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I. Social Norms and Coordination

Conventions and norms are the glue that holds society together. When social
outcomes appear to be coordinated or predictable, the cause is most often not
a remarkable correlation of taste or concerted collective action, but individual
adherence to well-understood and shared guides to normative behavior. This
is not to say that social order is explained by norms and conventions; instead,
an explanation of social order is rooted in an understanding of their origins
and consequences.

In this paper I summarize the case for evolutionary game theory as a
framework for the investigation of the origins and persistence of norms and
conventions. One problem with evolutionary models is that individuals are
not forward-looking, a property which lies at the heart of the arguments over
the application of rational choice theory to the problem of social order. I
demonstrate here one way to address this problem, and demonstrate some of
the consequences of taking the future seriously.

A. Homo Economicus vs. Homo Sociologicus

Homo economicus and homo sociologicus are the two straw men of social
science.! For homo economicus, each social act is a considered choice, an
exercise in naked self-interest. For homo sociologicus there is no choice. Man
is a boat without rudder, drifting at the mercy of the powerful tides of social
forces.

The substantive question underlying these caricatures is the scope of
instrumental behavior. Each of us at different times pursue material gain,
consciously follow social custom, act reflexively from habit or tradition and
respond to emotions. Weber (1947) developed a typology of action which dis-
tinguished affectual choice, seated entirely in emotional responses; traditional
actions, rooted in social custom; value-rational or axiological choice, which
flows from assertions of belief, regardless of consequences; and instrumental
choice, behavior whose purpose is to produce particular outcomes in order
to achieve specific goals. The domains of these types are fluid. What was



once rational becomes customary; and what was customary or emotionally
determined can be reexamined rationally.

The answer to the question of when and why individuals feel and act
upon social obligations, or act in altruistic ways, is contested by these two
explanatory traditions. Some rational choice theorists argue that obedience
to norms is a direct expression of self-interest. Norm obedience directly gen-
erates utility. For example, Riker and Ordeshook (1968) and Tullock (1967)
eliminate the paradox of voting by having the act of voting itself generate util-
ity beyond its (negligible) instrumental effect on the outcome. Others, such
as Ellison (1994) and Kandori (1992), view social norms as implicit long-term
contracts. When social interaction is recurrent, reciprocity is rational. These
explanations are not without problems. Making norm obedience an argu-
ment of a utility function simply pushes back the explanatory problem. How
did norms get there? Why do some social prescriptions become normative
while others do not?? The long-term contracting explanations are based on
what some might regard as a weakness of dynamic game theory. When social
interaction is recurrent, reciprocity is rational if individuals are sufficiently
patient. But there are many distinct self-consistent social formations. Nearly
every outcome is rational if individuals are sufficiently patient. This is the
content of the so-called ‘folk theorems’ for repeated games. Now the problem
is pushed back to equilibrium selection. Why (or when) do we observe those
equilibria which are norm-respecting and not some others?

Homo sociologicus offers a different set of answers. Much effort has
been expended demonstrating that commitment to norms is complementary
to, rather than consequent of, instrumental behavior.® As put succinctly by
Durkheim, ‘It is therefore in the nature of society itself that we must seek
the explanation of social life.’* I will not attempt to summarize this vast
and varied literature here, but I claim that any such survey would conclude
that what is being rejected by this tradition is not rational action per se,
but methodological individualism.? Thus this tradition is not only at odds
with rational choice theory; it is also in opposition to exchange theorists
such as Homans, whose individualist views were developed from behaviorist
rather than utilitarian principles. The methodological holist position does not
preclude understanding the functionality of social norms, and thus, to some
degree, their persistence, for any truly dysfunctional norm would adversely
affect the future of any society that took it up. But it is less helpful in



understanding the origins of norms, and functionality alone cannot explain
persistence.

Having given up on explanations of adherence to norms that are based
solely on individual incentives, some social scientists who hold to the holist
tradition nonetheless recognize that the active agents in society are individ-
uals, and that norms emerge as an aggregate of their activities. Durkheim
writes:%

...society is not the mere sum of individuals, but the system
formed by their association represents a specific reality which
has its own characteristics. Undoubtedly no collective entity can
be produced if there are no individual consciousnesses: this is a
necessary but not a sufficient condition. In addition, these con-
sciousnesses must be associated and combined, but combined in
a certain way. It is from this combination that social life arises
and consequently it is this combination which explains it. By
aggregating together, by interpenetrating, by fusing together, in-
dividuals give birth to a being, psychical if you will, but one which
constitutes a psychical individuality of a new kind.

For Durkheim, social life, and in particular, the ‘collective consciousness’,
is an emergent property of a system of interacting individuals.” Evolution-
ary game theory offers one approach to the study of emergent properties in
systems of interacting agents. The evolutionary game theory program is to
replace or supplement highly detailed explorations of individual rationality
in a social environment with an examination of social interactions and rough
descriptions of adaptive behavior. The outcome of an evolutionary game the-
ory analysis is a description of equilibrium as a population state, that is to
say, as an emergent, property of the system whose interactions are captured in
the evolutionary model.® As a method for modelling emergence, evolutionary
game theory is one bridge across the individualism /holism gap.



B. Emergence and Equilibrium Selection

In the context of evolutionary game theory, social norms are often under-
stood as solutions to coordination problems which arise in a population of
individuals large enough that most members never directly interact with one
another, thus precluding the possibility of effective collective action. The pro-
cess of norm emergence has been modeled in evolutionary game theory as a
population of individuals engaging in multiple strategic interactions in which
some actions are thought of as ‘norm adhering’ and others as ‘norm defect-
ing’. Generally speaking, the more a norm is adhered to, the greater the cost
which is borne by any individual who breaks the norm (although individual
choice behavior is loosely specified and idiosyncratic). Thus the strategic in-
teraction is a coordination game. Evolutionary dynamics then describes the
pattern of norm adherence through time.? The simplest coordination games
to study are two-by-two games, where two players each choose from among
two actions.

Elementary evolutionary game theory, which is to say, static equilib-
rium concepts such as evolutionarily stable strategies and deterministic dy-
namic models such as replicator dynamics, has little to say about coordination
games beyond the observation that polymorphic (mixed) equilibria may not
be robust. In particular, these models cannot distinguish the different pure
coordination outcomes. In the last decade, however, game theorists have
come to understand the importance of agent heterogeneity and idiosyncratic
behavior for selecting among equilibria. Blume (1993), Kandori, Mailath and
Rob (1993) and Young (1993), among others, have shown how, with differ-
ent microdynamics and different kinds of strategic interaction, small amounts
of randomness in individuals’ decision processes have a large impact on the
determination of which equilibrium is most likely to appear.

Stochastic adjustment models like these have four distinguishing char-
acteristics: A matching technology, which describes how individuals in the
population interact with one another; myopic agents, who do not value the
future at all but consider only the present in making a choice; inertia in
choice, which is to say that agents cannot continually revise their choice but
are to some degree locked in to their current action; and noisy choice which
is a consequence either of random idiosyncratic utility or limited rational-
ity. Inertia and noisy choice in particular speak to some of the issues raised



by critics of rational choice theory. Inertia is the force of habit and tradi-
tion. Only occasionally are choices rationally examined for their instrumental
value, and payoff perturbations or simple noise in choice are a first pass at
accounting for a non-instrumental component in choice.

The cost of focusing on interactions in evolutionary game theory mod-
els has been the oversimplification of the individual. Indeed utility maximiza-
tion is a component of choice, but the optimization problem is so spare that
it is hard to say that the decision model is in any sense rational. In partic-
ular, the contrast between homo economicus and homo sociologicus is often
posed as a contrast between forward-looking and backward-looking behav-
ior. Homo economicus is concerned with beliefs about the effects of present
intentions on future consequences, while homo sociologicus looks backwards
to pre-existing social structure. But the actors in most evolutionary game
theory models have no concept of a future. Beliefs about where the social
process may be headed have no impact on current choice. The purpose of this
paper is to bring consideration of the future into the evolutionary analysis of
two-by-two games, and to examine its implications for emergence.

The surprising finding of this paper is the effect of patience on equi-
librium selection. The natural conjecture is that, while the distribution of
play is centered on the risk-dominant action when individuals are myopic,
payoff dominance would emerge from the actions of patient individuals. This
is not the case for a reasonable class of equilibria. I investigate monotonic
equilibria, those with the property that individuals follow suit: As more indi-
viduals play a given choice, the more likely a given decisionmaker will make
the same choice. I show that when there is a unique risk-dominant outcome
in the static game, the dynamic game with sufficiently patient individuals has
a unique equilibrium in which all individuals always choose the risk-dominant
choice. In games where risk- and payoff-dominance differ, I conclude that the
unique monotonic equilibrium has all individuals always coordinating on the
low-payoff outcome. This finding defeats the intuitive analysis that suggests
coordination failure is a consequence of myopia.



II. The Model

The model envisions a population of individuals who are matched at random
moments for an instantaneous strategic interaction, just as two billiard balls
might collide while both are in motion. The payoffs from the match are deter-
mined by the actions the two individuals hold at the instant of the match. At
other distinct random moments, individuals can revise their strategic choice.
Although the model as described is quite abstract, applications of this idea
to economics are manifold: For instance, the Menger-Kiyotaki-Wright model
of monetary exchange!® and some versions of Diamond’s (1982) search equi-
librium model.

Models in the population game literature have been implemented in
three ways. Canning (1992), Kandori et al. (1993), Samuelson (1994) and
Young (1993) all implement the evolutionary story as a discrete time Markov
chain. Foster and Young (1990) and Fudenberg and Harris (1992) implement
this model as a Brownian motion. Blume (1993, 1994 and 2003) implements
this model as a continuous-time jump process. In particular, when all individ-
uals are ex-ante identical, this formulation is a continuous-time birth-death
process. Binmore, Samuelson and Vaughn (1995) use a birth-death chain
approximation to analyze a model with more complicated Markovian evolu-
tion. Birth-death models have an advantage over those models in which at
any date many individuals may revise their strategy; they are significantly
easier to analyze. In particular, they make possible the study of the dynamic
programming problems necessary to understand forward-looking behavior.
Consequently I will use the continuous time construction with discrete events
and random matching as developed in Blume (2003).

A stochastic strategy revision process is a population process which
describes the distribution among a set of strategies of a population of indi-
viduals. The population has N individuals. Given too is a payoff matrix
for a 2 x 2 symmetric coordination game G with strategy set {a, 3}. Each
individual is labelled with a strategy. The state of the population process at
time t is the number M; of individuals choosing a.

From time to time each individual has an opportunity to revise her
strategy. An individual’s policy is a map that assigns to each state a probabil-
ity of choosing « if given the opportunity to revise her strategy at an instant



when the process is in that state (5 will be chosen with the complementary
probability). Formally, a policy is a map 7 : {0,..., N — 1} — [0, 1] with the
interpretation that m(A/) is the probability that the decision-maker chooses
a when M of the N — 1 other individuals n the population are already choos-
ing a. The constraint that the optimal policy depends only upon the current
state, that policies are Markovian, will be justified in equilibrium.

The phrase ‘from time to time’ has a very specific meaning. An event
that happens ‘from time to time’ is an event which happens at random in-
tervals whose evolution is described by a Poisson alarm clock. Consider the
arrival of strategy revision opportunities for individual n. Associated with
player n is a collection {z,;}2; of independent random variables, each dis-
tributed exponentially with rate parameter o (mean 1/0). The variable x,, is
the waiting time until the first strategy revision opportunity, x,2 is the inter-
arrival time between the first and second strategy revision opportunity, and
so forth. Thus the waiting time until the mth strategy revision opportunity
for individual n is ) ", zy.

When an individual’s expected utility calculation indicates that a par-
ticular action is best, that choice may not in fact be implemented. Fix an
e strictly between 0 and 1. With probability 1 — ¢ the nominal expected-u-
tility-maximizing choice is realized, and with probability € the new choice is
chosen by a draw from the distribution which assigns probability ¢ to a. The
probability that a decision-maker using policy 7 will choose « is

pr(M)=(1—e€)m(M) + €q.

The probability that a F-chooser will choose to remain with 3 is p/ (M +1) =
1 — pz(M+1). One can think of the deviation from notional expected utility
maximization as either the effect of an idiosyncratic random utility term or as
the consequence of boundedly rational choice. In the latter case, ¢ measures
the deviation from rationality.

Matches are treated similarly. For each pair of individuals (m, n) with
m < n there is a collection of independent rate §/(N — 1) exponentially
distributed random variables {x,n }7°,, where z,,,, is the interarrival time
between the [ — 1th and [th match of individuals m and n. It follows from the
properties of independent, distributed random variables that the interarrival
time between the [ — 1th and [th matches of individual n with anybody is



exponentially distributed with rate parameter §. Notice that matching cannot
be independent across individuals (although for large N it is approximately
s0). This does not matter. The only independence requirements are the
independence of revision opportunities and matches, and the independence
of revision opportunities across individuals.

When individuals are matched, each receives a utility determined by
the actions each of the pair employs at the moment of the match, according
to the payoff matrix G.

Each individual discounts the future at rate r. Given the policies of
other individuals, the expected present discounted value of the payoff stream
from a policy for any individual can be computed. Each individual chooses
a policy to maximize that expected present discounted value. A stochastic
strategy revision process is an equilibrium strategy revision process if each
individual’s policy is the e-mixture of the expected present discounted value
maximizing policy 7* and the random policy q.

In summary, the decision problem dynamics are described by three
parameters which are common to all individuals in the population: r, the
intertemporal discount rate; d, the arrival rate of new matches; and o, the
arrival rate of strategy revision opportunities. As expected, myopic play
arises as individuals become impatient, as r becomes large. More surprising
is that myopic behavior emerges for any discount rate when the arrival rate of
revision opportunities o, is sufficiently small. This includes situations wherein
all individuals are extremely patient.

Now come the details. Suppose the population contains /N individuals.
Choose an individual, say, individual 1, and suppose she is at a strategy
revision opportunity — an instant of time at which she may revise her choice.
Her policy, or strategy, is denoted by m;. The argument of 7; is the number
of individual 1’'s N — 1 fellow individuals who are currently using strategy «.
The value of m; is the probability she chooses strategy a. The stochastic
process which describes the evolution of the opponents’ behaviors is called
the opponent process. Typically the current choice of individual 1 will affect
the evolution of opponents’ play, and so the evolution of the opponent process
will be contingent upon the current choice of individual 1.

I will describe the individual choice problem through its value func-



tion. I construct the value for individual 1 in state M and currently using
a by computing the value of the next event. Many events can happen to
individual 1. Strategy revision opportunities arrive to her at rate o, and to
everyone else at rate (N —1)o. She receives matches at rate . (The matches
of others are not payoff relevant to her.) So the aggregate arrival rate of
events is No + 6. When an event arrives, with probability o/(No + 0) it is
a strategy revision opportunity. With probability §/(No + ) it is a match.
With probability (N — M — 1)o/(No + 0) it is an updating opportunity for
another individual currently choosing . In this case the state of the oppo-
nent process increases by one with probability p.(M + 1) and remains the
same with probability pf (M + 1). With probability Mo /(No + §) the event
is an updating opportunity for another individual currently choosing «. In
this case the state of the opponent process decreases by one with probability
P (M) and remains the same with probability p.(M).

When individual 1 is matched, the probability that she meets an oppo-
nent playing strategy [ is proportional to the number of individuals choosing
strategy [ in the current state a. Thus her expected return from a match
when the opponent process is in state m and she uses action k is

N—-1-
e

v(k,a) = ——G(k,a) + N

— (k. 5). (1

To construct the value function, let 7 denote the time to the next
event. The random variable 7 is exponentially distributed with parameter
No + 0. The value function is given by the Bellman equation. For the
individual currently choosing « in state M of the opponent process,

V(a, M) = E{e—?“*(NU(SJr <(v(a, M) + Va, M) +

J(NN_(;]\f(s_ : (px(M + 1)V (a, M + 1) + p (M + 1)V (a, M)) +
sz\f 5 (P (M)V (e, M) + pr(M)V (o, M = 1)) +
NUU+ ; m?X(pW(M)V(Oé, M) + pl (M)V (8, M))) } . (2)
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A computation shows that

Vi, M) =2 +6<7N vla,m) +
a(i\;;JXN— 1) (p(M +D)V(e, M+ 1)+ /(M + 1)V (e, M)) +
- f‘j - (p(M)V(a, M) + g (M)V (o, M — 1)) n
=5 a0V + o0y, (3a)
and
Vs M) = +50N v(B,m) +
U(ﬁ;fN_ 2 (p(M)V(ﬂ,M +1) + g (M)V (B, M)> +
o (ar = V(s + 01 - V(M - 1)) +
s (anvian +yonvean) . a3b)

Standard contraction mapping arguments show that the Bellman e-
quation has a unique solution which is the value function for individual 1’s
dynamic programming problem. The optimal strategy for individual 1 re-
quires that when a strategy revision opportunity arises in state m she chooses
the probability 7 to maximize p,(M)V (a, M) + p. (M)V (3, M). Notice that
individual 1’s Bellman equation accounts for the possibilty of a noisy pertur-
bation in choice.

III. Equilibrium

The equilibrium concept introduced here is closely related to Nash equilib-
rium. It differs only in the presence of the perturbations. Essentially, a
rational population equilibrium as defined below is a Nash equilibrium of a
perturbed game wherein all strategies are required to be minimally mixed.!!
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Definition 1. A rational population equilibrium is a strategy m such that for
all states a of the opponent process and policy functions n’,

Eﬂ(a)V(];}, a) Z Eﬂ./(a)V(];’, CL).

An equilibrium strategy revision process is the stochastic strategy revision
process which results from a rational population equilibrium.

The existence of equilibrium is straightforward because the dynamic
programming problems are well-behaved.

Theorem 1. A rational population equilibrium ezists.

Proof. For both dynamic programs the solution correspondence will be non-
empty-, convex- and compact-valued, and upper hemi-continuous with re-
spect to the parameters of the opponent processes. These parameters are in
turn continuous with respect to the opponents’ policy, so a standard fixed-
point argument proves the existence of equilibrium. O

The equilibrium strategy revision process is constructed from the equilibrium
policy function 7 in just the way the opponent process was constructed. The
state space is {0, N}, and the state variable counts the number of a-choosers.
The process is a birth-death process, and the birth and death rates in state
M are, respectively,

A(M) = (N = M)op,(M)
u(M) = Mogl,(M)

The possibility of idiosyncratic choice implies that all states are reachable
from one another regardless of what the equilibrium strategy actually is.
The Markov process of population states is irreducible, and so the process
is ergodic. The invariant distribution is easily computed from the birth and
death rates:'?

Corollary 1. For any equilibrium 7, the corresponding equilibrium strategy
revision process is ergodic. The invariant distribution is characterized by the

relations
v(M) _ (N 77 pelm — 1)
v(0) <M> 1 pr(m)

m=1
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In Blume (1993) I suggested that one source of random noise is random
utility. That is, in evaluating outcomes each player draws from a payoff
distribution. Distributions are known, but the value of a draw is observed
only by the player making the draw, and only at the moment of a match.
The numbers in the payoff matrix are means of the payoff distributions. For
the specific cases studied in Blume (1993) and (2003) the random utility
model sets up nicely, but I do not have an existence proof at any level of
generality. The problem is with the single-person decision problem. The
random utility model would require that the probability distribution ¢ depend
upon the values V(k,a). One would hope that something like the Bellman
equation would determine these values. Unfortunately, with dependence on
the V(k,a) the Bellman equation need no longer have a unique fixed point.
Fundamentally, the problem lies in developing a random utility choice theory
which is consistent with some form of backwards induction — an interesting
and perhaps important exercise, but beyond the scope of this paper.

One interesting class of equilibria are the monotonic equilibria, which
are defined by the property that 7 is non-decreasing in its argument. Mono-
tonic equilibria are the most natural equilibria of the games discussed in this
paper, since they reflect the basic intuition of coordination games: The more
people who choose a, the bigger is the payoff advantage to choosing « over 3,
and therefore the more likely [-choosers are to switch to «; and vice versa.
In the next section it will become apparent that all equilibria are monotonic
when r is large or o sufficiently small. In the following section I will show
that monotonic equilibria exist for large enough N and small enough r and e.
Likely a proof of the existence of monotonic equilibria for all parameter val-
ues can be constructed along the lines of the proof of Theorem 1 in Blume
(2002), but this is not pursued here.

Finally, standard arguments also prove:

Corollary 2. The correspondences from parameters v, § and o to equilib-
rium strategies and to the invariant distributions for the equilibrium strategy
revision process are upper hemi-continuous.
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IV. Myopic Behavior

Myopic behavior emerges when the value function becomes proportional to
the payoff function in every state. When such proportionality occurs, the
solution to the intertemporal optimization problem is identical to that of
maximizing immediate expected returns on the supposition that a match will
take place before the opponent process changes. Not surprisingly, myopic
behavior emerges as the discount factor r gets large. In addition, myopic be-
havior emerges as the arrival rate of strategy revision opportunities becomes
small. In this case, even when looking far into the future, one expects the
state of the opponent process to remain unchanged with high probability, so
the future looks just like the present.

Theorem 2. For any discount rate r and matching rate &, the myopic limit
V(k,a) < v(k,a) is reached as o becomes sufficiently small. For any o and
0, the myopic limit is reached as r becomes large.

Proof. Manipulate the Bellman equations (3). Let
D=r+oc(N—1—=M)p,(M+1)+cMp.(M)+0c.

One can derive from (3) that

rV(a, M)
v(a, M)
o(N—=1—M)p(M+1)rV(e, M +1) oMp.(M)rV(a,M —1)
D v(a, M) D v(a, M)
7 sy {peV (0, M) + g, (VB M)} | or
D v(a, M) o (4)

The value function is uniformly bounded across states. Let v* and v, denote
upper and lower bounds, respectively, for the payoff function v (which in turn
are the largest and smallest entries in the matrix G). The value function is
bounded above by the value of a reward process which pays out at every
match v*. This upper bound is

V* = E{e‘"(v* + V",
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where 7 is the waiting time until the next match. Computing,

V= 0/ e~y L V) dt
0

* V*
r+ O'(U V)
g *
= —v".
”
Similarly, a lower bound is V., = (¢/r)v.. It follows that each of the rV/v
terms in (4), including the max term, is bounded above by ov* /v, and below

by ov, /v*.

Taking limits as r — oo and making use of the bounds, it is easily seen
that rV(a, M) /v(a, M) — 6. A similar argument gives the same conclusion
as ¢ — 0. The same arguments apply when « is replaced with g in the
arguments of V' and v. [

Slowing down the arrival rate of strategy revision opportunities is not the
same as speeding up the matching rate. As § grows, 6 'V (o, M) /v(a, M)
converges to r/D, which is not independent of M.

The consequences of myopic play in this model have been developed
in a number of papers. Two natural questions to investigate are the model’s
large population behavior and its small noise behavior. The small noise re-
sults discussed below parallel the earlier results of Blume (1993), Kandori et
al. (1993) and Young (1993).

Coordination games exhibit strategic complementarities, that is, the
more likely it is that a player’s opponent will play a particular strategy, the
higher the payoff for the player to choosing that strategy. Operationally, this
implies the existence of a probability p* such that if the percentage of the
population playing « exceeds p*, o will be the unique best response (and
will be the unique best response if the fraction playing « is below p*). The
range (p*, 1] is the basin of attraction for the action « and the range [0, p*)
is the basin of attraction for #. The following corollary is an immediate
consequence of Theorem 2 and Corollary 2:

Corollary 3. For fized v and § there is an o(r,0) and for fired 6 and o there
is an r(d,0) such that for all (r,d,0) such that r > r(5,0) or o < o(r,0),
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the only rational population equilibrium is the myopic equilibrium in which

m(M)=14if M/(N —1)>p* and n1(M) =0 for M/(N — 1) < p*.

The key concept for understanding equibrium emergence in the long run is
risk dominance. Risk dominance of an action can be stated in several different
ways. Most convenient for our purposes is the following:

Definition 2. Action « in the two-by-two coordination game with payoff
matriz G is risk dominant iff p* < 1/2.

That is, « is risk dominant if it is a best response when some fraction less
than half of the population is using it. For instance, in the game depicted
in figure 1, the strategy « is payoff dominant because among all the Nash

a B
al 3,3 [=2,0
310,21 2,2

Figure 1: A coordination game.

equilibria of the game it gives the highest payoff, but the strategy [ is risk
dominant because if o and 3 are equally likely, (3 is the best response. Intu-
itively, the higher payoff from coordinating on « is offset by the higher cost
of playing « in the event that coordination fails.

The consequences of equilibrium selection for emergence are striking
because they demonstrate how social interaction extends and transforms the
logic of individual decision-making. Suppose that « is risk dominant, so
p* < 1/2. Rescale the population states so that, instead of measuring absolute
numbers they measure population fractions (that is, divide by V). Thus for
all processes the state space can be taken to be [0, 1].

Theorem 3. For fized (r,0,0) such that r > r(d,0) or o < o(r,0),

1. For fized € < p*, as N — oo the invariant distribution converges to
point mass at 1 — €.

2. For fired N large enough, as € — 0, the invariant distribution con-
verges to 1.
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The first result, a strong law of large numbers for social interaction models,
is proved in Blume and Durlauf (2003), and the second is proved in Blume
(2003). The answer the two natural questions raised earlier in this section
are simply put. Coordination on the risk-dominant action emerges in the
myopic limit. This interpretation is clearly true for the second result. For
the first, it can be shown that the short run dynamics of the model can be
characterized by a differential equation which has two stable states, one at
€ and one at 1 —e. These are the two candidate states where the invariant
distribution can pile up as N becomes large. The Theorem shows that the
invariant distribution will concentrate around the limit point in the basin of
attraction of the risk-dominant equilibrium.

V. Patient Players in 2-by-2 Coordination
Games

This section characterizes monotonic equilibria in two-by-two coordination
games when players are patient. When players are myopic, the only ratio-
nal population equilibria have invariant distributions which pile up on those
states in which nearly all individuals choose the risk-dominant choice, even
when it is not payoff dominant. The inability to reach the payoff-dominant
outcome is sometimes regarded as a consequence of myopia. If individuals
were sufficiently patient, it is argued, they would pay the penalty of high
short-run deviations from equilibrium in order to achieve higher long-run
gains from payoff-dominance. This argument is false. The striking result
is that for small r and e, the only monotonic equilibrium is one in which
all individuals always choose the risk-dominant choice. Patience strengthens
the barriers against the risk-dominated equilibrium, even when it is payoff-
dominant.

Some of the intuition behind the result is straightforward. Payoff dom-
inance does have a distinguished role in the § = 1 limit: When players care
about the time-average of payoffs, ‘always play o’ and ‘always play 3’ are
both rational population equilibria. The subtle feature of the result is that
the intuition about payoff dominance fails for 3 near 1. The theorem really
demonstrates a failure of lower-semicontinuity of the equilibrium correspon-
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dence at r = 0, and the fact that some small amount of discounting occurs is
crucial to the result.

A computation shows that always playing the risk-dominant strategy
is an equilibrium. Another possibility is an equilibrium with a threshold state
M* above which all players play a and at or below which all players choose
(. This is ruled out because at the threshold — either the last « state or the
first 3 state, some player will have the option to move the process across it —
an « player in the first case, and a (8 player in the second. If € is sufficiently
small, the process will move very, very quickly to the sink of the basin of
attraction in which the pivotal player puts it, and it will stay there a very,
very long time. In this circumstance, the patient pivotal player will always
want to choose the payoff-dominant outcome. Consequently M* cannot be
the threshold.

The remaining possibility is all players always choosing the risk-domi-
nated equilibrium. Here the proof comes down to a calculation. It is easily
seen that the benefit of deviating to the risk-dominant strategy in any state
is small, and shrinks to 0 as r becomes small. But the benefit is strictly
positive.

Theorem 4. Suppose that the game G has a unique risk-dominant action.
For alld and o, forr and e sufficiently small and N sufficiently large, choosing
the risk-dominant strategy in every state is the unique monotonic equilibrium.

In particular, choosing the non-risk-dominant action in every state, even when
it is payoff-dominant, is not a rational population equilibrium. A simple
calculation shows the following:

Corollary 4. Under the conditions of Theorem 4, the invariant distribu-
tion for the equilibrium strategy revision process is the binomial distribution

b(N,1—¢).

Proof. The proof technique is to specify a p, take appropriate limits of pa-
rameters, and check the value function given in equations (3) to see if the
optimal policy generates the p that began the calculation.

The first calculation shows that for small enough r and €, 7(M) =1
(always choosing «) is an equilibrium if « is risk dominant, and is not if
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« is risk-dominated. Let A(M) = V(a,M) — V (8, M), and let A, (M) =
v(a, M) — v(B,M). The optimal policy 7 assigns positive probability to «
only if A(M) > 0. Computing,

A(M) = " —|—5JNA”(M) +

o(N—-—M-1)
r+oN
o (M + 1)V (a, M) — /(MV (B, M)) n

oM
r+oN

JODV (a0 = 1) = g0 = V(30 - 1)

<p(]\/[ + D)V(e, M+ 1) — p(M)V (B, M + 1) +

<p<M>v<a, M) — p(M — 1)V(B, M) +

The policy (M) = 1 is an equilibrium if and only if when p(M) = 1 — ¢,
A(M) > 0 for all M. When p(M) = p,

)
AM) = r —l—UNAU( +
o(N—M-1)
A(M (1 —p)A(M
o (a PAGD) +

o (pa0n + - par —1))

First, suppose € = 0. Then p = 1 and the difference equation becomes

o(N—-M-1) 4]
7"—|—0(N—M)A(M+1)+T+U(N—M)

A(M) = Ay (M).

Then

lii%A(M) = ﬁ(AU(M) + AN — 1)) :

It is easy to see that the right-hand side is positive for all M > max{0, (2p* —
1)(N — 1)} and negative otherwise if N is large enough. The difference
function A, (M) is linear in M and equals 0 at p*(N — 1). Therefore the
claim is true so long as N is large enough that (2p* — 1)(N — 1) < 1 if
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p* < 1/2. (Strict inequality rules out indifference at the boundary state.)
Thus 7(M) = 1 is optimal for all r sufficiently close to 0 if p* < 1/2, and
is not optimal if p* > 1/2. Finally, the solution to the difference equation is
continuous in € at € = 0, so for given r sufficiently small there is an € such
that for all € < €, if « is risk-dominant then 7(M) = 1 is optimal, and if « is
risk-dominated, then w(M) = 1 is not optimal.

The only other possibility for a monotonic equilibrium is the existence
of an M* between 0 and N — 1 such that n(M) = 0 for M < M* and
m(M) =1 for M > M*. For this the normalized value functions are solved.
Suppose € = 0, so that p(M) =1 for M > M* and p(M) = 0 for M < M*.
Calculations show

dv(a, N — 1) if M > M*,
_ N=M 4150, N-1)+ if M =M —1,
limrV(a, M) = MJV 1
r—0 N 0v(3,0)
sv(8,0) if M < M*— 1.
and
dv(a, N — 1) it M > M*,
liIr(l)rV(ﬁ, M) = N_T]\/[*(Sv(a, N-1)+ MT*(SU(@O) if M = M*,
5v(8,0) if M < M*— 1.
Therefore
. M~
hné'rA(M*) = §(v(a,N —-1)— v(ﬁ,O))
and
N — M~

Both of these have the same sign, so it is not possible that 7(M*) = 1 and
m(M* —1) = 0 unless v(a,0) = v(F, N). Again the conclusions remain valid
for r sufficiently small and for e sufficiently small given r. m
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VI. Conclusion

This paper studies the evolution of play in a population of players continually
interacting with one another. Players are repeatedly and randomly matched
against opponents. Players revise their strategic choices only at discrete ran-
dom moments, each player independent of the others. The model is built
from Poisson processes in continuous time, but individuals interact at dis-
crete random moments. Individual rationality alone would suggest that some
kind of coordination would occur. But the dynamics of social interaction limit
what kind of coordination can occur. For the pairwise coordination problems
studied here, the only emergent state is risk-dominant coordination.

This paper has extended the stochastic evolutionary paradigm by con-
sidering forward-looking agents. Extensions in other directions are required
to develop a full-fledged theory of the emergence of social norms. One direc-
tion has to do with the topology of social interaction. Here we have considered
global random matching. Everyone is equally likely to interact with anyone
else. At the other extreme, myopic random matching with a restricted subset
of neighbors has been examined by Blume (1993), Blume (1995) and Morris
(2000). Other matching models have not been considered.

More generally, different kinds of interaction may generate different
incentives for coordination. Stigma, for instance, depends upon individuals
being labelled as different and then being punished for wearing that label.
Labelling and the ability to react to labels is a complexity not treated here.'?
Other interaction models have yet to be explored in depth, but there is no
reason to believe that risk-dominant selection is universal. Mailath, Samuel-
son and Shaked (2001), for instance, have shown that in at least some models
where matching is endogenous, payoff-dominant selection can obtain. The
challenge for evolutionary game theory is to identify emergent properties for
a rich class of interaction mechanisms and to allow for more complex indi-
vidual behaviors. The promise of this work is an account of the emergence of
social order, of Durkheim’s ‘collective entity’, that satisfies the constraint of
methodological individualism but which is not trivially reductive.
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Notes

!This is not to say that each discipline is characterized by diametrically
opposed views of individual behavior. Modern versions of exchange theory
invoke rational choice models to explain social life. And while rational choice
models have dominated economics for the last fifty years, the discipline cer-
tainly has a rich and internally respected tradition which thinks of individuals
as embedded in social structures, going back to Adam Smith.

2There is a tendency in the literature to see all social norms as productive
social capital, as 'goods’. But normative behaviors such as norms of racial or
ethnic discrimination are clearly not productive social capital. So explana-
tions based on the efficiency-inducing aspects of social prescriptions fail. See
Durlauf (2002) and Portes (1998).

3Parsons (1937) is a prominant example. Also Elster (1989).
*Durkheim (1982 [1895], p. 128).

*In a footnote to the quotation cited below, Durkheim (1982 [1895], n. 17,
p. 145) writes, ‘In this sense and for these reasons we can and must speak of
a collective consciousness distinct from individual consciousnesses.’

®Durkheim (1982 [1895], p. 129).
"See supra n. 4.

81 use the phrase ‘emergent property’ quite precisely to mean a behavior of
the system that exists on a temporal or spatial scale different than the scale
at which the equations defining the behaviors of the individual agents who
comprise the system are defined. I thank Jim Crutchfield for this succinct
definition.

9See Skyrms (1996) for a discussion of distributive justice using elementary
evolutionary game theory arguments.

1%Menger (1892) and Kiyotaki and Wright (1989).

UTrembling hand perfect equilibria in finite games are the limit of such
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equilibria as the minimal mixing bound goes to 0, an exercise that will be
carried out below.

2See Blume (2003) for details.

13See Blume (2002) for a model of this process in the spirit of evolutionary
game theory.
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