the

Esa(zlC) = inf{K(E) |z is i-typical forE, EeC, expectation values of the corresponding observables, i.e.
%N(E) < K(z) + A} (10) > E(s)fi(s) € L(E) forallie M.
or asco if this set is empty. The set on the right-hand side is s€{0,1}~

called theconstrained minimization domawf = for effective  Then define the constrained set of ensemBledy
complexity and equal®;s A (x) N C according to the notation
of Definition 4. Thus & a(z|C) = mingep; 4 (2)ne K (E). Cy :={E| fi(z) € L(E) for all i € M},
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that is, C, consists of those ensemblés such that the  We proceed by analyzing some basic properties of effective
corresponding interval (centered around the correspgrelin complexity.
pectation value) contains the “correct” value of the obably
evaluated atr.
. . . IV. BASIC PROPERTIES OFEFFECTIVE COMPLEXITY

The corresponding effective complexity value

We have remarked that the effective complexitya (z|C)
can be infinite, for example, if the constafitis too small or
has a natural interpretation as the effective complexity @f the constrained set of ensembigss too restrictive such that
the observable propertigfs of x are judged to be important (orthe minimization domain satisfieBs A (x) NC = (. Thus, we
are fixed as macroscopic observables). Compare the disaussitart by proving a simple sufficient condition that guaraste
before Definition 5. that effective complexity is finite.

To illustrate the notation introduced in the previous exeanp Lemma 9 (Finiteness of Effective Complexitfhere is a
we look at the situation when we would like to define theonstantn € N such that
effective complexity of strings under the constraint of €fixe
length. That is, suppose that we consider the lerigth of our Es,a(2|C) < K(z) + A < o0
stringx as an important regularity — or that we have addition?I

side information that the unknown random process genera 8rsaliljstr|::g§:c with lillrac measlurhém €C,020andA > 72
strings of fixed length only. In this case, it makes sense to roof: Due to (11), we only have to prove théj a(z|C)

look at the effective complexitys a (|C.), where is finite. According to Definition 5, it remains to prove that
Co = {E | £y) # {(z) = E(y) = 0} (12) Ps.alz)NC#0

Example 7 (Fixed Length Constraint): under the conditions given above, whéPga () is the mini-
Consider the effective complexity notiofs a(z|C;) as ex- mization domain of:. To this end, we show that, € Ps A ().
plained above. Instead of using Equation (12), we can al$bis follows from
use the notation of Example 6: we have only one constraint, So(z) = 1 = 9-H(3:)(14+9) for everyd > 0, SO = is
so the index sed/ satisfies# M = 1, for exampleM = {1}. s-typical for d,, N

Our observablef; is then the characteristic function on the $(8,) = H(6,) + K (8,) = K(5,) < K(z) +m, where
strings of length¥(z), that is, m € N is a constant. N O

1 if £(s) = £(x), i i
fi(s) = { 0 otherwise Ouir first result resembles the example on p. 51 in [3]. Sup-
_ _ _ pose that we have a random binary stringf lengthn, maybe
To every ensemblé, we associate an intervdl (E) which 5 siring which has been determined by tossing a fair eoin
only consists of the single real number that equals the €orignes. The Kolmogorov complexity of such a string typically

x— Es.a(z|Cy)

sponding expectation value gi, i.e. satisfiesK (z) ~ n, that is, structureless random strings have
maximal Kolmogorov complexity. This was one of reasons
L(E) = Z E(s)fi(s) p = Z E(s) p C R. for S. Lloyd’s and M. Gell-Mann’s criticism of Kolmogorov
sc{01}* o(5)=0(z) complexity and for their attempt to define effective comiiex

. ) . as a more useful and intuitive complexity measure.
It is then easy to see that the &t defined in Example 6 he following th hp yd . indeed
above equals the set in Equation (12) The following theorem proves that random strings indee
. : : . have small effective complexity, which supports the poiht o
Due to linearity, the constrained sefs in Example 6 are . . ) .
. . .. view that effective complexity measures only the compiexit
always convex. This property, together with a computapbilit .
" . . : of the non-random structure of a string. Before we state that
condition, will be useful in the following. theorem, we have to explain in detail what we mean by a
Definition 8 (Convex and Decidable Constraint#):set C . P y

_ ) . “random” string.
of ensembles on the binary strings is called . . . . .
. o It is well-known that most strings are incompressible, vahic
«» convex if for every finite set of ensemble§E;}; C C,

N _ is what we mean by “random” at this point. In more detail,
every computable convex combinatidiy AilE; with Ai € i . ¢  js some fixed parameter, the number of stringsf
(0, 1.> and Zz Ai =118 also inC, ) . lengthn with prefix complexityK (z) < n+K (n)—r does not
« decidableif there exists some algorithm that, given SOME, ceedpn—+O(1) (cf. [1, Thm. 3.3.1]). That is, most strings
stringz € {0,1}" as input, decides in finite time whether, ., incompressible in tﬁe sense tiatz) > n + K(n) —r.
the Dirac measure onm is an element of or not, that We call such strings-incompressible -

is, whether the measure Theorem 10 (Incompressible Strings are SimplEhere

Sult) = 1 ift=2 exists some global constaate N such that
W= 0 ift£a,
satisfiesd, € C or not. In this sense, we may define

K(C) as the length of the shortest computer program th@g all r-incompressible strings: of lengthn, § > 0 and
computes the corresponding decision function. A>r+e.

Esa(r) < logn+ O(loglogn) (13)
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Moreover, ifC is a convex and decidable constrained set of Corollary 11: There exists some global constante N
ensembles, then for attincompressible strings of lengthn  such that uniformly
with the property that the Dirac measuig € C, we have X
Esalr) < K(C(x)+r
Es.n(z|C) <logn+ O(loglogn) + K(C ) ) i
5a((C) ( ) © for all »-incompressible strings, § > 0 andA > r +c.

whenevep > 0 andA > r+c¢+K(C). Note that thdog log n- If C is a convex and decidable set of ensembles, then for
term does not depend d@h all z that additionally satisfyj, € C we have

Proof: With a suitable choice o, the first part of the i
theorem is a special case of the second part (@itathe set Es,a(z]C) < K(C(z)) +r+ K(C)

of all ensembles), so it is sufficient to prove the second. PaltheneverA > Yot K(C)
Suppose thaf andz satisfy the conditions of the theorem. < '

. L Proof: It follows from the proof of Theorem 10 that
Let E,c be the uniform distribution on

E5.a(2]C) < K(U(z)) + K(C).
According to the definition ofr-incompressibility, we also
have K (£(z)) < K (z) — £(z) +r, thus&s.a («|C) < K (z) —
¢(z) + r + K(C). Moreover, it holds [1]K () < C(z) +
K (B ) < K(U(x)) + K(C). K(C(x)) and C(x) < (x). 0

Mye = {t € {0,1}" | £(t) = £(z), & €C}.

Then H(E;c) = log#Mye < {(z), and Eyc(z) =

m =2 HEz10), sox is §-typical for E, . Moreover,

The fact that incompressible strings have small effective
complexity — and most strings are incompressible — raises
the question if there exists any string witarge effective
complexity at all. Fortunately, the answer is “yes”; othismy
the notion of effective complexity would be an empty concept

+ On the one hand, we might drop a requirement posed in
B(Eqic) < K(2) +r(2) + K(C), Theorem 10. There, we rgstricteg to coqnstrained ér’)etsf
i.e. there is a global constante N such thatS(E,c) < ensembles that contain the Dirac measirewhich basically
K(z) +r(z) + K(C) +c. Now if A > r(z) + K(C) +¢, it Mmeans that the string should itself fulfill the constraints that

Thus, S(Ege) < £(z) + K(£(x)) + K(C). The stringsa
which are r-incompressible satisfy by definitiod(z) >
¢(x)+ K (¢(x))—r. Denoting byr(z) the corresponding degree
of incompressibility ofz gives

follows from Definition 4 andg, ¢ € C that are used to defin€. The effective complexity of strings that
do not meet this requirement might possibly be large.
Esa(|C) < K(Eye) < K(l(x))+ K(C)+0O(1) On the other hand, even among strings that fulfill this
< logl(z) + O(loglog £(x)) + K(C). O requirement, there are still strings that are effectivalgnplex,

namely those strings that are called “non-stochastic” i th
Note that according to the theorem above, every stiing context of algorithmic and Kolmogorov minimal sufficient
{0,1}* becomes effectively simple i\ is large enough. statistics [6]. Suppose we have a finite subSet {0,1}*
Indeed, for everys > 0, relation (13) is satisfied by of the finite binary strings. There are elementsc S that

if A is larger than ther-dependent threshold\,,.x(z) := are easy to specify, once the seis given, in the sense that
{(x) + logl(x) + ¢ — K(x). (Herec is the global constant K'(x|S) is small. For example, the smallest elementSoin
appearing in Theorem 10.) lexicographical order has very small conditional compiexi

For stringse of fixed lengthn, one can give an-dependent K (z|S). We call such elementatypical On the other hand,
threshold Ayax () == n + ¢ such that&s a () b logn + Mmost of the elements of will not be special in such a way,
O(loglogn) if A > Apax(n). On the other hand, due tosuch that we can specify them only by giving their “index”
Lemma 9, to ensuré;s A (z) < oo for z € {0,1}*, one should Within the setS, which takes aboulog #5 bits. Thus, most
chooseA not too small, namelA > m, wherem was a global €lementsr € S will have
constant depending on the reference universal computgr onl +

These simple observations show that a discussion of the K(x]S) > log #5.
dependence of effective complexity for arbitrary but fixelve can call such elementgpical for S. There is a lemma by
stringsz € {0,1}* on the parameteA should be useful for Gacs, Tromp, and Vitanyi [6], stating that there existngfs
a deeper understanding of the concept. which are atypical forevery simple setS. They are called

In a forthcoming paper [9], we investigate in more detail theon-stochastic
behavior of effective complexity of long strings generabsd  Lemma 12 ([6, Thm.IV.2])There are constants,c, € N
stochastic processes for different choices®of= A(n). For such that the following holds true: Suppose N is fixed. For
the rest of this paper, we assumeto be a fixed constant (noteveryk < n, there is some string € {0,1}" with K(z|n) <
depending om or z) that is larger than the aforementioned:;, such that
constantm.

In what follows we strengthen the result in Theorem 10 in log #5 — K (2|8, K(5)) > n—k —c2
a way that will be interesting later in Section V: for every S 5 z with K(S) < k — ¢;.
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We want to use this result to prove that for everythere are  Now we are ready to prove the existence of effectively com-
binary strings of lengtm that have effective complexity of plex strings. First, what should we expect from “effectjwel
aboutn. Therefore, we have to show that basically all we doomplex” strings — how large could effective complexity
with ensembles of stringsan as well be accomplished withEs A (z) of some stringz of length n possibly be? IfE is
equidistributions on sets the minimizing ensemble in the definition 6§ A (z), then
Lemma 13 (Ensembles and Sets):
Let z € {0,1}* andd,A > 0 be arbitrary, and let be a Esa(w) = K(E) < X(E) < K(z) + A <n+ K(n) + O(1).
set of decidable and convex constraints such thatc C. Thus, the best result we can hope for is the existence ofystrin

Moreover, letD be an arbitrary set of constraints such thaf lengthn that have effective complexity close o The next
the effective complexitys (z|D) is finite, and letE be the theorem shows exactly this.

corresponding minimizing en;emble. '!'hen, for every 0, Theorem 14 (Effectively Complex Strings):
there is a se§ C {0,1}* containingz with For everys. A > 0 andn ¢ N. there is a string: of lengthn
log#S < H(E)(1+0)+e (14) such that
K(S) < K(E)+c+K(6)+K()+K(C) (15) Es.a(z) > (1—8)n — (1+20)logn — O(loglog n).
such that the equidistribution aft is in C, wherec € N is a As effective complexity is increased if constraints are eajd
global constant. the same statement is true 65 A(z|C) if C is an arbitrary

Remark. The most interesting case® = C, showing that the Constrained set of ensembles.

minimizing ensembles in the definition of effective comiigx Remark. An explicit lower bound is

can.“e_llm.ost”. (up to the additiV(_a terms above) be cho_sen to be Ea(z) > (1—8)n—(1+26)logn — 2loglogn

equidistributions on sets even in the presence of decicatile Ald §) — BK(S

convex constraints. —A(4+06) - 5K(d) —w,
Proof: The minimizing ensembl& in the definition of wherew € N is a global constant.

&s,a(x|D) has the following properties: Proof: Fix A > 0, § € (0,1), andz € {0,1}". Let E,
E(z) > o~ H(E)(1+5) be the minimizing ensemble associatedCio (), i.e.
KE)+H(E) < K(z)+A. (16) K(Eq) = &s,a(x). (17)

We would like to write a computer program that, given £hooses > 0 ?rbitrary. According to Lemma 13, there is a
description ofE, computes a list of all stringg € {0,1}* SetS: C {0,1}" such that € S, and

tha}g Igaicisj;y the constraint€ and the inequalityE(y) > log #S, < H(E,)(1+0)+e, (18)
2~ HE)(1+9) sych a program could search through all strings k(S < K(E 19

y, decide for every whether this equation and the constraints (Sz) < (Es) +c, (19)

hold for y, and do this until the sum of the probabilities of allyherec € N the sum of a global constant ahd(s) and K ().

the previously listed elements exceeds 27149 But | ¢t ¢ be the best constant for our universal compufesuch

there is a problem of numerics: It is in general impossible fgnat

the program to decide with certainty if this inequality hald

because of the unavoidable numerical error. Instead, we can K(s) < K(s[t) + K(t)+¢  forall s, € {0,1}"
construct a computer program that computes &set{0, 1}* and at the same time
with the following weaker properties:

K(s|t) < K(s|t,u) + K(u) + ¢ for all s,t,u € {0,1}".
yeS = E(y)>2 HE0+)=¢ andy satisfiesC, (slt) < K(slt, u) () (0.1}

E(y) > 9-HE1+9) andy satisfiesC = y € S. ;Jsir;g (16), (18) and (19), we conclude thais almost typical
or S,:
That is, the program computes a s&t which definitely

contains all stringg with E(y) > 2~ 7®(1+9) that satisfy the K(2|S;) 2 K(z) - K(S:) ¢
constraints, but it may also contain strings which sligivily- > K(E,)+H(E;)-A-K(S;)-¢
late this inequality as long as they still satisfy the comisis. > K(S)) -+ log#S, & A
However, the numerical methods are chosen good enough such - * 1+56 1456
that we are guaranteed that every elemerf tias probability —K(S;)—¢
of at least2—#(E)(1+9)—¢ log #8S., N

This setS containsz and has the desired properties (14) Z 4y C¢TemA-d
and (15). This can be seen as follows. By definitiz) > |1 2150 follows
2~ HE(1+9) 50z € S. Since every element € S has prob-
ability E(y) > 2= H®0+0)=¢ it holds #5 < 27 E)(A+0)+e K(z|S;, K(S:)) > K(z|S:) — K(K(S;))—¢ (20)
Finally, the description length of the corresponding cotepu S log#5. K(K(S,)) —c—¢
program can be estimated via(S|E) < ¢+ K(0) + K(e) + = 1496 “

K(C). O —A — 2¢.
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Now we get rid of the termi (K (S,)). First note that (19), But this is a contradiction to (21). Hence our assumptiontmus

(17) and (11) yield be false, and we must instead hal€S,) > k — c¢;. Thus,
using (17), (19), and<,, < n + 2logn + v,
K(S;) < K(Ez)Jrc:S&A(x)Jrc .
< n+2logn+v+A+e, 2 k-—a-c
> n—90(n+2logn+~v+A+e)—logn
wherey € N is some constant such th&f(s) < ¢(s) + —2loglogn — A — ¢g — 1. O

2logl(s) + v for everys € {0,1}*, and K(k) < logk +

2loglogk + ~ for every k € N. By elementary analysis, it Applying relation (11) to the case of effectively complex
holdslog(a + b) < 1oga+§ if a,b> 0. Hence there is somestrings z* constructed here, we obtain a lower bound on
constants > 0 which does not depend an §, A, or z, such K (z*):

that forn > 2, (1—68)n — (1+26)logn — 2loglogn — 6 < K(z*), (24)

log K(Sz) <logn +c+ A+ k. whered = A(5 + 6) + 5K(8) + w. For largen, where the
constantd becomes negligible, this bound is non-trivial and

Using the same argument with (K (S,)) < log K(S.) + in particular for§d = 0 remarkably close to the maximal value

2loglog K(S;) + v, for get for alln > 2

n+ K(n).
K(K(S,)) < logn + 2loglogn + 3¢ + 3A + 3k + 7. On the other hand, from the previous proof and Lemma 12
N we deduce the following upper bound on the complexity of
Going back to (20), it follows T

log #5, - - ~logn — CAta
K (2]Sy, K(S,)) > Olgf? K(*) < (1—-0)n+ K(n)—logn —2loglogn — A + @,

—logn —2loglogn — A, (21)
where @ is a global constant. This implies the following
where relation between the degree of incompressibikity:*) and

_ the constantA:
A=4dc+4A+3k+y+e+2¢ (22)

r(z*) > on+logn + 2loglogn + A — @ > A > 4A,
Note thatx was arbitrary, so this equation is valid for every
z € {01} where the second inequality holds for sufficiently largand

Let now K, := max{K () | t € {0,1}"}, and the last one uses the definition (22) f Indeed, this relation
preventse* from falling into the domain of Theorem 10, which
k:=n—[6(K,+ A+e¢)+logn+2loglogn] — A —cy, would force it to have small effective complexity.
Note that all effectively complex strings must, as long as

wherec; is the constant from Lemma 12.4fis large enough, effective complexity is finite, have large Kolmogorov com-
then0 < k < n holds, and Lemma 12 applies: There is a stringlexity, too. This follows from (11).
x* € {0,1}™ such that

K(:C*|S K( )) <log#S —n+k+co V. EFFECTIVE COMPLEXITY AND LOGICAL DEPTH

_ _ In this section, we show that effectively complex strings
for every setS > z* with K(S) < k— ¢y, wherec; is another have very large computation times. In more detail, it takes a

global constant. First note the following inequality: universal computer an astronomically large amount of time t
compute such a string from its minimal program, or from an
—O(Hn+Ate) < SO(K(@T)+A+e) almost minimal program.
< —6(H(Ez-) +¢) The time it takes to compute a string from its minimal
< s (H )+ 3 > program is discussed by C. Bennett [4] in the context of
= 14+6 “logical depth”. The notion of logical depth formalizes tidea

-5 that some strings are more difficult to construct than others
s (H(Ez+)(1+6) +¢) (say, a string describing a proof of the Riemann hypothssis i
1 harder to construct than a uniformly random string). Howgeve
< (ﬂ - 1) log #S.+.  (23) the computation time of a string’s minimal program is not
a very stable measure for this difficulty: There might be

Now suppose thak (S.-) < k — ¢;. Consequently, programs that are “almost minimal”, i.e. only a few bits leng
. but run much faster than the minimal program.
K(2"|Se+, K(85+)) < log#Se» —n+k+co Thus, logical depth is defined as the shortest time to
< log#S —n—A+n—1logn compute a string from its almost-minimal program. “Almost-
—§(Kp + A +¢) — 2loglogn minimal” means that the program is only a few bits longer
than the minimal program, and the maximum length overhead
IOg #SJL* . . L
< —logn — 2loglogn — A. is called the “significance level”.

1-94§
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Definition 15 ([4], Depth of Finite Strings): and we will be interested in strings for which some kind of
Letz € {0,1}* be a string and € N, a parameter. A string’s converse holds. For this purpose, we say that a stiing
logical depthat significance levet, denotedDepth, (z), will  k-well-behavedor somek € N if
be defined as

Depth, (z) := min{T(p) | ¢(p) — C(z) < z, V(p) = z}, - _ _ _
o ) In fact, it is stated in [1] that most strings a&ewvell-behaved if
whereT'(p) denotes the halting time of the universal comput§rig |arge enough. The next example shows that incompressible
V' on inputp. random strings are well-behaved.

Note that we have gsed plain Kolmqgorov complexdy Lemma 17 (Incompressible and Shallow Stringsyr ev-
here, that is, the universal computer is not assumed to ery n, there are at leag(1— 2-"+¢—2-™) strings of length

be prefix-free in contrast to the original definition [4]. As that arer-incompressible aneh-random, where: € N is a
plain and prefix Kolmogorov complexity are closely relate onstant. They satisfy '

this modification will not result in large quantitative clos.
However, for us it has important technical advantages as we Depth,, , 5(z) < £(x) + 7,

will see below.

Logical depth is sometimes defined in a different mann¥f€re s, € N are constants. Moreover, those strings &are
with reference to algorithmic probability, cf. [1, Def. 717. Well-behaved, wheré € N is a constant that only depends on

However, if computation times are large (which will be thé andm, butnotonz. . -

case in our context, cf. the remark after Theorem 18), then P_roof: Recall two basic incompressibility facts that are

those different definitions are essentially equivalentGlgim listed in [1]:

7.7.1]. « There is a constant such that there are at lea®t(1 —
Clearly, it takes a computer (i.e. a Turing machine) at least 27"*¢) strings of lengthn which arer-incompressible.

¢(z) steps to print a string on its tape. Thus, the depth of a « For everym < N, there are at leagt"(1 — 27™) strings

string must be lower-bounded by its lengBupth. () > £(x) of lengthn with C(z) > n —m (we call such strings
for every z. Following [1], strings that have a depth almost  77-fandom”).

as small as possible, i.®epth, (r) < ((x), will be called A SMPI€ application of the union bound gives that there are
shallow at least2”(1—2 —27™) strings of lengt that are at the

The notion of depth depends on the choice of the universgme timev_"—incompressible aneh-random. The upper bound
n the logical depth follows then from Example 16.

reference computer — but not too much. As explained in [1?, )
there is a universa-tape Turing machine that simulates || i m-random, therC'(z) > ¢(z) —m, and a converse
inequality holds trivially. The well-known continuity ppe

steps of an arbitrary-tape Turing machine in time- ¢ log ¢, X
wherec is a constant that only depends on the machine. fity [l of & then guarantees the existence of a constant
€ N (that depends only omn but not onz) such that

particular, this Turing machine can implement obvious sask i , h
like copying of n bits in time n from one tape to the other. £ (C(2)) = K(¢(x))+1. Moreover, ifp € N is a constant suc

Therefore, we will fix this “Hennie-Sterns machine” (cf. [LthatC(s) < £(s) + p for all stringss, the r-incompressibility
6.13]) as our universal reference machine for this section. PTOPEy yields

K(x)+k>C(x) + K(C(z)).

To state the first example, a string will be called m- K(z) > f(x)+K({(x) -7

randomif C(z) > ¢(x) —m. _ > C)—p+ K(Cla) — -7
Example 16 ([1, Ex. 7.7.3])Random strings are shallow. = p '

That is, there are constantsy € N such that for everyn- |t follows thatz is (p + [ + r)-well-behaved. O

random stringe it holds ) ) .
We will now show that effectively complex strings must

Depth,,,  5(x) < £(z) + 7. have very large logical depth if they are well-behaved. This
As Depth, is decreasing inz, it also follows that IS in contrast to the fact that incompressible strings (Whic
Depth, (z) < £(x) +~ for all z > m + 3. have small effective complexity according to Theorem 1@) ar

Proof: There is always a computer progranof length always shallow, that is, have very small depth as shown in
¢(x)+ 3 that sequentially lists the bits of producingV (p) = Lemma 17.
« in the most trivial way. Such a program will have a running The main idea is as follows: Suppose that an almost-
time of £(x), plus potentially some overheadresulting from minimal program for the string: has a rather short halting
initialization. If ¢(x) < C(z)+m, thenl(p) < C(z)+m+ 3, timer. Then we can consider the ensemhlethat is defined
and the claim follows from the definition of depth. O by equidistribution over all strings that have a short pamgr
(of length less or equal t6'(x)) with some halting time less

It will be interesting in the following that this conclusion S ; .
. ) . . . than or equal tor. Such an ensemble is simple,is typical
carries over to “most” strings that ameincompressible as : X . i .
for it, and it has small total information. Thus, it forcesth

defined in Theorem 10. This will be proved in the nex(taffective complexity ofz to be small.

example. Moreover, we give a technical result which will bé Theorem 18 (Effective Complexity and Deptfijere is a
useful below. Note that . .
N global constantv € N with the following property: Suppose
K(z) < C(zx) + K(C(x)) (x € {0,1}7), that f : N — N is a strictly increasing, computable function.



EFFECTIVE COMPLEXITY AND ITS RELATION TO LOGICAL DEPTH. OCDBER 29, 2008 11

Furthermore, suppose thatis a k-well-behaved string. If the Corollary 11,r-incompressible strings have effective com-
effective complexity ofz satisfies plexity &.,+(z) < K(C(z)) + r. Thus, we cannot conclude

Es bt K ()L K (f)rwir (7) > K(C(x)) + K(2) + K(f) +w that th(_)se strings_have I_arge dep_th — fortunately, b_ecause
most r-incompressible strings are in fashallow according
for some arbitraryy > 0 andz € N, then to Example 17.
Depth. (z) > f(C(z)). Thus, it follows that the expressidsi(C(x)) sharply marks
the “edge of depth”, in the sense that strings with larger
Remark. Before we prove this theorem, we explain its mearffective complexity always have extremely large deptit, bu
ing and implications. First, sinc€(z) < ¢(x), it follows that strings with smaller effective complexity can have arlitya
K (C(x)) is of the ordeflog £(x) or less, which is quite small. small depth. In some sense, a phenomenon similar to a “phase
Thus, the inequality fol€ in this theorem is a very weak transition” occurs at effective complexity df (C(z)) (apart
condition. from additive constants that get less and less importartien t
The functionf can be chosen to be simple (such thatf) “thermodynamic limit”¢(z) — o).
is small), but extremely rapidly growing, for example of the This behavior is schematically depicted in Figure 2. The
form previous theorem says that if the effective complexity exise
K (C(z)) (omitting all additive constants here), then the logi-
cal depth must be astronomically large. On the other hand, if
Thus, the consequence of this theorem is that the depth mef§ective complexity is smaller, different values of deptem
be astronomically large. possible. In particular, if: is r-incompressible, then we know
Proof: As & A is decreasing ind, it is sufficient to from Corollary 11 that effective complexity is (possiblylpn
prove the theorem for the case= 0. Fory € N and every up to a few bits) smaller thaR' (C'(x)), while the logical depth

f(n) = " (power tower of height).

computable functiory : N — N, define the set is as small as possible (of the ord&r:)) due to Lemma 17.
Ty.f = {x€{0,1}*|3p € {0,1}* with V(p) = =, Depth(z)
tp) <y, T(p) < f(y)},
whereT'(p) denotes the halting time of the (plain, not prefix) absurdly -
universal compute¥ on inputp. Clearly#r, ; < 2v*1, and if large =~

E,. ¢ is the uniform distribution om, ¢, thenH (E, ) < y+1.
Moreover, there is some constant N such thati' (E, ;) <
K(y) + K(f) + ¢. Hence the total information satisfies

S(Byp) Sy+K(y) + K(f) +c+ 1. (25)
. 2?2
Now letz € {0,1}* be ak-well behaved string, and lete N o
be arbitrary. Suppose thate 7¢(,)+., 7, thenz is O-typical n = {(z) -K i y ()
for E := Ec(,)+.,s. Since there exists some global constant (C()) n = {(z)
d € N such that Fig. 2. At effective complexity equal td (C(z)) logical depth suddenly
becomes astronomically large. This is reminiscent of thenpmenon of
K(a+b)<K(a)+ K(b)+d foreverya,becN, “phase transition” known from statistical mechanics.

we can estimate, using (25),
This theorem can easily be extended to the case of effective

SE) < Cl)+z+K(C)+2)+K(f)+e+1 complexity with constraints as long as the constrained sets
< Cz)+K(C(z)) + 2+ K(2) + K(f) + d+ c+1 ensembles satisfy the usual technical conditions:
< K@) +k+2z+KE)+K(f)+c+d+1. Theorem 194 and Depth with Constraints)There is a
A global constantv € N with the following property: Suppose
. . . f : N — N is a strictly increasing, computable function.
By definition of effective complexity, we get Furthermore, suppose thatis a k-well behaved string, and
Eo,n(x) KE)<K(C(x)+z2)+K(f)+c the constrained sét is decidable and convex and contains the

<
< K(C(z))+K(2)+K(f) +c+d. (26) Dirac measurd,. If the effective complexity of: satisfies

In summary, we have so far shown the following: if there is & a(z|C) > K(C(z)) + K(2) + K(f) + K(C) 4+ w

a programp € {0,1}* with V(p) = ¢ and{(p) < C(z) + _
z such that the corresponding halting time satisfigp) < for someA >k + 2z + K(z) + K(f) + w + 1 + K(C) with
f(C(z) + z), then the effective complexity is as small as if = 0 andz € N, then

(26). The negation of this statement, together wifl@'(x) +

z) > f(C(z)) andw := ¢ + d, proves the theorem. m Depth, (z) > £(C(2)).

Interestingly, incompressible strings just slightly fad Remark. For an explanation and interpretation of this theorem,
fulfill the inequality of the previous theorem. According tcsee the remarks after Theorem 18 above.
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Proof: The proof is almost identical to that of Theorem 18niformly in = € {0,1}*, wheren := ¢(z). Moreover, there
above. The only modification is that the sgts has to be is a constany € N such that for alld, A > 0
replaced by a set
Ty.5c = {xe{0,1}" | Ipe{0,1}* with V(p) = N
L(p) <y, T(p) < f(y),d, satisfiesC} . > L (kK(n)+A+5(K(I)+A)+K(5)+g(f))
The convexity condition then ensures that the uniform dis- —K(8) - K(n)
tribution on 7, yc, called E, sc, is contained inC. This yniformly in z € {0, 1}*.

+
Esalr) > Egm)+ato(K(e)+a)+K(©6)+g(T) — K(0) (32)

construction enlarges every additive constant by a t&r@), Proof: Let k := ka(z) andn := £(x). By definition,
i.e. the complexity of a computer program that is able to test N

for strings if the corresponding Dirac measures are coathin & > Ki(Axln) £ K(A,n) — K (n) & K(Ax) — K (n).
in C. a

Let E; be the uniform distribution om,.. It follows

log #Ar + K(Ax)
Hy(x|n) + K(A)
Hi(aln) + &+ K (n)
K.(zln) + A+ K(n)
K(z,n)+ A

K(z) + A.

VI. EFFECTIVE COMPLEXITY AND KOLMOGOROV H(Ey) + K(Ey)
MINIMAL SUFFICIENT STATISTICS

Now we study the relation between effective complexity
without constraints and Kolmogorov minimal sufficient stat
tics (KMSS). For more information on Kolmogorov minimal
sufficient statistics and related notions, see [1, 2.2.2].

For stringsxz and integerg: € N, we can define a (version
of) the Kolmogorov structure functiodfy (z|n) by

Hi(xzln) := min{log#A | AC{0,1}", z € A, R
K.(Aln) <k}, (27) Esnte(x) < K(Ep) < K(Ag).

i.e. Hi(z|n) is the logarithm of the minimal size of any subseThen (31) follows from (29).
of strings of lengthn which contains the stringg and has In order to show (32), we use Lemma 13. Létbe the
complexity upper bounded by, givenn. The corresponding minimizing ensemble in the definition 6§ A (). In particular,
minimal set will be called4;, (if there are several minimiz- it holds
ers, we take the first set in some canonical order). Hence K(E) = & a(x). (33)
Hi(z|n) = log # A, and K, (Ag|n) < k.

Definition 20 (KMSS):
Let z be a string of lengttn and denote b () the minimal
natural numbek satisfying

Hy(z|n) + k < K. (z|n) + A. (28)

I+ I+ IA A+ |

Thus, there is some constant N such that

Fix anye > 0. Due to Lemma 13, there is a s&t c {0,1}*
containingz such that

log #5’
K(S")

H(E)(1 + 0),
K(E) + K(5).

A+ A+

A minimal programk?} (z) for Ay, () is called Kolmogorov _ I

minimal sufficient statisticef the stringz. LetnowS := 5'N{0, 1}". It still holdslog #5 < H(E)(1+4)

Originally, the Kolmogorov structure function as well aslKo and K (5) : K(S") 4+ K(n) < K(E) + K(6) + K(n). Since
mogorov minimal sufficient statistics were defined by usingf*(gm) + K(S,n) — K(n) s K(S) — K(n), we get the

plain Kolmogorov conditional complexit¢’(-|-) in (27) and chain of inequalities
(28) instead of Chaitin’s prefix versioR,(:|-). It holds

% +
kA (2) = K(Aka(z)) < ka(z) + K(n). (29)
Moreover,ka (z) can equivalently be written as

ka(z) = min{K.(An) | log#A+ K.(Aln) < K.(z[n)
+A, € AC{0,1}"}. (30) K. (z|n) + K(n) + A+ K (9)

(K (z) + A).
This formula looks very similar to the definition of (uncon-
strained) effective complexity, as given in Definition 4.i¢e USING (30) and (33), it follows that

log #S + K.(S|n) H(E)(1+6) + K(5) — K(n)
H(E) + 6H(E) + K (E) + K(9)

K(z)+ A+ 0H(E) + K(6)

A+ IN A+ A+

the Kolmogorov minimal sufficient statistics is approxieilst ik (mysass(k @itk @) re() < Ko (S[n)
the minimal program of the minimizing set within the mini- .
mization domain of effective complexity. We will exploreigh = K(5) - K(n)
observation in more detail in the following lemma. 2 K(E) + K(6)
Lemma 21:There is a constant € N such that for all £ a(2) + K(5)
0, A >0 it holds ' '
Then (32) follows again from (29) O

Esarela) < UkA(2) < hal2) +K(n)  (3)
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VII. CONCLUSIONS and so on. Clearly, this is a computable partition{6f 1}*

We have given a formal definition of effective complexityNte countably-infinite, mutually disjoint subsets), .y A, =
and rigorous proofs of its basic properties. In particulaf® 13" Am N An = 0 if m # n.
we have shown that there is an interesting relation betweenYVe NOW construct an ensemhble such that every setl,
effective complexity and logical depth: the depth of a grin1@s Weigh2™, that isE(4,) = >, ., E(z) = 27" We
« is astronomically large if the effective complexity exceeddistribute the weigh2™" among the members of,, in a way,
K(C(z)); otherwise, it can be arbitrarily small. such that the resulting e_nsgmes computable, but has non-
This statement is true up to a few technical conditiorfRPMPutable entropy. This is done as follows: fet> 0 be a
and up to certain additive constants. These constants ecdfft! number which is not computable, but enumerable from
less and less important for longer and longer strings — tHi§!0W- That is, there exists a computable sequeig),cn
is comparable to the “thermodynamic limit’ in statisticalVith €21 := 0 which is increasing, i.&2,1 > €2,, and which
mechanics, and the behavior can be compared to that ofVerges tdy, i.e.lim, . 2, = (2. For example, we may
phase transition. use Chaitin's Omega number[1]
So how useful is effective complexity for the study of natu- 0= Z 9—{(=)
ral systems? We do not yet know the answer to this question, ’
but we hope that our mathematically rigorous approach gives
the first steps towards possible applications within matitemwhere the sum is over all strings € {0,1}* such that the
ics or theoretical computer science. universal prefix computel/ halts on inputz. The numbei2
At least, we have shown that effective complexity hagives the probability that the computér halts on randomly
interesting properties, for example there are strings ftlage chosen input. It is a real number between zero and one, and it
effective complexity close to their lengths. Those striags is obviously enumerable from below, but it is not computable
rare events only — “most” strings are in fact effectively Given some weight € (0, 1] and finitely many positive real
simple; this follows from Theorem 10. But this property iswmbersr; such that} ", = ¢, the resulting entropy sum
unavoidable: Recall that a major motivation for the defamti — %" ; log r; will always be larger than or equal teclogc.
of effective complexity was that random strings should bEhe converse is also true: Given some fixed entropy value
simple (in contrast to Kolmogorov complexity). Now since > —clogc, we can always find finitely many positive real
almost all strings are random, it follows that almost alings numbers-; with )", r; = ¢ such that- ), r; logr; = s. Such
must be effectively simple. a list of real numbers can be found in an obvious systematic
Most of our results concerning the constrained versiamay that can be implemented as a computer program.
of effective complexity&s a(x|C) were derived under the Thus, to every, € N, we may systematically distribute the
assumption that the Dirac measuig is an element ofC. weight 27" to finitely many strings in{x1,...,2x} C 4,
Although this is a natural assumption, the behavior of éffec such that the corresponding probabilitieér;) have entropy
complexity might as well be completely different if it issum—2""log2™" + Q.11 — Q, i.€.
dropped. Investigating such situations in more detail d¢dnd

U(z) exists

useful in order to get better insight into the concept ofefte > E(@) = 27,
complexity and its limitations. z€A,
Finally, a possible field of application of effective comple — Z E(z)logE(z) = —-2""log2™ "+ Qpi1 — Q.
—_———

ity might be statistical mechanics, where the notion of @mgr TEA,
and algorithmic complexity have both already led to inténgs
conclusions. After all, the constraints given by the Gatan The resulting ensemble is obviously computable, and the
be interpreted as macroscopic observables as discusse@NHOPY IS

Section Ill, and we have already compared our result on &bgic

>0

depth with certain notions of statistical mechanics. HE) = =Y > E(z)logE()
n=1z€A,
APPENDIXA > Y .
AN EXAMPLE OF NON-COMPUTABLE ENTROPY - 2—21 (—27"1og 27" + Qg1 — Q)
As promised in the introduction, we give an explicit con- >~
struction of a computable ensemtilewith the property that = Z on + Nlim Q(N) —Q(1)
the entropyH (E) is finite but not computable: n=1 o

Example 22 (Non-Computable Entropy): = 2+Q.
For everyn € N, let A,, be the set of strings that start with
exactlyn — 1 zeroes, such that the-th bit either does not
exists or is a one. That is,

This is not a computable number.
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