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We derive a general theorem relating the energy, momentamvelocity of any solitary wave solution of the
generalized KdV equation which enables us to relate theitudpl width, and momentum to the velocity of
these solutions. We obtain the general condition for lirzek Lyapunov stability. We then obtain a two param-
eter family of exact solutions to these equations whichudelelliptic and hyper-elliptic compacton solutions.
For this general family we explicitly verify both the theareand the stability criteria.

In a variety of physical contexts one finds nonlinear fieldequations of Rosenau and Hyman were not equivalent to a
equations for which a wide class of solitary wave solutionsHamiltonian dynamical system, C5&onsidered instead a re-
can exist. However, in many cases one is not able to obtain thated generalization of the KdV equation
solution in a closed form and thus it is not very easy to study . o .
the stability of such solutions. In this Letter we derive age K (1,p) t w + upt'™ " 4 a2uggeu® + 4puP™ Ugtig,
eral theorem relating the energy, momentum and velocity of ~ +p(p — 1)u?"%(u,)?] = 0. (2)
any solitary wave of a generalized Korteweg-De Vries (KdV) ) . .
equation of Cooper, Shephard and Sodano (£SShe im- Equat_lon [2) has the property that it is der_|vable from a La-
portant point is that this particular generalization of Ky~ 9rangian. CSS showed that the two equations have the same
equation is derivable from an Action Principle. Using the-th  €lassof solitary wave solutions whein= m+1andp = n—1.
orem, we are able to relate the amplitude, width and velocitypecause of this connection, the two parameter family of new
of any of the solitary wave solution even if such a solution isSelutions that we will find here will also be solutions of the
not known in a closed form and also study its stability. Sec-% (7, 7) equation with slightly different coefficients. Cooper
ondly, we obtain a two-parameter family of solutions to thes and Kharé later showed that these equations wita p + 2,
equations which include elliptic and hyper-elliptic corofgn ~ 1-€- m = n < 3 andm continuous, had compacton solutions
solutions. For this general family we explicitly verify tiige- ~ Of the form
orem as well as the stability criteria. _ _ u(z,t) = Alcos(By)]2/”

Compactons were discovered originally in an extension of
the KdV equation by Rosenau and Hyman in Réf. 2. Com-and for all these compactons also the width was independent
pactons are fundamental excitations (i.e., solitary wavils  of the amplitude.

a compact support) of KdV-like equations that possess a non- The CSS equation has three conserved quantities, i.e. the

linear dispersion and collide quasi-elastically. Theyp®  HamiltonianH, momentumP and mass\/ given by
important role in pattern formation and emergence of nenlin

ear structures in physical systems. Other physical cositext
in which compactons are relevant include fluid dynamics, op-
tical waveguides and the field of intrinsic localized metles
Breather compactof8 and compactons in other nonlinear
dispersive equatiofsre also known. In addition, KdV equa- pP= E/UZ(ZC t)de; M = /U(I t)dz . (5)
tions with higher power of nonlinearity and dispersion may 2 ’ ’ ’

lead to the phenomema of blow-up and collapse. ThereforqD

h dv of d thei bility in this cl { n the other hand, the Rosenau-Hyman equation has in gen-
the study of compactons and their stability In this class Olg 5| o conserved guantities (except when= n in which
equations is important in its own right.

) . ._case there are four conservation |2 iven b
Rosenau and Hyman showed that in a particular generaliza- W39 y

, y=x —ct, (3)

- {aup(um)Q - ﬁ} dz, @)

tion of the KdV equation, defined by parameters, n) (with B o il
m, n integers), namely M= /“(x’t) dz; Q= /“ (1) dz. (6)
K(m,n) :u;+ (u™)z + (" )22z = 0, (1) The fact that the CSS equations were derivable from an Ac-

tion Principle allowed CSS to consider time-dependentvari
ational approximations based on simple time-dependeait tri
functionsu”(x,t). By using post-gaussian trial wave func-
h[ions u¥(x,t) = A(t)exp [-8(t)|x + q(t)|”] it was shown
that these trial wave functions satisfy the relationship

a new form of solitary wave with compact support is a solution
of this equation. For the case = n (m integer) these com-
pactons had the property that the width was independengof t
amplitude. In Ref[]2 it was stated that(3, 2) had an elliptic
function solution. In a later work, Roseraabtained ellip-
tic function compactons for the case Bf(4, 2) and K (5, 3). . H

Phase compactons have also been investi§aiecause the 1="p> )



with The exact solutions have the property that they are the func-
tions of 5 that minimize the Hamiltonian with respect b
— _pti+2 ) (8)  Explicit examples showing this for both the CSS equation as
p+6—1 well as a quintic generalization of this equation are foumd i

Hereq is the velocity of the compacton. However, it was not the appendix of Ref.11. On usif /05 = 0, we obtain

known at the time if the result was true in general. In this Let 2/(1—p—6)

ter we will show that this relationship is entirely generatla 8= Pt [%Ziﬂ )

does not depend on any trial wave function approximation. C3l—2

We will show explicity that this relationship can be derifed This leads to

all solitary wave solutions of the CSS equations of the form

u(z,t) = AZ[B(x + ¢(t))]. This relationship will also allow _ —r

us to relate the amplitude, width and velocity of the sojitar H=fp)P, (18)

wave. Having a Hamiltonian formulation also simplifies theynerer is given by Eq.[lV), and

discussion of stability, and using general arguments wé sha

prove for the CSS equations that the compacton solutions are _ (1-2)/(l—p—6)

stable provide@ < [ < p + 6. Fl,p) = — <w> 5(1) [04(1’) ’iﬂ
Energy-momentum relation theorem: To derive the rela- p+4 Cs(l) -2

tionship between the conserved energy and the conserved m

(17)

(19)
Hamilton’s equationy = 9H /0P now yields the relationship

mentum, the starting point is the action as given by Eqs[7) and (8)
Using Eqgs.[[I7),[(14) and(17) tbT9) it is easy to show that
I'= /Ldt, (9)  the momentumP, amplitudeA and the width paramete®

functionally depend on the velocity(notec = —¢) by
wherelL is given by (notep, = u)

p+6-—1 1 l—p—2
Pxcx=2 | Axc2, o202, (20)
1 (Spw)l 2
L(l,p) = / (5%% + -1 a(x)" (Paa)” | da . Several comments are in order.
. S (10) . 1. Notice that whem = p + 2 theng is independent of the
If we assume the exact solitary wave solution is of the generi velocity ¢ and momentur® and hence the amplitude
form A of the solitary wave.

$r =u=AZ(B(z +q(1))), (11) 2. Note that the: dependence of the amplitude solely

then the value of the Hamiltonian for the solitary wave solu- gzraer?lgfegn the parameteand s independent of the

tion can be shown to be
. 3. In the special case whgn= 0 and! = d + 2, the

H = —Ol(Z)L + aBAPT2Cy(p), (12) CSS_ equa‘gion reduces thth order KdV equation. In
Bl —1) particular, in that casé = 1 corresponds to the KdV
h equation whiled = 2 corresponds to the modified
where Korteweg-De Vries (mKdV) equation. For this case,
a well known exact solution ig(y) = Asech??(3y),
)= [ 7GsGl = [IZCRZGME. 13 e (o /s andaan (s 1) 0 whieh
indeed is consistent with relation (20). For that case we
SinceH andP are conserved, therefore we can rewrite the pa- notice from above that for any, the width parametes
rameterA in terms of the conserved momentufrand obtain varies as:'/? while the amplituded varies as:'/“.
, Sability of Squtionls:.lThe stability problem at = p +
1 s A B 9 2 was studied in Refl_10, using the results of Karp#é#
P= §/dw B %05, Cs = /dZZ (2). (14) Their analysis is in fact also valid for arbitrakyp. The result
) of detailed analysis is that the criterion for linear stiypiis
ReplacingA by P, we now have equivalent to the condition,
- _ 1/2 3(1-2)/2 (p+2)/2 g(p+4)/2
where

e (p42)/2 Since for all of our solutiong” o c(“"’*l)”(l*”,_it imme-
Cs(l) = Ci(1) 2 . Oy = aCs(p) 2 diately follows that the solutions are stable provided | <
s -1 lcs| 2P ' p+6. Analysis of Lyapunov stability following Refs. 10]12,13
(16) also leads to the same restrictionyan




Exact solitary wave and compacton solutions: If we as-
sume a solution tdJ2) in the form of a travelling wave:

u(z,t) = fly) = flz —ct), (22)

we then obtain

of = f' 12 ra " P+ Ap P 4o = DTSR
(23)
Integrating twice we obtain:

fl
I0—1)

For compactons, the integration constants, and K, are
zero.
case that the integration constarits, K, are zero. Un-
less stated otherwise, throughout this paper we shall densi
the case wherk;, Ko are both zero. On demanding that
f'fP — 0, f?fr~1 — 0 at edges wherg — 0, while
f' is finite at edges gives us the following boundsicand
p:l>1,0<p<2,p<l.

It is worth noting that Eq.[{d4) is very similar to the equa-
tion obtained for the Rosenau-Hyman case:

()2 = —2 -

n(n+1) n(n 4+ m)

Thus, we see that with= m + 1 andp = n — 1 the equations
for finding solutions are identical in form, with only diffeg

57 —af?fr = Kif + K. (24)

fm7n+2

A (25)

The general theorem derived above is valid in the

with the modulus

K =

(30)

N =
=S

Here

y=1/p, 1=3p+2, 24% = c(3p+1)(3p +2),
20

6 — ) 31

p 256a3(3p+1)(3p + 2) (31)
This is a compacton solution in the range

0 <w=2(3)"/% <4K <k2 = % - ?) : (32)

and zero elsewhere, whege= (Gy. The way this solution is
obtained is by starting with the ansaftz= AZ“(¢) and de-
manding thatZ satisfies the differential equati¢dZ /d¢)? =
1— Z5. The above integral can be evaluated by converting the
differential equation into the standard differential etiprafor
the Weierstrass elliptic functidh P (y, k). On simplifying,
we obtain the explicit solution as given by Eq. (28). The
(m,n) = (4,2) solution of Ref.[[7 is a special case of our
general solutior{29) with = 1.

We now show that all the above solutions are in fact special
cases of the two parameter, () family of solutions obtained
by assuming

coefficients. Therefore we expect to find similar solutioms t f=AZ%¢ = By), (33)
the two sets of equations.
Let us now look at the various different compacton solu-and demanding that
tions to Eq. [ZK). For the particular cake- p + 2 (m = n), o o
Cooper and Khafewere able to show that the CSS equation (2)"=1-27. (34)

has solutions of the fornil(3) and that for all these compactoRye find the conditions:
solutions the width is independent of the amplitude. We now

show that if instead = 2p + 2 then one gets a one parame-
ter family of elliptic compacton solutions. In particuldrjs
easily shown that

f = Acen"(By, k* =1/2), (26)

for

~K(k*=1/2) < py < K(k* =1/2), (27)

and zero elsewhere is an exact elliptic compacton solutmns
the field Eq. (23) provided
v=2/p, l=2p+2, A® =cp+1)(2p+1),
5= o |
16a2(p+1)(2p+ 1)

The(m,n) = (3,2) and(m,n) = (5, 3) are two special cases
of solution [Z6) withy = 1, 2. Herecn(y, k) is a Jacobi ellip-
tic function andK (k) denotes the complete elliptic integral of
the first kind with modulug:.

Ifinsteadl = 3p+2, then we obtain a one parameter family
of elliptic solutions of the form

(28)

Y

1 —cn(2(3)Y48y, k?) (29)

=4 (1+v3) + (V3 = 1)en(2(3)1/4y, k2)

l=pt+2; a=2/p, 247" = (pt +2)(pt + 1)c,

t—1,.t
ﬁQt _ c p

QBT (pt+ D)(pt £ 2)

(35)

It may be noted that hergp, ¢t are all continuous (i.e. real)
parameters. The various solutions discussed above corrésp
tot = 1,2,3. In fact an explicit compacton solution can also
be found in the case = 3/2. The solution fort = 3/2 is
essentially the same as that for= 3, Eq. (29), but with
Eg. (30) replaced by the complementary moduitis= % +

@. Fort > 3, the compacton solutions are related to hyper-
elliptic functiong?,

It is interesting to note that even though none of the hyper-
elliptic solutions can be obtained in an analytic fofin> 3),
still their momentum and energy can be obtained analyyicall
In particular, on using EqLB4) in the expressionsQrP as
given by Egs. (4) and5) it is easily shown that

Alc(6+p—1), (p+4 1
= T aar s o |0 (36)
20t (l+p+2) 2pt 72
A2 (p+4 1



where B denotes the Beta functiéh For all these solu-

4

obeys the same equation as (24) with- 0 andl = 2k + 2,

tions withp, [ continuous (i.e. real) variables, the relationshipso that the stability analysis of these two problems areadla

H/P = ¢/r is always satisfied.

For the hyper-elliptic compacton solutions we have that
p andt are related by = pt + 2 so that the general stability
criterion can be rewritten as< pt < p+ 4, orfort > 1

0<p(t—1)<4. (38)

The requirement for non-singular solutions is that p < 2.
This means fort < 3, compactons with arbitrary in the
allowed range are linearly stable while whierr 3 , the com-
pactons are stable only for< p < 4/(t — 1). Analysis of
Lyapunov stability following Refs_1! 3 also leadstie t
same restrictions op.

From the stability analysis we also recover the well known
result that the higher order KdV equations, characterized b

p = 0,1l = d+ 2, have stable soliton solutions providée: 4
while one has unstable soliton solutions in the £&2%%17q >
4,

General remarks. In conclusion, we have obtained explicit

exact compacton solutions in terms of Jacobi elliptic fioret
which exist at particular values of the elliptic modulusNote

that atk = 0 these solutions do not exist. In addition, we de-

We believe that it should be possible to derive a similar theo
rem in other nonlinear systems.

Finally, as a byproduct of our results, we are able to obtain
analytic expressions fak (k) and the complete elliptic inte-
gral of the second kindg (k), atk? = 1/2 — v/3/4 (see EQq.
30) or atk = sin(7/12). Specifically,

_ 3YAy/ar(1/6)
- 6I(2/3)

Wi (40)

K <k:sin (%) =

\/5—1>

whereI'(a) denotes the Gamma functin In addition, at
k = sin(7/12) using the relation&” = /3K and

™3
12K

™3
4K’

2 2
T gk’K, E = + §l~c’K’, (41)

rived a quite general theorem that relates the energy momeMie also have the explicit analytic expressions foand the
tum and velocity of solitary wave solutions without knowing two complete elliptic integrals with complementary modulu

the explicit form of the solution. We note that the above gnal
sis should also hold for the generalized quintic KdV equatio
We also notice that the radial part of the generalized nealin
Schroddinger equation with nonlinear power

Oy
i—

2 K __
5 TV Y+glp*pt =0

(39)

k' =+/1—k? = cos(m/12), namelyK’ and E’.
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