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A bst ract
We consider an informat ion-theoretic objective function for stat ist ical modeling of t ime

seriesthat embodiesa parametrized t rade-o! betweenthe predictive power of a model and
the modelÕs complexity. We study two dist inct casesof opt imal causal inference,which we
call opt imal causal Þltering (OCF) and opt imal causal est imat ion (OCE). OCF corresponds
to the ideal case of having inÞnite data. We show that OCF leads to the exact causal
architecture of a stochast ic process, in the limit in which the t rade-o! parameter tends
to zero, thereby emphasizing prediction. SpeciÞcally, the Þltering method reconst ructs
exactly the hidden, causal states. More generally, we establish that the method leads to a
graded model-complexity hierarchy of approximat ions to the causal architecture. We show
for nonideal cases with Þnite data (OCE) that the correct number of states can be found
by adjust ing for stat ist ical ßuctuat ions in probability est imates.

1. I nt roduct ion

Time series modeling has a long and important history in science and engineering. Ad-
vances in dynamical systems over the last half century led to new methods that at tempt to
account for the inherent nonlinearity in many natural informat ion sources (Guckenheimer
and Holmes, 1983; Berge et al., 1986; Ot t , 1993; Strogatz, 1994). As a result , it is now well
known that nonlinear systems produce highly correlated t ime series that are not adequately
modeled under the typical stat ist ical assumpt ions of linearity, independence, and ident i-
cal dist ribut ions. One consequence, exploited in novel state-space reconst ruct ion methods
(Packard et al., 1980; Takens, 1981), is that discovering the hidden st ructure of such pro-
cesses is key to successful modeling and predict ion (Casdagli and Eubank, 1992; Sprot t ,
2003; Kantz and Schreiber, 2006).

Following these lines, here we invest igate the problem of predict ive modeling of t ime
series with part icular at tent ion paid to discovering hidden variables. Using a framework
(St ill and CrutchÞeld, 2007) inspired by rate distort ion theory (Shannon, 1948) and the
informat ion bot t leneck method (IB) (T ishby et al., 1999) and using est imat ion methods
discussed in St ill and Bialek (2004), we analyze the t rade-o! s between model complexity,
approximat ion accuracy, and the e! ect of Þnite-data ßuctuat ions. We apply IB to t ime
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series predict ion, thereby int roducing the optimal causal Þltering (OCF) method. OCF
achieves an opt imal balance between model complexity and approximat ion. In the limit in
which predict ion is paramount and model complexity is not rest ricted, we prove that OCF
reconst ructs the underlying processÕs causal architecture, as deÞned within the framework
of computat ional mechanics (CrutchÞeld and Young, 1989).

This shows, in e! ect , that OCF captures a sourceÕs hidden variables and st ructure. We
then extend OCF to handle Þnite-data ßuctuat ions, int roducing optimal causal estimation
(OCE). In this case, errors due to stat ist ical ßuctuat ions in probability est imates must be
taken into account in order to avoid over-Þt t ing. We demonstrate how the methods work
on a number of example stochast ic processes with known, nontrivial correlat ional st ructure.

2. Causal M odels of I nformat ion Sources

Assume that we are given a process P(
!
X)Ñ a joint dist ribut ion over a bi-inÞnite sequence

!
X=

"
X

#
X of random variables. The past, or history, is denoted

"
X= . . . X$ 3X$ 2X$ 1, while

#
X= X0X1X2 . . . denotes the future.1 Here the random variables Xt take on discrete values
x ∈ A and the process as a whole is stat ionary. The following assumes the reader is familiar
with informat ion theory and the notat ion of Cover and Thomas (2006).

We can consider any process P(
!
X) to be a communicat ion channel that t ransmits infor-

mat ion from the past to the future, by storing informat ion in the presentÑ presumably in
some internal states, variables, or degrees of freedom. One can ask a simple quest ion, then:
how much informat ion does the past share with the future? A related and more demanding
quest ion is how we can infer a predict ive model, given the process.2

The e! ect ive, or causal, states S are determined by an equivalence relat ion
"
x ∼

"
x

%
that

groups all histories together which give rise to the same predict ion of the future (CrutchÞeld

and Young, 1989). The equivalence relat ion part it ions the space
"
X of histories and is

speciÞed by the set-valued funct ion

ε(
"
x ) = {

"
x

%
: P(

#
X |

"
x ) = P(

#
X |

"
x

%
)} (1)

that maps from an individual history
"
x to the equivalence class σ ∈ S containing that his-

tory and all others which lead to the same predict ion P(
#
X |

"
x ) of the future. A causal state

has three aspects: a label σ ∈ S; a set of histories
"
X ! = {

"
x : P(

#
X |

"
x ) = P(

#
X |σ)} ⊂

"
X;

and a future morph which is the condit ional dist ribut ion P(
#
X |σ) of the futures that can be

seen from the state. The causal states along with their t ransit ions T form the ε-machine
representat ion of the process as speciÞed within computat ional mechanics (CrutchÞeld and
Young, 1989; CrutchÞeld, 1994; CrutchÞeld and Shalizi, 1999; Ay and CrutchÞeld, 2005).

1. To save space and improve readability we use a simplified notation that refers to infinite sequences of
random variables. The implication, however, is that one works with finite-length sequences into the
past and into the future, whose infinite-length limit is taken at appropriate points. See, for example,
Crutchfield and Shalizi (1999).

2. Many authors have considered such questions; see, for example, Crutchfield and McNamara (1987) and
Bialek et al. (2001). The review in Crutchfield and Feldman (2003), and references therein, gives an
account of the related literature.

2



Any alternat ive model, r ival R, generally gives a probabilist ic assignment P(R|
"
x ) of

histories to its states ρ ∈ R . Due to the data processing inequality, a model can never
capturemore informat ion about the future than shared between past and future (CrutchÞeld
and Shalizi, 1999):

I[R;
#
X] ≤ I[

"
X;

#
X] , (2)

where I[V, W ] denotes the mutual informat ion between random variables V and W (Cover
and Thomas, 2006).3

The causal states σ ∈ S are dist inguished by the fact that the funct ion ε(·) gives rise to
a determinist ic assignment of histories to states:

P(σ|
"
x ) = δ

! ,"(
!
x )

(3)

and, furthermore, by the fact that their future morphs are given by

P(
#
X |σ) = P(

#
X |

"
x ) , (4)

for all
"
x such that ε(

"
x ) = σ.

As a consequence, the ε-machine is an opt imal predictor (CrutchÞeld and Young, 1989).
That is, the causal states, considered as a random variableS, capture the full excess entropy

I[S;
#
X] = I[

"
X;

#
X] , (5)

Said di! erent ly, the ε-machine minimizes the uncertainty about the future compared to

any rival R: H(
#
X |S) ≤ H(

#
X |R). Prescient r ivals R̂, for which the equality holds, are as

predict ive as the causal-state model:

I[R̂;
#
X] = I[S;

#
X] = I[

"
X;

#
X] . (6)

Out of all prescient rivals, the ε-machine has the smallest statistical complexity, Cµ [R] =
H[R] (CrutchÞeld and Young, 1989; CrutchÞeld and Shalizi, 1999):

H[R̂] ≥ H[S] . (7)

Important ly, the ε-machine allows for the exact computat ion of the amount of informat ion
that the process communicates from the past to the future, by storing it in the present :
Cµ = H[S]. In addit ion, it allows for the exact computat ion of the processÕs entropy rate hµ

which, for example, gives the opt imal compression rate for the source and an upper bound
on its predictability (CrutchÞeld and Young, 1989).

The general conclusion is that the ε-machine captures all of a processÕs structureÑ
symmetry, regularity, and organizat ion. And so, it should be the goal of model inference.

3. The quantity I [
!
X ;

"
X ] has been studied by several authors and, over the years, assigned various names,

including excess entropy (Crutchfield and Packard, 1983), stored information (Shaw, 1984), predictive
information (Bialek et al., 2001), and others. See Crutchfield and Feldman (2003) and references therein
for a review.
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3. Ob ject ive Funct ion For Causal Fi l t er ing

Cont inuing with the communicat ion channel analogy above, models, opt imal or not , can
be broadly considered to be a lossy compression of the original data: a model captures
some regularity while making some errors in describing the data. Rate distort ion theory
(Shannon, 1948) gives a principled method to Þnd a lossy compression of an informat ion
source such that the result ing model is as faithful as possible to the original data, quant iÞed
by a distortion function.

ThespeciÞc form of thedistort ion funct ion determineswhat isconsidered to beÒrelevantÓÑ
kept in the compressed representat ionÑ and what is ÒirrelevantÓÑ can be thrown away.
Since there is no universal distort ion funct ion, it has to be assumed ad hoc for each appli-
cat ion. The informat ion bot t leneck method (Tishby et al., 1999) argued for a special dis-
tort ion funct ion that allows for explicit ly keeping relevant informat ionÑ deÞned by Tishby
et al. (1999) as the mutual informat ion that the data share with a desired relevant variable.
However, this relevant variable also has to be speciÞed ad hoc.

In t ime series modeling, however, there is a natural not ion of relevance: the future
data. For stat ionary t ime series, moreover, building a model with low generalizat ion error
is equivalent to const ruct ing a model that accurately predicts future data from past data.
These observat ions lead direct ly to an informat ion-theoret ic speciÞcat ion for reconst ruct ing
t ime series models. The Þrst step is to int roduce general model variables R that can store,
in the present moment , the informat ion t ransmit ted from the past to the future. Any set

of such variables speciÞes a stochast ic part it ion of
"
X via a (probabilist ic) assignment rule

P(R|
"
x ). The second step is to require that this part it ion be maximally predict ive. That is,

it should maximize the informat ion I[R;
#
X] that the variables R contain about the future

#
X. However, we do not want to keep all of the historical informat ion. Instead, and this is

the Þnal step, we keep in R as lit t le of the retrodictive information I[
"
X;R] about the past

as possible. This quant ity monitors the stat ist ical complexity, or bit cost , of the model R.
Following the informat ion bot t leneck method then, the const rained opt imizat ion prob-

lem to solve to Þnd the most predict ive model at Þxed model complexity I[
"
X;R] is4

max
P(R |

!
X )

F [R] (8)

with the object ive funct ion:

F [R] = I[R;
#
X] − λI[

"
X;R] , (9)

where the parameter λ controls the balance between predict ion and model complexity.
Theopt imizat ion problem given by Eqs. (8) and (9) hasa family of solut ions, parametrized

by the Lagrange mult iplier λ, that gives the following opt imal assignments of histories
"
x

to states ρ ∈ R:5

Popt (ρ|
"
x ) =

P(ρ)

Z(
"
x, λ)

exp
(
−

1
λ
D

(
P(

#
X |

"
x )||P(

#
X |ρ)

))
(10)

4. The approach is similar to that taken in Still and Bialek (2006), where both predictive modeling and
decision making are considered. Here we focus only on predictive time series modeling.

5. Formally, the derivation follows Tishby et al. (1999).
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with

P(
#
X |ρ) =

1
P(ρ)

∑

!
x &

!
X

P(
#
X |

"
x )P(ρ|

"
x )P(

"
x ) (11)

P(ρ) =
∑

!
x &

!
X

P(ρ|
"
x )P(

"
x ) , (12)

whereD (P ||Q) is the informat ion gain (Cover and Thomas, 2006) between dist ribut ions P
and Q. These self-consistent equat ions are solved iterat ively (T ishby et al., 1999) using a
procedure similar to the Blahut-Arimoto algorithm (Blahut , 1972; Arimoto, 1972).

Observe that in the low-temperature regime (λ → 0) the assignments of pasts to states
become determinist ic and are given by:

Popt (ρ|
"
x ) = δ

#,$(
!
x )

, where (13)

η(
"
x ) = argmin

#
D

(
P(

#
X |

"
x )||P(

#
X |ρ)

)
. (14)

4. Opt imal Causal Fi l t er ing

We now establish the procedureÕs fundamental propert ies by connect ing the solut ions it de-
termines to the causal representat ions a! orded by computat ional mechanics. The result ing
procedure, in e! ect , t ransforms the original data to a causal representat ion and so we call
it optimal causal Þltering (OCF).

Note Þrst that for determinist ic assignments we have H[R|
"
X] = 0. Therefore, the

ret rodict ive informat ion becomes I[
"
X;R] = H[R] and the object ive funct ion simpliÞes to

Fdet [R] = I[R;
#
X] − λH[R] . (15)

Lemma 1 The causal-state parti tion of the ε-machine maximizes Fdet [R̂].

Proof This follows immediately from Eqs. (6) and (7). They imply that

Fdet [R̂] = I[S;
#
X] − λH[R̂]

≤ I[S;
#
X] − λH[S]

= Fdet [S] . (16)

The Lemma tells us that the causal-state part it ion is the fully predict ive model with
the largest value of the OCF object ive funct ion. We also know from Eq. (14) that in the
low temperature limit (λ → 0) OCF recovers a deterministic mapping of histories to states.
We now show that this mapping is exact ly the causal-state part it ion of histories.

Theorem 1 OCF Þnds the ε-machineÕs causal-state parti tion of
"
X in the low-temperature

limit.
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Proof Given that the ε-machine always exists, there are groups of histories
"
X ! ⊂

"
X such

that

P(
#
X |

"
x ) = P(

#
X |σ) , ∀

"
x ∈

"
X ! . (17)

Thus,

σ = argmin
#

D
(

P(
#
X |

"
x )||P(

#
X |ρ)

)
, (18)

with

D
(

P(
#
X |

"
x )||P(

#
X |σ)

)
= 0 , (19)

for all
"
x ∈

"
X ! . Therefore, the assignment of histories to the causal states is recovered:

Popt (R|
"
x ) = P(σ|

"
x ) = δ

! ,"(
!
x )

. (20)

Note that we have not rest ricted the size of the set , R , of model states. Note further-
more, that the Lemma establishes that , other than the causal states, OCF does not Þnd
prescient rival models in the low-temperature limit . The prescient rival models are subopt i-
mal, as they have a smaller value of the object ive funct ion than the causal states. We now
establish that this di! erence is controlled by the model size with proport ionality constant
λ.

Corollary 1 Non-causal-state, prescient r ival models are suboptimal in OCF. The value of
the objective function evaluated for a prescient r ival model is smaller than that evaluated
for the causal-state model. The di! erence " Fdet [R̂] = Fdet [S] − Fdet [R̂] is given by

" Fdet [R̂] = λ
(
Cµ [R̂] − Cµ [S]

)
≥ 0 . (21)

Proof

" Fdet [R̂] = Fdet [S] − Fdet [R̂] (22)

= I[S;
#
X] − I[R̂;

#
X] − λH[S] + λH[R̂] (23)

= λ
(
Cµ [R̂] − Cµ [S]

)
. (24)

Moreover, Eq. (7) implies that " Fdet ≥ 0.

So, we see that for λ = 0, causal states and all other prescient rival part it ions are
degenerate. This is to be expected as at λ = 0 the model-complexity const raint disappears.
However, in the very low temperature regime, as λ → 0, OCF Þnds the determinist ic
assignment rule which recovers the causal-state part it ion of the ε-machine.
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I[

R
;→ X

2
]
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Infeasible

Figure 1: OCFÕs behavior as monitored in the informat ion planeÑ I[R;
#
X2] versus

I[
"
X3;R]Ñ for the Golden Mean process. Histories of length 3 were used, along

with futures of length 2. The horizontal dashed line is the full excess entropy

I[
"
X3;

#
X2] = I[σ;

#
X2] ≈ 0.25 bits which, as seen, is an upper bound on I[R;

#
X2].

Similarly, the vert ical dashed line is the block entropy H[
"
X3] ≈ 2.25 bits which

is an upper bound on the ret rodict ive informat ion I[
"
X3;R]. The annealing rate

was 0.952. In this and the following informat ion plane plots the integer labels
Nc(≥ 2) indicate the Þrst point at which the e! ect ive number of states used by
the model equals Nc.

5. Examples

Westudy how OCF workson a seriesof examplestochast ic processesof increasing stat ist ical
sophist icat ion. In examples, naturally, one can only work with Þnite length sequences. The
results established in the previous sect ion hold for Þnite histories and Þnite futures; denote
their lengths as tp and tf , respect ively. We compute the opt imal solut ions and visualize
the t rade-o! between predict ive power and complexity of the model by t racing out a curve
similar to a rate-distort ion curve: For each value of λ, we evaluate both terms in the
object ive funct ion at the opt imal solut ion and plot them against each other. The result ing
curve in the informat ion plane separates the feasible from the infeasible region: we can
Þnd a model that is more complex at the same predict ion error, but we cannot Þnd a less
complex model than that given by the opt imum. In analogy to a rate-distort ion curve, we
can read o! the maximum amount of informat ion about the future that can be captured
with a model of Þxed complexity. Or, conversely, we can read o! the smallest representat ion
at Þxed predict ive power.
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00 01 10 11
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0.0

0.2

0.4

0.6

0.8
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P(
→ X

2 |
x

3 )

Figure 2: Golden Mean process future morphs P(
#
X2 |·) condit ioned on causal states σ ∈ S

(boxes) and on the OCF reconst ructed states ρ ∈ R (circles). As an input to

OCF, morphsP (
#
X2 |

"
x3) calculated from historiesof length 3 wereused (crosses).

The examples in this and the following sect ions are calculated by solving the self-
consistent Eqs. (10) to (12) iterat ively6 at each value of λ. To lower λ a determinist ic
annealing scheme is implemented following Rose (1998).

5.1 Golden Mean Process: Markov Chain

The Golden Mean (GM) process is a Markov chain of order one. As an informat ion source,
it produces all binary st rings with the rest rict ion that there are never consecut ive 0s. The
GM process generates 0s and 1s with equal probability, except that once a 0 is generated,
a 1 is always generated next . One can write down a simple two-state Markov chain for this
process; see, e.g., Young and CrutchÞeld (1994).

Figures1 and 2 demonstratehow OCF reconst ructs thestatesof theGM process. Figure
1 shows the behavior of OCF in the informat ion plane. The curve seen there is t raced out
as λ decreases from high to low temperature during annealing. At very high temperature
(λ → ∞, lower left corner of the curve) compression dominates over predict ion and the
result ing model is most compact , with only one e! ect ive causal state. However, it contains
lit t le or no informat ion about the future and so is a poor predictor. As λ decreases, OCF
reconst ructs increasingly more predict ive and more complex models. The curve shows that
the informat ion about the future, contained in the opt imal part it ion, increases (along the
vert ical axis) as the model increases in complexity (along the horizontal axis). There is a
t ransit ion to two e! ect ive states: the number 2 along the curve denotes this increase. As
λ → 0, predict ion comes to dominate and OCF Þnds a fully predict ive model, albeit one

6. The algorithm follows that used in the information bottleneck (Tishby et al., 1999). The convergence
arguments there apply to the OCF algorithm.
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with the minimal stat ist ical complexity, out of all possible state part it ions that would retain
the full predict ive informat ion. The modelÕs complexity is 41% of the maximum, which is

given by H[
"
X

3
] ≈ 2.25 bits.

Figure2 shows the futuremorphs, associated with thepart it ion found by OCF, asλ → 0,

corresponding to P(
#
X2 |ρ) (circles), compared to t rue (but not known to the algorithm)

causal-state future morphs P(
#
X2 |σ) (boxes). These morphs overlap and so demonstrate

that OCF Þnds the causal-state part it ion as λ → 0.

5.2 Even Process: Hidden Markov Chain

Now consider a hidden Markov process: theEven process (CrutchÞeld, 1992; CrutchÞeld and
Feldman, 2003), which is a stochast ic process whose support (the set of allowed sequences)
is a symbolic dynamical system called the Even system (Weiss, 1973). The Even system
generates all binary st rings consist ing of blocks of an even number of 1s bounded by 0s.
Having observed a processÕs sequences, we say that a word (Þnite sequence of symbols) is
forbidden if it never occurs. A word is an irreducible forbidden word if it contains no proper
subwords which are themselves forbidden words. A system is soÞc if its list of irreducible
forbidden words is inÞnite. The Even system is one such soÞc system, since its set F of
irreducible forbidden words is inÞnite: F = {012n+ 10, n = 0, 1, . . .}. Note that no Þnite-
order Markovian source can generate this or, for that mat ter, any other st rict ly soÞc system
(Weiss, 1973). The Even process then associates probabilit ies with each of the even systemÕs
sequences by choosing a 0 or 1 with fair probability after generat ing either a 0 or a pair of
1s. The result is a measure soÞc processÑ a dist ribut ion over a soÞc systemÕs sequences.

As in the previous example, for large λ, OCF applied to the Even process recovers a
small, one-state model with poor predict ive quality (Fig. 3). As λ decreases there are
t ransit ions to larger models that capture increasingly more informat ion about the future.
(The numbers along the curve indicate the t ransit ions to more states.) With a three-state
model OCF captures the full excess entropy at a model size of 56% of the maximum.

This model is exact ly the causal-state part it ion, as can be seen in Fig. 4 by comparing
the future morphs of the OCF model (circles) to the t rue underlying causal states (boxes),
which are not known to the algorithm.

6. Trading model size against predict ion er ror

It is now clear that the Lagrange mult iplier λ controls the t rade-o! between the amount
of st ructure that the model captures of the past data, on the one hand, and the modelÕs
predict ive power, on the other. That is, it cont rols how much of the future ßuctuat ions
the model considers to be random; i.e., which ßuctuat ions are indist inguishable. We just
showed that in the limit in which it becomes crucial to make the predict ion error very small,
at the expense of the model size, the OCF algorithm captures all of the st ructure inherent
in the process by recovering the causal-state part it ion.

What happens, though, if we allow (or prefer) a model with some Þnite predict ion error?
Can we make the model substant ially smaller? Is there some systemat ic ordering of models
of di! erent size and di! erent predict ive power given by OCF, as we change the parameter
λ? Naturally, the t rade-o! depends on, and even reßects, the sourceÕs organizat ion.
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0.0

I [ R;
←
X ]
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R
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]

3
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Figure 3: OCFÕs behavior inferring the Even process: monitored in the informat ion planeÑ

I[R;
#
X2] versus I[

"
X3;R]. Histories of length 3 were used, along with futures of

length 2. The horizontal dashed line is the full excess entropy I[
"
X3;

#
X2] ≈ 0.292

bits which, as seen, is an upper bound on the est imates I[R;
#
X2]. Similarly, the

vert ical dashed line is the block entropy H[
"
X3] ≈ 2.585 bits which is an upper

bound on the ret rodict ive informat ion I[
"
X3;R].

00 01 10 11
→x 2
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0.2
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0.6

0.8
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P(
→ X
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3 )

Figure 4: Even process future morphs P(
#
X2 |·) condit ioned on causal states σ ∈ S (boxes)

and on the OCF-reconst ructed states ρ ∈ R (circles). As an input to OCF,

morphs P (
#
X2 |

"
x3) calculated from histories of length 3 were used (crosses).
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X3;R]

0.00
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0.20

0.25

I[
R
;→ X

2
]

4

6

8

2
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*

Figure 5: Structure versus predict ion t rade-o! under OCF for the random-random XOR
(RRXOR) process, as monitored in the informat ion plane. As above, the hori-
zontal dashed line is full excess entropy (≈ 0.230 bits) and the vert ical dashed line
is the block entropy (≈ 2.981 bits). Histories of length 3 were used, along with
futures of length 2. The asterisk and lines correspond to the text : they serve to
show how the predict ive power and the complexity of the best four state model,
the morphs of which are depicted in Fig. 7.

6.1 Random Random XOR: A structurally complex process

As an example, we use OCF to model the random-random XOR (RRXOR) process which
consists of two successive random symbols chosen to be 0 or 1 with equal probability and
a third symbol that is the logical Exclusive-OR (XOR) of the two previous. The RRXOR
process can be represented by a hidden Markov chain with Þve recurrent states and has
a very large number of causal states (36 for semi-inÞnite past and future), most of which
describe a complicated t ransient st ructure (CrutchÞeld and Feldman, 2003). As such it is a
very st ructurally complex process that an analyst may wish to approximate with a smaller
set of states.

Figure 5 shows the informat ion plane, which speciÞes how OCF trades-o! st ructure for
predict ion error as a funct ion of model complexity for the RRXOR process. The number
of e! ect ive states (denoted) increases with model complexity. At a history length of 3 and
future length of 2, the process has eight underlying causal states, which are found by OCF
in the λ → 0 limit . The corresponding future morphs are shown in Fig. 6.

However, the RRXOR process has a st ructure that does not allow for substant ial com-
pression. The stat ist ical complexity of the causal-state part it ion is equal to the full ent ropy

Cµ [S] = H[
"
X3]. With half of the number of states (4), however, OCF reconstructs a model

that is only 33% as large, while capturing 50% of the informat ion about the future. The
corresponding morphs of the (best ) four-state model are shown in Fig. 6. They are mixtures
of pairs of the eight causal states.
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Figure 6: Morphs P(
#
X2 |·) for the RRXOR process: the 8-state approximat ion (circles)

Þnds the causal states (boxes). Histories of length 3 were used, along with futures
of length 2.
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Figure 7: Morphs P(
#
X2 |·) for the RRXOR process: the 4-state approximat ion (circles)

compared to causal states (boxes). Histories of length 3 were used, along with
futures of length 2.
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Figure 8: Structure versus predict ion t rade-o! under OCF for the exact ly predictable
period-4 process: (0011)' . Monitored in the informat ion plane. As above, the
horizontal dashed line is the full excess entropy (2 bits) and the vert ical dashed
line is the block entropy (2 bits). Histories of length 3 were used, along with
futures of length 2.

The informat ion curve informs us about the (best possible) rat io of predict ive power to

model complexity: I[R;
#
X]/I[

"
X;R]. This is useful, for example, if there are const raints on

the maximum model size, or vice versa, on the minimum predict ion error. For example, if
we require a model of RRXOR to be 90% informat ive about the future compared to the
full causal-state model, then we can read o! the curve that this can be achieved at 70% of
the model complexity.

6.2 Periodic limit cycle: A predictable process

The RRXOR is a highly complex stochast ic process. At the other end of the predictability
spect rum are the exact ly periodic processes produced by, for example, limit cycle oscilla-
t ions. Figure 8 shows how OCF works on a period-four process: (0011)' . There are exact ly
two bits of informat ion to be captured about future words of length two. This informat ion
describes the phase of the period-four cycle. To capture those two bits, we need exact ly
four underlying causal states and two bits. However, if we compress to one bit (using two
states), we can only capture one bit of excess entropy. The informat ion curve falls onto the
diagonalÑ a st raight line which is the worst case for possible beneÞcial t rade-o! s between
predict ion error and model complexity. Processes of this type cause the algorithm to im-
plement quenching, similar to what happens in St ill et al. (2004). This interest ing fact , and
the linear interdependence, which can be showed for periodic processes, will be analyzed
elsewhere.

In Fig. 9, we show the best two-state model compared to the full (exact ) four-state
model. Each of the two model future morphs captures zero probability events of odd
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Figure 9: Morphs P(
#
X2 |·) for the period-4 process: the 2-state approximat ion (circles)

compared to the δ-funct ion morphs for the 4 causal states (boxes). Histories of
length 3 were used, along with futures of length 2 (crosses).

{01, 10} or even {00, 11} words, assigning equal probability to the even or odd words,
respect ively. This captures the fundamental determinism of the process: an odd word never
follows an even word and vice versa. The overall result , though, illust rates how the actual
long-range correlat ion in the completely predictable period-4 sequence is represented by
a smaller stochastic model. In the four-state model the morphs are δ-funct ions. In the
two-state approximate models, they are mixtures of those δ-funct ions. In this way, OCF
converts st ructure to randomness when approximat ing.

7. Opt imal Causal Est imat ion: Finit e-dat a ßuct uat ions

In real world applicat ions, we do not know a processÕs underlying probability density, but
instead we have to est imate it from the Þnite t ime series that we are given. Let that t ime
series be of length T and let us est imate the joint dist ribut ion of pasts (of length tp) and
futures (of length tf ) via a histogram calculated using a sliding window. Altogether we
have M = T − (tp + tf − 1) observat ions.

Theresult ing est imateP̂(
"
X t p ;

#
X t f ) will deviatefrom thetrueP(

"
X t p ;

#
X t f ) by " (

"
X t p ,

#
X t f ).

This leads to an overest imate of the mutual informat ion:7 Î[
"
X t p ;

#
X t f ] ≥ I[

"
X t p ;

#
X t f ]. Eval-

uat ing the object ive funct ion at this est imate may lead to model variat ions that are due
to the sampling noise and not to the processÕs underlying st ructure; i.e., OCF may overÞt .
That is, the process may appear to have a larger number Nc of causal states than the t rue
number.

7. All quantities denoted with a báare evaluated at the estimate bP.
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Figure 10: Informat ion captured about the future versus the number Nc of reconst ructed
states, with stat ist ics est imated from length T = 100 t ime series sample from

the Golden Mean process. Upper line: Î[R;
#
X2]%# 0, not corrected; lower line:

Î[R;
#
X2]corrected

%# 0 , corrected for est imat ion error due to Þnite sample size. His-
tories of length 3 and futures of length 2 were used. The asterisk denotes the
opt imal number of e! ect ive states.

Following St ill and Bialek (2004), we argue that this e! ect can be counteracted by
subtract ing from F̂ [R] a model-complexity cont rol term that approximates the error we
make by calculat ing the est imate F̂ [R] rather than the t rue F [R]. If we are willing to

assume that M is large enough, so that the deviat ion " (
"
X t p ,

#
X t f ) is a small perturbat ion,

then the error can be approximated by (St ill and Bialek, 2004, Eq. 5.8):

E(Nc) =
K − 1
2ln(2)

Nc

M
, (25)

in the low-temperature regime, λ → 0, for Þxed Nc. K is the total number of possible
futures. The opt imal number of underlying states, N (

c , is then the one for which the largest
amount of mutual informat ion is shared with the future, corrected by this error:

N (
c := argmax

Nc
Î[

"
X t p ;

#
X t f ]corrected

%# 0 (Nc) , (26)

with
Î[

"
X t p ;

#
X t f ]corrected

%# 0 (Nc) =
(
Î[

"
X t p ;

#
X t f ]%# 0(Nc) − E(Nc)

)
. (27)

With this correct ion we generalize OCF to a new procedureÑ optimal causal estimation
(OCE)Ñ that simultaneously accounts for the t rade-o! between st ructure, approximat ion,
and stat ist ical ßuctuat ions.

We illust rate OCE on the Golden Mean and Even processes studied in Sec. 5. Figures

10 and 12 show the mutual informat ion I[R;
#
X2] versus the number Nc of inferred states,
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Figure 11: OCEÕs best two-state approximated morphs (circles) est imated from a sample
t ime series of length T = 100 from the Golden Mean process. Compared to
t rue morphs (squares) from the ε-machine. The OCE inputs are the est imates

of P̂(
#
X2 |

"
x3) (crosses).

with stat ist ics est imated from t ime series of lengths T = 100. The graphs compare the

mutual informat ion Î[R;
#
X2]%# 0 evaluated using the est imate P̂(

#
X2;

"
X3) (upper curve) to

the corrected informat ion Î[R;
#
X2]corrected

%# 0 calculated by subtract ing the approximated error
Eq. (25) with K = 4 and M = 96 (lower curve).

We see that the corrected informat ion curves peak at , and thereby select models with,
two and three states, respect ively. This corresponds with the t rue number of causal states,
as we know from above (Sec. 5) for the two processes. Figures 11 and 13 show the OCE
morphs corresponding to the (opt imal) two- and three-state approximat ions, respect ively.

The input to OCE are the morphs given the histories P̂(
#
X2 |

"
x3) (crosses), which are

est imated from the full historical informat ion. Those morphs are corrupted by sampling
errors due to the Þnite data set size and di! er from the t rue morphs (squares).

Compare the OCE output morphs (circles) to the t rue morphs (squares), calculated
with the knowledge of the ε-machine. (The lat ter, of course, is not available to the OCE
algorithm.) In the case of the GM process, the OCE output approximates the correct
morphs. For the Even process there is more spread in the est imated OCE output morphs.
Nonetheless, OCE reduced the ßuctuat ions in its inputs and corrected in the direct ion of
the t rue underlying morphs.

8. Conclusion

We analyzed an informat ion-theoret ic approach to causal modeling in two dist inct cases: (i)
opt imal causal Þltering (OCF), where we have access to the process stat ist ics and desire to
capture the processÕs structure up to some level of approximat ion, and (ii) opt imal causal
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Figure 12: Informat ion about the future versus the number Nc of reconst ructed states, with
stat ist ics est imated from length T = 100 t ime series sample from the Even pro-

cess. Upper line: Î[R;
#
X2]%# 0, not corrected; lower line: Î[R;

#
X2]corrected

%# 0 (Nc),
corrected for est imat ion error due to Þnite sample size. The asterisk denotes the
opt imal number of e! ect ive states.
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Figure 13: OCEÕs best three-state approximated morphs (circles) est imated from a sample
t ime series of length T = 100 from the Even process. Compared to t rue morphs

(squares) from the ε-machine. The OCE input are the est imates of P̂(
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(crosses).
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est imat ion (OCE), in which in addit ion Þnite-data ßuctuat ions need to be traded-o! against
approximat ion error and st ructure.

The object ive funct ion used in both cases follows from very simple Þrst principles of
informat ion processing and causal modeling: a good model minimizes predict ion error at
minimal model complexity. The result ing principle of using small, predict ive models follows
from minimal prior knowledge that , in part icular, makes lit t le or no st ructural assumpt ions
about a processÕs architecture.

OCF stands in contrast with other approaches. Hidden Markov modeling, for example,
assumes a set of states and an architecture. OCF Þnds these states from the given data. In
minimum descript ion length modeling, to ment ion another contrast , the model complexity
of a stochast ic source diverges (logarithmically) with the data set size (Rissanen, 1989), as
happens even when modeling the ideal random process of a fair coin. OCF, however, Þnds
the simplest (smallest ) models.

The main result is that we proved that OCF reconst ructs the causal-state representat ion
of computat ional mechanics. This is important as it gives a st ructural meaning to the
solut ions of the opt imizat ion procedure speciÞed by the causal inference object ive funct ion.
We also gave quant itat ive comparisons to known cases.

We showed that OCF can be adapted to correct for Þnite-data sampling ßuctuat ions and
so not over-Þt . The reduces the tendency to see st ructure in noise. OCE Þnds the correct
number of states. One beneÞt , not immediately apparent in the examples illust rat ing OCE,
is that correct causal modeling using OCE employs rather small data sets. Why this is so
will be addressed elsewhere.

Altogether, this allows us to go beyond plausibility arguments for the informat ion-
theoret ic object ive funct ion. Rather, we showed that this part icular way of (mathemat i-
cally) phrasing the causal inference problem results in a representation that is a su# cient
stat ist ic and minimal. Moreover, it reßects the st ructure of the underlying process that
generated the data and does so in a way that is meaningful and well grounded in physics
and nonlinear dynamicsÑ in part icular, in computat ional mechanics. The opt imal solut ions
to balancing predict ion and model complexity take on meaningÑ they are the causal states
of the ε-machine or coarse-grained mixtures of them. Addit ionally, the cont inuous t rade-o!
allows us to go beyond the purely determinist ic history-state assignments of computat ional
mechanics, by giving a principled way of const ruct ing stochast ic approximat ions of the ideal
causal states. The result ing approximated models can be substant ially smaller and so will
be useful in a number of applicat ions.
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