The Cohesiveness of Blocksin Social Networks:

Connectivity and Conditional Density

Abstract. The socia cohesion of agroup, as measured by patterns of network ties,
increases with the level of redundancy of interconnections of its members. We will see that
the minima number k of independent paths that connect every pair of actorsin agroup, the
higher the cohesion. The cohesiveness of agroup is dso measured by the extent to which it
is not disconnected by removal of 1, 2, 3,..., n actors. Menger’s Theorem proves that these
two measures are equivaent. Within this conceptua framework, we evauate the family of
concepts of cohesion and establish the vaidity of apair of rdlated measures. Connectivity —
the minimum number k of its actors whose remova would not alow the group to remain
connected or would reduce the group to but a sngle member — measures the social cohesion
of agroup a agenerd levd;

Conditional Density measures cohesion on afiner scale, that of surplus density beyond that
implied by connectivity.

For each k, these two measures may be combined into an aggregate measure of social
cohesion, suitable for both small- and large-scale network studies. Using these measures
within anew methodology of cohesive blocking we test hypotheses about the consequences
of cohesion for socia groups and their members, and demondirate with empirical examples
the significance and theoreticd relevance of network cohesion as measured by connectivity
in avariety of substantively important applicationsin sociology.

Keywords Graph theory, social networks, algorithmic detection, cohesive
groups, social boundaries.
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Solidarity is a generic concept encompassing multiple ways that individuas codesce into
groups. Logicaly, we can distinguish three kinds of bonds that contribute to solidarity:
member s to group; members to leaders; and members to members. We can conceive of
these bonds as having for ms such as mord rules, norms, incentives, or contexts, and
contents such as various types of relationships. Form and content, socid "facts' of
relationships versus norms that might govern them, and other oppositions are not

removed from one another. Rather, they are performed, enacted and understood in

dynamica networks of interactions, which can often be visuaized as graphs.

What we cdl attachment of membersto groups often involves complex interactions
among psychologica, dispositiona, mora, normative, and contextua concerns, and are
often for this reason difficult to measure and to depict as graphs. To smplify
measurement, researchers often try to dicit from individudsindicators of therr

attachments to groups.



The sameistrue of what we cdl adherence or adhesion to leadership. Common research
questions in this domain are: What are the attractive or charismatic qualities of leaders (or
attractions to their followers) that creste weaker or stronger many-to-one ties or

commitments?

What we cal cohesion are the many-to-many ties among individuas, as they form into
clusers. One of the fundamenta questions of sociology is: How and whendo groups,
norms, leaders and commitments emerge out of cohesve clusters? Alternatively, we can
ask: How and when does the formation of groups and the emergence of leaderslead to
the transformation of cohesive clusters? Because cohesion often spills over the
boundaries of forma groups, dynamic reconfiguration of groups and aliances can be
sudied in the interplay between these two questions. Alternatdly, as different groups
emerge and overlap, and groups interact at another level of organization, dynamic
reconfigurations of cohesiveness can be studied, oscillating between different levels
involving questions about top down and bottom up effects. In heterarchic systems, such
as agovernment that derivesiits legitimacy from “We the people’ to guarantee
empowerment againg intrusions a intermediate levels (Morowitz 2000:11- 2), multiple
relations contend for and oscillate in their salience for regulatory processes. Such
oscillations include centrdized systems that are hierarchically organized from upper to
lower levels. Alternatives include decentralized systems that are emergent, often

hierarchicdly, from lower to upper levels.



The content of tiesis dso important to how we view the dynamics of cohesion and group
transformations. At the smplest level (Harary 1953), negative ties tend to repe and
positive ties attract. Baance theory is concerned with the statics and dynamics (Harary

1961) of segregation and clustering.

Here we are principally concerned with positive dyadic bonds and the concept and
measurement of cohesion as one component of socia solidarity. Oursisacompanion
piece to Moody and White (n.d.), who begin with a prdiminary and intuitive definition of
cohesion asfollows:

1. Agroup is cohesive to the extent that the social relations of its members hold it

together.
Asin Moody and White, we explicate adiding series of definitions that are increasingly
precise and additive in the measurement and application of the concept of coheson. We
explore different facets of these definitions, and further devel op the measurement
conceptsin the socia relations gpproach to cohesion. We begin with a graph theoretic
darification of forma concepts, and then examine a case sudy of afactiona disputein a
karate club where these concepts agpply. The case sudy highlights why we need to
further elaborate our forma concepts of cohesion, and it illustrates how these concepts
may be used adong with other concepts that engage static and dynamical aspects of
cohesion, and the importance of linking the various concepts under the rubric of socid

solidarity.

Two intuitive aspects of the definition of cohesion can be distinguished: 2



1.1. Agroup iscohesive to the extent that the social relations of its members are
resistant to the group being pulled apart.
1.2. Agroup iscohesive to the extent that the multiple social relations of its
members pull it together.
For clarity of presentation in formaizing the intuitionsin definitions 1.1 and 1.2, asocid
relaion hypothesized or assumed to contribute to cohesion is considered as a graph.
Specificdly, agraph G=(V,E) consstsof aset V of n nodesor verticesand aset E of m
edges each joining apair of nodes. We say G hasorder nand sizem. Thetwo nodesin
each unordered pair (u,v) in E are said to be adjacent and condtitute an edge that is
incident with nodesu and v.® The complete graph K, of order n has every pair of nodes
adjacent. A path in G isan dternating sequence of digtinct nodes and edges, beginning
and ending with nodes, in which each edge isincident with its preceding and following
node. Two paths are digoint or independent if they have no nodesin common other than
their endnodes. A graph is connected if thereis a path between every pair of nodes. The

distance between two nodesin G is the minimum size of a path of G that connects them.

Weregard asocid group (with symmetric interpersona relations) as part of asocid
network, i.e., asasubgraph of alarger graph. A subgraph of agraph G isagraph having
al of itsnodes and edgesin G. A set Sismaximal (minimal) with respect to some
property if no proper superset (subset) of S, containing more (fewer) dementsthan S, has
the property but S does. A component of G isamaxima connected subgraph. A clique of

agraph Gisamaxima complete subgraph of G of order a least 3 (a maxima subgraph



Kn of G,n>3). Figure 1 shows a disconnected graph with two components and three
cliques, each aKs.

(Insert Figure 1 about here)

In what follows, we first define cohesion in terms of "node connectivity,” compare it to
"edge connectivity,” and use Menger’ s theorems to identify the equaity between itstwo
fundamental properties. resstance to being pulled apart (1.1), and stick-togetherness
(1.2). We show the sociologica sgnificance of defining the latter using the levels of
redundancy of multiple digoint paths by which actors are connected, and discuss the
sociologica implications of these two aspects of cohesion. Our hypotheses state some of
the expected correlates and consegquences of these measures of cohesion across awide
array of potentid network studies. We then examine a case study to evaluate our
measures of both adhesion and cohesion, and show how it is necessary as well to take
into account relative dendty in the context of connectivity subsets. We then define
conditional density and a scalable measure of cohesion that combines connectivity and

conditiona density within nested patterns of subgroup cohesion and subgroup

inhomogeneity.

|. Connectivity, and resistance to being pulled apart by removal of nodes.
Smméd (1908 [1950: 123)]) noted the fundamental difference between a solitary dyad and
atriad:

“The socid dructure [of the dyad] restsimmediately on the one and on the other

of the two, and the secession of either would destroy thewhole” ... *as soon,



however, asthere is asociation [clique] of three, a group continues to exist even

in case one of the members drops out”
Cohesion begins with smple connectedness, but group cohesiveness entalls something
more, namely, a generdization of Smmd’ sintuition that the remova of some one (two,
three...) actor(s) should not disconnect a cohesive group.

1.1.1. Agroup iscohesiveto the extent that social relations distributed among

different pairs of members prevent the group from being pulled apart by the

removal of subsets of members.
Minimal cohesion would be the case in asocid network in which a central node of atree
(Figure 2) might be a group leader or popular figure. Even with a charismatic leader, the
cohesion of the group islow if the leader’s remova would disconnect the group. We use
the concept of “adherents’ of asocid group to indicate the many-to-one commitments of
individuasto the group itsdf or to its leadership. What holds the group together where
thisisthe mgor factor in group solidarity is the strength of adhesion of membersto the
leader, not the cohesiveness of group membersin terms of socid ties amongst
themsdves. The modd of “adhesion” rather than cohesion might apply to the case of a
purely vertical bureaucracy where there are no laterd ties.

(Insert Figure 2 about here)

Harary et d. (1965) anticipated the approach of utilizing connectivity as a measure of
cohesiveness. Later, White (1998), Moody and White (n.d.), and White et d. (2000)

developed the idea further. We implement this approach here,



1.1.2. Agroup'scohesionisequal to the minimum number of actors who, if
removed from the group, would disconnect the group.
Thisisthe minimum number k of its actors whose remova would not alow the group to
remain connected or would reduce the group to asingle member.* Thetrivial graph K1
of one node and no edges (n=1 and m=0), or a disconnected graph, has cohesion 0. A

solitary dyad has cohesiveness 1, atriad has 2, and a4-clique has 3.

In the terminology of graph theory, 1.1.2 corresponds precisely to the (node) connectivity
of agraph. Two primary references on the node and edge connectivities of G, denoted by
k (kappa) and k’, respectively, are Harary (1969, Ch. 5) and Tutte (1966). The removal
of a node v from G leaves the subgraph G - v that does not contain v or any of itsincident
edges. The (node-) connectivity k(G) is defined as the smallest number of nodes that
when removed from agraph G leave a disconnected subgraph or aftrivia subgraph.® The
connectivity of a disconnected graph is zero as no nodes need to be removed; it is aready

not connected.

A cutnode of aconnected graph G is one whose remova results in a disconnected graph.
A node cut set isaset of nodes whose removal resultsin a disconnected graph. An
endnode of aconnected graph G is one with asingle incident edge. Its removal does not
result in a disconnected graph. A cycle Cy, is obtained from a path P, with n> 3 by adding
an edge joining itstwo endnodes. A cycle containing nodes u,v entails the existence of
two digoint paths between uand v. A tree isaconnected graph with no cycles (Figure

4). It is easy to see that each node in atreeis either an endnode or a cutnode.



A connected graph has connectivity 1if it has a cutnode, and conversaly. Thus, atree has
connectivity 1 but acycle does nat; it hask = 2. In Figure 5, which shows the eleven
graphs of order 4, the firg five graphs are disconnected (the first graph istotally
disconnected), while the remaining six are connected and thus consst of asingle
component. The first two connected graphs are the trees of order four. Thelast isthe
complete graph K4. The second of size 4 is the cycle C4. The graph before C4 hasa
cutnode and hence connectivity 1.

(Insert Figure 5 about here)
A maximal connected subgraph of G with connectivity k > 0 is called a k-component of
G, with synonyms component for 1-component, bicomponent for 2-component (caled a
cyclic component by Scott 1991:108) and tricomponent for 3-component (called a brick
by Harary and Kodama 1964). In Figure 5 graphs 5 and 8 have bicomponerts of order 3,
namely, triangles; the three graphs from C4 to K4 have bicomponents of order 4; and the

complete graph K4 isitsdf atricomponent.

A block of Gisamaxima connected subgraph with no cutnodes (Harary 1969, Even
1979, Gibbons 1985).° The blocks of agraph give a partition of its edges. In Figure 5
there are three graphs that are single blocks: C4 and the last two graphs. Graphs 2 and 5
contain asingle block plusisolated nodes. There are two K blocksin graphs 3 and 4 and
two blocks in the graph before C4. Three blocks are contained in each of the two trees of
order 7, snce each edgeisablock. A block may contain a solitary dyad (not contained in

acycle) whereas a bicomponent is a block in which there are 3 or more nodes.



We define here a cohesive block of agraph G (aterm that will be useful for sociologica
andyses of cohesion) as any k-component of G, where the associated value of
connectivity defines the cohesion of the block. Within the cohesive blocks of

connectivity 1 will be nested other cohesive blocks, if any, of higher connectivity.” We
use the term cohesive groups to refer to substantive contexts where this concept has been
gpplied to identify socia groups on the basis of their network connectivities. We use
cohesiveness to refer to cohesive blocks of k = 2 and above. We use the term cohesive
subsetsto refer to subgraphs of a graph G that may be cohesive in some respects but that

do not necessarily correspond to cohesive blocks defined by connectivities of subgraphs.

I1. Edge connectivity, and resistance to being pulled apart by removal of edges.

As distinct from node removal, the removal of an edge e from G leaves the
subgraph G - e that contains all the nodes of G. Edge removal presents a lesser
vulnerability to a graph being pulled apart than node removal, which removes
all incident edges. An edge of a connected graph whose removal results in a
disconnected graph is called a bridge.8 The removal of a set of edges in G is the
successive removal of each edge e in the set. An edge-cutset of G is a set of edges
whose removal results in a disconnected graph. The edge connectivity k’(G) of a
connected graph is the smallest number of edges in an edge-cutset. Thus a

disconnected graph has k’ = 0.

10



Parallel to 1.1, we can define the adhesion of a group by reference to the specific
ties between pairs of individuas, e.g., member to leader, member to specific other

member;

2.1. Agroupisadhesive to the extent that the social relations of its members are

pairwise-resistant to being pulled apart.
We can then make this definition more precise by correspondence to the concept of edge-
connectivity:
2.1.1. Agroup is adhesive to the extent that social relations distributed among
different pairs of members prevent the group from being pulled apart by the
removal of subsets of edges.
2.1.2. Agroup'sadhesion isequal to the minimum number of edges between
group members that, if removed, would disconnect the group.
Edge connectivity does not differ from node connectivity for the graphsin Figure 5,
where both types of connectivity are equd: zero for the firgt five graphs; one for the next
three; two for the ninth; and three for K4. Only a order 5 do the connectivity and edge
connectivity of graphs begin to diverge,” as exemplified in Figure 6, where the edge
connectivity is 2 but the connectivity is1. Nodes 1 and 2 have just one node-independent
path, but two edge-independent paths.
(Insert Figure 6 about here)
Figure 8 digplays another illugtration of the difference between node- and edge-

connectivity. Here, between nodes 1 and 2 there are two node-independent and three

11



edge-independent paths. Three of the nodes are separable by removal of two edges. Node
and edge connectivity both equd 2 for the total graph.
(Insert Figure 8 about here)
[11. Degree, Volume and Density: The Inadequacy of Egocentric, Dyadic and
Density Criteria as M easures of Cohesion
The degree of anode u, denoted deg u, is the number of nodes to which u is adjacent. The

minimum degree d(G) isthe smalest degree of anodein G.

Seldman (1983) defines a k-core as a connected maxima subgraph of order nwith d > k.
Doreian and Woodward (1994) prove that k-cores form hierarchica series, i.e,, for k' >k,
ak'-coreisa(posshbly empty) subgraph of ak-core. The k-core isno guarantee of
cohesion. The bowtie graphin Figure 6 isagraph with k = d = 2, hence a 2-core, but is
minimally cohesve because it has a cutnode and does not have connectivity 2. Such a
graph has a cohesion or connectivity vaue of 1, but no cohesiveness (where k > 2)
because of the cutnode. For larger k the same observation holds. Thus thereis no

necessary concomitant increase in cohesion.

The density r (G) istheratio of the difference between m and the maximum number my of
edges of agraph G of order n. Asm; = m (Kp) = n (n-1)/2 we have

rG = m/m = 2m/n(n-1). @
Increasesin Size or dengity for afixed n do not necessarily increase connectivity, and
connectivity can vary independently of them. For example, the sixth graph in Figure 5

hasn =7 and m = 8 and connectivity 0. Other graphs with the same order and size have



connectivity 1 or 2. There are, however, some dependencies between connectivity,
degree, volume and density. We will make use of these dependencies later, in defining
conditiona dengty.
Whitney' s theorem States the inclusion relations between connectivity k(G) at the
stronger end of a scae of cohesiveness, edge connectivity k' (G) at the middle, and
minimum degree d(G) a the weaker end (more inclusive, but less or at best equaly
cohesive):

Theorem (Whitney 1932; cf. Harary 1969: 43): For any graph G,

k(G) < K(G) < d(G). )
From Whitney’ s theorem it follows that every k-component is nested in a k-edge-
component that is contained in ak-core, but not conversdly. In 1736, Euler proved the
first theorem in gragph theory, that the sum of the degrees of the nodes of any graph G is
2m, twice the size of the graph (see Harary 1969: 14). Letting d denote the average
degree, thisshowsthat d = 2m/n. Since the smallest degree cannot be bigger than the
average degree, i.e, d < d,wehave d <2m/n s0 2m > nd. Giventhevaues d 3 k' 3 k
of G, Whitney’stheorem impliesthat 2m 3 nd 3 nk’ 3 nk. Recdl that the density of a
gaph Gis r(G) = 2m/n(n-1). It followsthet the minimum densty r (G) of agraph with
minimum degree d, subgtituting the inequality m > nd/2, and cancdling, isd/(n-1).
Smilarly, it followsthat k’'/(n-1) and k/(n-1) are the minimum densities, respectively,

given connectivitiesk’ and k of agraph G.

Seldman and Foster (1978) define a k-plex as amaximal connected subgraph of order n

where every node has degreen - k or greater. Not every k-plexisan (n - K)-component.

13



Figure 6 contains a 3-plex of order 5 (hence n - k = 2) which is not cohesive as a 2-
component because it contains a cutnode. For increasesink > 2, ak-plex may dill havea
cutnode and thus there is no necessary concomitant increase in cohesion. In generd, k-
plexes and k-cores do not entail either respective n - k or k connectivity or edge-
connectivity. Figure 9 shows agraph of order 8 with a bridge between nodes 1 and 2.
Thisgrgph is a 3-core and 5-plex that lacks both connectivity 3 and edge connectivity 3.
Because of the bridge, the graph has edge (and node) connectivity 1. A connected graph
with no bridges (e.g., graphs 9-11 in Figure 5) hask’ at least 2. We shdl not refer to a
k-core or ak-plex further, as neither lend themsdves to useful theorems or measures
relating to cohesion in groups.

(Insert Figure 9 about here)

I'VV. Connectivity, Multiple Independent Paths, and Node-flow as Cohesion :

Menger’s Equality

Harary, Norman and Cartwright (1965) were the firs to propose the connectivity of a
graph (for the digraph case) as the primary measure of cohesveness. It isther definition
of cohesion that we gavein 1.1.2. By extenson:
1.1.3. Social groups can be regarded as multiply nested in terms of
connectivity values in the following sense: a connected graph (1-

connected) can contain several maximal 2-connected subgraphs, each of

which can contain 3-connected subgraphs, and so forth.
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While the k-components of a graph are determined by maxima sets of nodes with no k-
node cut sets (1.1.1), the degree of cohesion in a group aso depends on the amount of
redundancy determined by multiple independent paths by which pairs of actors are

connected (1.2).1°

Sociologicdly,
121 A group is cohesve to the extent that the multiplicity of (node)
independent paths amongst its members pull it together.
One of the mogt useful resultsin dl of grgph theory is the formulation and
characterization of k-connected graphs due to Karl Menger (1927). ** A graph Gisk-
connected if its connectivity is at least k. It is k-edge-connected when its edge
connectivity isat least k. Menger proved the equality of k-connectedness and the number
of node-independent paths between every pair of nodes (the two most salient attributes of
cohesion).*? The local connectivity of two nonadjacent nodes u,v of agraph G iswritten
k(u,v) and is defined as the minimum number of nodes needed to disconnect u,v from
one another. When u and v are adjacent they cannot be disconnected by the remova of
any number of nodes. Thereforeloca connectivity k(u,v) is not defined when u and v are
adjacent. In particular, acomplete graph, in which every pair of nodes are adjacent, does
not have any local connectivities, and its connectivity isdefined asn-1. But when G is
not complete, the (globd) connectivity k(G) isthe minimum vaue of theloca
connectivity taken over al nonadjacent pairs of nodes. Loca and global edge
connectivities are defined smilarly, except that there is no exception in the case of

adjacent nodes.
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L ocal Theorem A (Menger's Theorem ala Whitney 1932). Let nodesuand v in G be
nodes that are not adjacent. The minimum number of nodes k(u,v) whose remova
disconnects the pair u,v equals the maximum number of independent u-v paths. ™
Global Theorem A (Menger's Theorem 1927). A graph G is k-connected if and only
if between any two nodes u,v of G, there are at least k u-v paths that have no common
nodes except for uand v.

Redtating the previous formulation of cohesion in terms of groups, we see
1.2.2. A group’'scohesionisegud to the minimum number of node-independent

paths taken over dl pairs of members.

For sociology, Menger's theorem states the equivaence of our two pardld series of
definitions of cohesion (now combined): connectivity and number of independent paths.
We now begin to expand on these two aspects of cohesion and to give them afuller

sociological interpretation.

A multigraph M is obtained from a graph G when some of the edges are converted to two
or more edges. Thus, every graph isamultigraph, but not conversdly. An (integer

vaued) network is obtained from agraph G by assgning natural numbers, called weights
or values or capacities, to the edges of G. Therefore, when each edge with vduetina
network is replaced by t edgesjoining u and v, we have amultigraph. The local (edge-)
flow fromuto vinamultigrgph M isprecisdy k' (u,v), the minimum number of edges

that must be deleted from M to disconnect u fromv. We now consider only node-

independent u-v paths The local node-flow (i.e., node-independent flow) aong node-

16



independent u-v paths of agraph G, k(u,v), isthe minimum number of nodes that must
be ddleted to disconnect u fromv. By Locd Theorem A, thisis the maximum number of
paths from u to v that do not pass through any of the same intermediate nodes.
To capture the idea of node-flow for a multigraph (equivaently, for a network) we must
define a new concept of connectivity, since we are considering flow through edges and
not the possible limiting capacities of nodes. Theloca node-flow k" (u,v) inamultigraph
M is the smdlest number of edgesin a set of node-independent u-v paths whose remova
disconnects u and v.** The node-flow connectivity k" (M) is the smallest number of
edges in a set of node-independent paths connecting any pair of nodes, whose removal
disconnects M.  Figure 7 shows a multigraph wherek (u,v) =k (M) =1 but k" (uv) =k"
(M) = 2. For agraph, k" (G) = k (G), but not necessarily for amultigraph.
(Insert Figure 7 about here)

For any u-v path in M, there exist p parallel u-v paths (induding the origind path) if and
only if between each pair of adjacent nodes in the path, there are at least p independent
edges. By restatement of Menger's Local and Globa Theorems'®,

k" (uv) equdsthe maximum number of pardlel node-independent pathsin M

that connect utov.

k" (M) equds the minimum of the maximum number of pardle node-

independent pathsin M joining any pair of nodes.
From these restatements of Menger’s Theorems for node-independent paths, we can
derive anew version of the celebrated Ford-Fulkerson Theorem (1956):

The maximum node-flow between any par of nodes in a multigrgph M equds the

minimum number of edges in node-independent paths whose removal disconnects M.
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Because removing anode v of a connected G removes deg v edgesand deg v is 1 or

more, we obtain

k(uy) < K(uv) < min (deg(u), deg(v)) 3)

The concept of node-flow, as defined for the first time here, is of importance to sociology
because the maximum node-flow in amultigraph derives from both of its fundamenta
properties of social cohesion, 1.1.2 (“"resistance to being pulled apart™), and 1.2.2 (“stick
togetherness’). Multiple independent paths are epecialy important in considering
influences or effects as they spread through a network, and in compensating for distance
decay. Since higher redundancy -- i.e., node independence -- in flow compensates for
transmission decay at larger distances, blocks of actorsthat are multiply connected
through independent paths may act as amplification systems for boosting the coherent
ggnas transmitted in socid interactions. Moody and White (n.d.) provide substantive

examples.

The concept of node-flow helps to explain how socid cohesion can operate in socid

groups when there are many independent paths between nodes but the average distance

between nodes is somewhat high. Further
1.2.3. Social groups are multiply nested in terms of their node-flow-
connectivity values in the sense that a node-flow connected multigraph (1-
node-flow-connected) can contain several maximal 2-node-flow -
connected subgraphs, each of which can contain 3-node-flow-connected

subgraphs, and so forth.
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High connectivity (or node-flow) connectivity gives asocia group resistance to being
taken gpart by remova of nodes (or edges in node-independent u-v paths). Thus, a
subgraph (or subgroup) with connectivity k isk times more resstant to being pulled apart
than a subgraph with connectivity 1. This cohesive resstance operates independently of
the distances or shortest paths that characterize the cohesive block. The andogy hereis

with ameta chain: its srength isthat of its weakest link, and is unaffected by its length.

V. Edge-Connectivity, Edge-Independent Paths and Flows as Adhesion:
Menger’s Equality
Pardld to the definition of adhesion in terms of resistance to disconnection through edge
remova (2.1), we can dso define adhesion in terms of the strength of ties, including
edgesin amultigraph, indirect ties and flows.
2.2. Agroup isadhesive to the extent that the social relations of its members pull
them together pairwise.
2.3. Social groups can be regarded as multiply nested in terms of edge-
connectivity values (adhesion) in the following sense: an edge-connected
graph (1-edge connected) can contain several maximal 2-edge connected
subgraphs, each of which can contain 3-edge connected subgraphs, and so
forth.
The edge verson of Menger’s Globa Theorem A follows.
Global Theorem B (Menger). A graph G is k-edge-connected if and only if
between every pair of nodes u,v there are at least k edge-digoint u-v paths.

We will not give here the loca verson of Theorem B.
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The maximum flowminimum cut theorem of Ford and Fulkerson (1956) is one of the
most useful resultsin all of operations research.'®
The maximum flow between any pair of nodesin amultigraph M (equivdently, a
network) equas the minimum number of edges whose remova disconnects M.
Asasociologica method for identifying network bases of solidarity, however, maximum
flow-minimum cut is the weeker of the two methods we have described for measuring
network-based solidarity (adhesion being the weaker and cohesion based on node
connectivity the stronger). A network may have a very high capacity for flow between
al pairs of nodes, and yet have a cutnode whose remova reduces potentid flows between
two or more parts of the graph to zero.!” We compare the two methods (adhesive edge-

connectivity and cohesive node- connectivity) in the case study following our hypotheses.

V1. Hypotheses
Differences in cohesiveness should have predictive consequences for socid groups and
thelr members across many different socid contexts. Only in the long run and over many
Sudies can we evauate whether connectivity-based cohesion isa primary bassfor the
numerous socia consequences at the group and individud level that are thought to follow
from cohesion. Our generd hypothesisis that connectivity-based cohesion will have such

consequences for socid groups of many different orders.

Why should the cohesiveness measure of cohesion should be predictive? There are some

relations that serve as conduits for information, gossip, favors, transmission of disease,
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exchange of goods, etc., and for which connectivity-based measures of cohesion areidedl
for describing pockets in which (node-independent) redundancies of transmission

circulate (the internet is a good example).

Cohesion asresistance to agroup’s being pulled apart, however, isindependent of
distance decay, since there are till bonding effectsto consider. As noted, transmission
decay aside, it isk times more difficult to bresk gpart two nodesif they have k node-
independent chains of connectionsthan it is to break them gpart if they have asingle
chain of connections. Hence higher connectivity is an indicator of cohesion eveninthe

complete absence of transmission effects.

Grannis (1998), for example, found that the best predictor of the contiguous zones of
homogeneity in urban nelghborhoods was not closeness of ties or waking or driving
distance, but chains of neighboring relations along residentia streets, bounded by
freeways, commercid digtricts or naturd barriers. The bonding chains did not imply that
members of the homogeneous sets had a high density of neighbor reations, but that they
had multiple independent or sometimes even sngle-stranded chains of neighboring by
which members of the homogeneous (and we would argue, “ cohesive’) group were
neighbors of neighbors of neighbors etc. without congraint on path length. Nor wasa
high degree of tranamisson of information necessary aong these indirect paths. These
were smply loca neighborhood bonds that implied higher local homogeneity rdative to

nor+neighbors in different graph theoretic zones of cohesion. The concatenation of these
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locd bonds implied only the rdative trangtivity of homogenety, independently of

transmission or influence involving effectsindirect paths of neighborhood.

Our generd hypothesisis that connectivity must be considered a sine-qua-non of socid
cohesion, dthough there are other factors to consder aswell. The choice of adhesion,
cohesion and other measures such as density or distance on shortest paths will be partly

quided by type of social relations being siudied.

In the next section we analyze the statics and dynamics of cohesion in asocia network

case study of moderate scale.

VII. An Empirical Test Case: the Karate Club
Zachary’s (1975, 1977) two-year ethnographic network study of 34 members of akarate
club isagood proving ground on which to examine hypotheses involving the concepts
and measures we have discussed as aspects of socid solidarity. It provides an opportunity
to test the predictiveness of the boundaries of nested cohesive sets againgt the outcome
variable of “sdes’ taken in afactiond disoute that ultimately split the club into two. The
disputants were the karate teacher (T, #1, Mr. Hi) and the club administrator (A, #34,
John) and the dispute was about T’ s desire to raise fees and A’ sindgstence to hold down
costs. Thiswas the cause for their competition in calling meetings a which the
dternating conveners hoped to gain mgority votes to pass self-serving resolutions by the

club members atending. The formation of factions was visble to the ethnographer and



evident in meeting attendance, which varied in factiond proportions according to the
convener. Ultimately Mr. Hi (T) wasfired, set up a separate club, and the factiond split

became the basis for peoples choices of which club they would follow.

Figure 8 shows the network of (affective) friendships among the 34 members. Zachary
used minimum edge cuts (the Ford- Fulkerson maximum flow-minimum cut theorem) to
separate two subgroups with respect to the two disputing leaders. He did so by weighting
each friendship edge by the number of contexts (karate and other classes, tournaments,
bars and hangouts) in which they met. The minimum weighted- edge cut between A and
T gave him a near- perfect prediction of actud faction membership, except for three
persons who did not take sidesin the factions.

(Insert Figure 8 about here)
Using our definitions, the adhesive subsetsin Figure 8 are labeled according to their edge
connectivity. These setsform concentric rings of 1-, 2-, 3- and 4-edge- connectivity.
They give some sense of how friendships and adhesions unified club members before the
factiona digpute emerged into an actua division of the club into two separate units.
Among the sets shown in Table 1, the most adhesive set consisted of 10 members,
including both A and T. The table gives the members and number in each s, the edge
connectivity k’ and the concentric nesting of the sets. Zachary himself did not utilize
criteriafor subgroup cohesion.

(Insert Table 1 about here)
The dynamics of the dispute give us the opportunity to examine adhesion, which is

especidly rdevant to T’ s role as a charismatic teacher with two separate groups of
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adherents, as can be seen from Figure 8, and to examine the role of cohesive blocks

before the split and in mobilizing action after the split. The network as awhole is unified
around its adhesive leaders and their friendship circles, but is not cohesively unified. The
nested 1-, 2- and 3-edge- connected subsets contain a cutnode (T), and so are not cohesive

beyond smple connectedness.

The minimum of edges that need to be removed before T and A are disconnected is 10.
Since there are many different 10-cuts which disconnect A and T, thereis no clear

prediction of factiona memberships from unweighted edge cuts.

In Figure 9, five cohesive blocks (connectivity 2 or greater) are circled, and al five have
one node (T) in common. Two cohesive blocks (a 3-component within a2- component)
exclude node A and three (a4- component within a 3- within a 2-component) include
node A. Table 2 shows the five cohesive blocks, their members, the number of nodesin
each block, vaue of connectivity, and hierarchica nesting (the conditiond dengty in the
last column will be explained later). In addition, T (the charismatic teacher) is amember
of the most cohesive subset shown within the dotted ova (not, however, amaximd
cohesive block), if we take into account both its connectivity of 4 and its dendty. Thisis
a subgroup of 6 persons, but it is part of a 10 person 4-connected group. The need to
introduce dengity in addition to connectivity in measuring cohesion will lead to our
defining dengity conditiona to connectivity in the next section.

(Insert Figure 9 about here)

(Insert Table 2 about here)
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If we set the problem of determining factiona divisionsin the context of the opposition
between leaders, as Zachary did, the decision-making sStuation of the few cub members
who had friendships with both leaders leads to a prediction. These in-between persons—
9, 14, 20, and 32 — had to make up their minds which leader to follow asthe club split. It
is support for the cohesion hypothesis that while each of them had stronger or at least (for
#14) equa strength tieswith 34, the choices they made corresponded not with the number
of contexts in which they have friendshipswith T (Mr. Hi) or A (John) but by the “pull”

of cohesive ties with others. Students 14 and 20 had more independent connecting paths
with T than with A,*8 and they digned with Mr. Hi’ s faction in terms of mesting
attendance. If we take these choices into account, and remove from the graph the line
14,34 (or aso 20,34), then the 4-connected set of 10 persons breaks up leaving only one
4-connected subset {1,2,3,4,8,14}, including T (1), nested within alarger 3-connected
subset, as shown in Figure 10. The 4-connected block of six personsdl dignwith T, as
predicted from cohesion. If we alocate the remaining nodes according to their cohesion
with T versus A using node cut set and independent path criteria, we see that member 20
goeswith T and the remainder with A. Continuing to use these criteriato dlocate the
remaining people, only person 10 isindeterminate, and was one of the three not
fectionaly digned. The find prediction of faction membership from the cohesion criteria
(r=.969, p<.000001) is shownin Table 3a, where the columns indicate whether cohesion
is greater, equd or lesswith Mr. Hi (T) than with John (A), and is nearly identicd to
Zachary's prediction using the Ford- Fulkerson maximum flow- minimum cut agorithm

on weighted edges (Table 3b, (r=.955).

(Insert Figure 10 about here)
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(Insert Tables 3a and 3b about here)
Zachary's prediction, however, contained an implicit attribute-biasin that A and T and
their closest associates had the highest edge-weightings because as leaders of the club
they wereinvolved in the widest variety of different contexts. Zachary lacked two things
that would have made his anadlys's convincing: one was ajudification for the relevance of
the mincut/maxflow agorithms, and second, a processud explanation and mode of how
and why the factions divided aong the edges of aweighted minimum cut. Hence, our
prediction from cohesion criteriaaone isatest of the predictive aspects of solidarity that
derive from network relationships alone (i.e., edges alone and not their exiencein
different contexts that Zachary used to define edge capacities)*®, and it gives a processud
step- by-step account of the emergence of the factiond lines of divison that were not so
apparent at the outset. Another reason that Zachery’ s capacitated flow argument does so
well isthat flow, in the unweighted case, is highly corrdaed with number of independent

paths. Zachary hastheright result, but for the wrong reasond

Although both models make near- perfect predictions, the cohesion argument “wins’ over
the capacitated flow and possibly other argumentsin the karate sudy on the grounds of
parsmony, aclear explanatory principle, and a process mode of efficient cause?® Using
the same data asin Table 3a, Table 3c dlows usto evaluate goodness- of-fit in further
detail asto the correlation between cohesion measured by k-connectivity and faction
membership (r=.929). What ismogt interesting in this table are the sixteen individudsin
the lower rightmost cells, which show areversa of the hypothesis of co-linearity between

k-connectivity vaues and membership in John'sfaction. The cause of this departureis
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evident from the fact that the cohesiveness of the high-connectivity members of John's
faction is eroded by their high connectivity as well (k=3 and k=4) with Mr. Hi'sfaction.
Three of John's high connectivity alies are only wesk faction members, and one of these
(person 9) defects at the later stage where Mr. Hi sets up his own school. 1t isthe more
peripherd of John's supporters (with connectivity 2, linking only with him and his closest
aly, 33), who are more consgstently his strong faction members. This closer examination
of the data supports the cohesiveness arguments as to faction membership in far more

detail than explanations that follow the maximum flow-minimum cut arguments.

The karate club study aso shows that while cohesion, measured by connectivity, isa
measure that makes correct prediction as to expected effects, there is also aneed for
identifying localized high-density subgroups within cohesive blocks. This need will be
evident in most empirica studies of cohesion, and motivates our development of a Htill
more precise measure of cohesion that combines connectivity with rdative dengity within
ak-connected group. This measure of dengity isintended not only for this but a host of

other studies.

VIIl. Conditional Density
To define precisely the conditiona dendty of agraph G with respect to some structura

property, we need some preliminary definitions. Let P be a generic property of graphs,

such as connected, or bipartite, etc. We aways denote the order of G by n (nodes) and its

Sze by m (edges). Let my(G:P) be the minimum size of agraph G of order n that enjoys
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property P, and let ny (G:P) be the maximum size. Then the conditional P-density,
r (G:P), isdefined by

r (G:P) = (m-mp) / (My-1).
Thereisalimit on the maximum number of edges for which agraph of order nwhichis
not complete can retain property P. Thisupper size limit, np, equasm+1. Thus, my is
the maximum m in an (n,m) graph with agiven k, and m isthe smdlest m that forces

that graph to surpass connectivity k.

The conditional P-density, r »(G:P), which is dways less than one, is defined within the
lower and upper size limits my and mp:**

r 2(G:P) = (mrmp)/(me - mp) < 1 (4)
If Pisomitted from ether of these formulas, so that my = 0 and we let my = my = m(Kp,) =
n(n-1)/2, both reduce to the usud graph density formula

r(G) = r(G)=m/m =m/(n(n1)/2) = 2m/n(n-1).
For graph 8 in Figure 3, for example, the ordinary density r (G) = .67, and where the
property Pisthat of connectedness (k = 1), graph 8 has a surplus of one edge beyond
those needed for the property k = 1, while the maximum such surplusiis two edges for a
connected graph with 4 nodes, hence the conditional P-dengty of thisgraphisr » (Gk =
1) = 0.5. Two surplus edges beyond those required for k = 1 are needed to force agraph

with 4 nodesto have k = 2. The conditiond P-dengdity r »(Gk = 1) isthus.33. In
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generd, conditiona P-densty r » istheratio of surplus edges, beyond those minimaly
needed for agraph of order n to have property P to the minimum number of surplus edges

at which agraph with order n cannot siill retain property P.?2

Connectivity and Conditional Density: A unified approach to measuring cohesion?®

Graph connectivity and dengity are two aspects of coheson that are tightly bound
together. We take advantage of their interdependence to combine and unify them into a

single measure of cohesion.

To apply conditiona density to the property of connectivity®* requires the values of
mp(Gk) and nmy(Gk) or mp(Gk) for agraph G of sze m and order n with connectivity k.
These are known from extremal graph theory.? Let éxti be the fraction x rounded up to
the nearest integer, and for conciseness, let m* = m(K..1), the Size of the complete graph
of order n - 1. Thelimiting Sze my(Gk) of agragph of order n with connectivity k, where
O<k<n-1/isl+k+m*. For k=n-1wedeineny(Gk) = n(n1)/2, the maximum
gze of agraph, giving maximum conditiond density of 1 only for K. Theminimum
numbers of edges my of G with connectivity k =0, 1, and >1 are 0, n - 1, and énk/2(,
respectively. In genera, my = énk/20 rises linearly with n, while each of my or n, rises
quadraticaly, so that conditiond dengties are more tightly limited when there are fewer

nodes and higher values of k.
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When r »(GK) is close to zero, the connectivity structureis fragile, in that the remova of
arandomly chosen edgeis likdly to reduce the connectivity of G. The minimum sze of a
graph G of order nfor k = 2, for example, isn, redlized only by the cycle C,. The
remova of any one of these n edges reduces the connectivity to k = 1. If G contains one
surplus edge, the chance that random remova of an edge will reduce the connectivity of
Gtolisn/(n+l). Asthe surplusdensty r o(G:P = k) increases, more nodes will have
extraedges, and the graph becomes less vulnerable to alowered connectivity with the
remova of arandom edge. As conditiond dengty approaches 1, the connectivity
gructure is more robust: Many randomly chosen edges can be removed with less chance

of reducing connectivity.

Cohesion: An Aggregate Measure (connectivity & k-density)

The sum of the connectivity k and the conditiond dendty r »(Gk) of agraph G isnot the
only possible measure of its cohesion but is the best of the sSingle measures currently
avallable (see Moody and White, n.d.). Connectivity and conditiona density each
contribute independently to cohesion, according to the two objective criteriareviewed

earlier. We now consider how dengity playsinto these criteria

For thefirgt criterion of cohesion, namely, that a cohesive block stays together, the vaue
k of k isthe guarantee that a graph cannot be disconnected without remova of at least
k nodes. In addition, higher vaues of conditiona densty reduce the likelihood thet

removd of arandom edge will diminish the vdue of k.



For the second criterion of cohesion, that the nodes of a cohesive block should be
grongly tied, the value of k is dso the guarantee, by Menger’s Theorem A, that every
pair of nodesin agraph hask or more independent paths connecting them. In addition,
the higher the value of conditiond density, r 2(Gk), the less the likelihood that the
remova of arandom edge will diminish the minimum number k of independent paths

between every pair of nodes.

There are, of course, additiona indicators of cohesion besides connectivity and dengty,
among which are the distances between pairs of nodes (average distance, for example,
aong firgt and second shortest paths). However, to establish whether the distribution of
distances between nodes in agraph with connectivity k and conditiond densty r o(GK) is
less than, equd to, or greater than expected in a“random” distribution, we are better off
using smulation (and different probabilistic mode's of what is meant by “random”) rather
than direct measurement (Watts 1999a). Approximation methods have not yet been
developed to answer these questions within random graph theory (Pamer 1985, Kolchin
1999).

A well-constructed measur e of cohesion

A wedl-constructed measure requires a demongtration of the unit of measurement that
gives amonotone increase in magnitude of the quantity measured. The unit for which the
aggregate measure of cohesion is monotone is the addition of an edge within a graph of
order n, which should be an objective correlative for an increase in cohesion. It can be
verified thet the aggregate cohesion measure behaves correctly by this measurement

criterion: it is successively increased in any sequence of graphs of agiven order in which
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edges are successively added. The sequences of graphs of order 4 shown in Figure 11,
for example, satidfy this criterion. These are the same deven graphs asin Figure 3, dong
with directed arrows showing which graphs are transformed to another by addition of an
edge; thelr aggregate cohesion measures are given in the fourth row of Table 4: for each
successive graph under edge addition, there is an increase in aggregate cohesion

(Insert Figure 11 about here)

(Insert Table 4 about here)

Only certain sequences of adding edges will give maximum increases in aggregate
cohesion. Cohesion isincreased maximaly in the sequencesin Figure 11, for example,
that lead from the totally disconnected graph (1) to the graph with al nodes are connected
by asingle path (6), to one with dl nodes connected by a single cycle (9), to the graph
conggting of asingle dique (11). The principle of ataining successve maximum
coheson by adding edges in agragph of any order nisadwaysto build first asingle
connecting path, then a cycle (connectivity 2), then to place the minimum edges needed

build connectivity 3, then connectivity 4, and so forth.

Adding edges so asto build cliques of maximum order as a subgraph, of course, does not
maximize overdl connectivity or aggregate cohesion, athough it does increase subgroup
density and heterogeneity. Nor does adding edges to a graph increase cohesion if it aso
adds one or two new nodes incident to the edge. Unless cohesion wasiinitialy zero, this

will decrease the cohesion of the graph.

Table5, for various vaues of n and k given in column 1, showsin columns 2 and 3 the



vaues my and my for graphs of order n> 1 with k =0 or 1, and for graphswith 4<n<7
and n =40 nodes for various values of k > 1. Illugtrative graphs from Figures 1 and 2 are
referenced in the table. The bowtie graph (n=5, k = 1) in Figure 4, for example, hasa
conditiond dengty of (6-4)/(9-4) =0.4 and an ordinary dendity of 0.5.

(Insert Table 5 about here)
As noted above, the denominator of r »(Gk), conditiona dendty, insuresthat it cannot
reach 1.0 for agiven k. Thisalows the aggregate measure of coheson —asa
connectivity integer plus a conditiona dengty decimad (<1) — to correctly digtinguish
between the case of maximum dengity at connectivity k and minimum dengity &
connectivity k+1, where the aggregate cohesiveness of the former is dways less than that
of the latter. 2
Subgroup Cohesion
The boundaries and measures of each of the k-components of agraph provide a
convenient way to study the structure of socia cohesion. One of the mgor problemsin
the measure of socid cohesion isthe fact that different cohesive subsets overlep. The
measure of cohesion based on the sum of the connectivity k(S) of asubgraph Sand its
conditiona dengty r o(S;k) provides a solution to the problem of overlapping cohesve
subgroups in that each nested k-component of a graph has an associated measure of

cohesion.

To illustrate measurement of subgroup cohesion, relationships among the cohesion

measures for each k-component of the eeven 4-node graphsin Figure 3 (or Figure 11)

are shown in Table 4. Thefirgt three rows of the table show the connectivity k,



conditiona dengty r »(Gk), and aggregate coheson k+r »(Gk) for each of the graphsin
their entirety. The second, third and fourth sets of four rows each show these vaues for

the largest component, bicomponent and tricomponent of each of the 11 graphs.
Subgroup Inhomogeneities

Socia groups with networks of high connectivity have high cohesion, but they may be
highly inhomogeneous if they have high conditiond denstiesaswell. Groups with low
conditiona dengties have rdatively fewer surplus edges with which to creste loca

subgroup inhomogeneities. Thus, some of the problemsin the study of nested subgroups,
their relative homogeneities and inhomogeneities, and the relation between cohesion and
socid solidarity (Markovsky and Lawler 1994, Markovsky and Chaffee 1995, Markovsky

1998) can be studied by means of connectivity and conditiona dengty.

I X. Testing predictiveness of conesion measureson alarger scale
The evidence of the karate data is useful in establishing that connectivity is a measure of
cohesion that makes correct predictions about the consequences of cohesion for
individua behavior and the emergence or division of socid groups, but it doesso ona
relatively smdl scae in which different measures and approaches to cohesion dso give
gmilar results. The analyss of overlgoping cliquesin this case gives Smilar results for
these data (Everett ms.), but large high-connectivity groups will not in generd be
constructed of overlapping cliques. We do not presume that connectivity isthe only
measure of cohesion, only that it the most fundamenta component of interpersond

cohesion in socid groups, large or smdll.



In our computation of factiond groups for the karate club, we used the measure of the
number of independent paths between nodes to compute pairwise cohesion. Pairwise
maximum flow measures the number of edge-independent paths, which is dways the
same or greeter that the pairwise maximum node-flow or number of node-independent
paths between nodes. White and Johansen (2000) successfully used the maximum flow
measure, equivalent to an unweighted version of Zachary’s method, in predicting large-
scae politica factionsin anomadic society. The use of pairwise measures of cohesve
srength (both flow and node-flow) may be widdy useful in sudying patterns of socid
cohesion and adhesion, but it is still an open research question which measures make

better predictions, and why.

Moody and White (n.d.) characterize socidly cohesive friendship groupsin twelve
American high schools and financidly cohesive business groups by computing the k-
components of the respective graphs. They find that embeddedness in k-connected
groups is a strong predictor of school attachment, and is the only predictor of attachment
among diverse network variables that replicates sgnificantly across al schools. Usng
data from a study of business unity by Mizruchi (1992), Moody and White aso show that
cohesion or level of connectivity gpplied to the network of corporate interlocks among 57
firms, controlling for other network measures, predicts smilarity in business behaviors.
They argue for and illustrate the fundamental importance of connectivity and its
hierarchical embedding?’ to awide range of applicationsin sociology. Moody’s
agorithm successively removes sets of nodes with the lowest connectivity. By

combining severd agorithms of low complexity, Moody has made computation feasible



for rdatively large graphs. Studies using connectivity to measure socid cohesion (such

asthat by Grannis, 1998, discussed above) are till, however, quite rare.?®

Brudner and White (1997) and White et a. (2000), for example, identified sociologicaly
important cohesive blocks in two large (n = 2332 & 1458 respectively), sparse networks
using the concept of cohesion measured by connectivity. Thefirg of these studies
showed that membership in a cohesive block, defined by marita ties among households
in an Audrian farming village, was correlated with gratified class membership, defined

by sngle-heir succession to ownership of the productive resources of farmsteads and
farmlands. In the second study, they found that the cohesive block defined by maritd ties
of Mexican villagers was restricted to a bicomponent that included families with severa
generations of resdence and excluded recent immigrants and families in adjacent

villages. The cohesive block defined by compadrazgo,?® on the other hand, crosscut this
village nudeus and integrated recent immigrants. In contrast to the first study, the
Mexican case established a network basis for the observed cross-village egditarian dlass

gructure.

X. Summary and Conclusion
In arguing for adistributed and scaable definition of cohesion, our purposeisto provide
atheoretical foundation for asking some empirica questions about socid cohesion that
lie a the heart of sociology and socia anthropology. It isclear that cohesionisan
important concept beyond socid psychology and is fundamenta to defining socid groups

and their boundaries as emergent phenomena. Waitts (1999a,1999b) work on the small



world problem tied network structure to an important globa characteristic of networks,
their “connectivity,” but like Wasserman and Faust (1994) he does not utilize the actud
graph theoretic measurement of connectivity. Smal scde "socid psychologicd™ coheson
based on the model of cliques and attachment-to-group makes a difference because it
affects the strength of group norms, how much individuds are willing to sacrifice for the
groups, and so forth. But in alarge group what difference does cohesion defined by
connectivity make a the macro-level? Suppose you had two large groups both equd in
the dengity of choices, both connected and smilar in other structurd festures as well, but
one being more cohesive than the other in the sense defined here. What would be the

concomitant differencesin the behavior of the groups?

This paper establishes a solid theoretic and measurement basis by which macro-leve
questions of this sort can be addressed in red examples of large-scale socid networks. It

is the second and foundationa paper for a series of empirica studies currently being

addressed.?® The previous paper in this series (Moody and White n.d.) contains literature

reviews and empirical analyses of case sudiesthat are addressed to questions of the

consequences of cohesion defined as ditributed connectivities in large-scale socia

groups.

We have shown how high connectivity plus amodest amount of extra:-loca
“randomness’ in socid ties, which reduces average path length, is capable of generating
large- scale group cohesion, coordinated socid action, homogeneity, and the emergence

of group norms a the macro leve. Theidentification of bounded connectivity subgroups
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in anetwork is an idea means of finding the boundaries of cohesive small-worlds and

measuring the degree of cohesivenessin each of their embedded subgroups.*°

Sociologists need to reconsider the concept of cohesion as a potentidly “distributed”
phenomena®! A potentid biasin favor of defining socia cohesion as existing “only” in
face-to-face groups may well have accumulated from the past century of smal-group
research. We have shown logicaly, step by step, within a graph theoretic framework,
why such abiasis mistaken in the context of measurement theory. Using the data of
socia networks we examined cohesion as the network component of a more inclusive
concept of solidarity, which incdludesindividua psychologica attachmentsto a group.
We offered an dternative hypothesis that network coheson may exist in large-scae

groups as eeslly asin small.

Our precise and scalable method for measuring cohesion in networks and subgroups of
any Sze has the advantage of detecting boundaries of subgroups, finding hierarchies of
embedded subgroups, and measuring cohesiveness a each level of embedding. No other
method of measuring cohesiveness has these advantages (most give an overwheming
welter of overlapping subgroups that introduce a second intervening level of andysis and
interpretation), and our review of graph theoretic concepts (White 1998, Moody and
White, n.d.) shows no other method to possess equd vdidity in terms of the construct
criteriathat cohesive groups are “resistant to breaking apart” and are weaker or stronger
in proportion to the “multiplicity of bonds’ that hold them together. When combined

with conditiond density, the connectivity-based measure of cohesion has measurement



vdidity in that our measure of cohesion increases with each additiond edge added to a
graph of fixed size. In the karate example we showed how cohesive blocks contribute to a
process of group division, but our measure of cohesion would be not be appropriate if the

relation under study was thet of conflict or antagonism.

The fundamentd intuition involved in the concept of socid cohesion, we argue, must be
conggtent with the idea that the greater the minimum number of actors whose removal
disconnects a group, the greater the cohesion. Equivaently, as demondtrated by Karl
Menger, the greater the number of multiple independent paths the higher the cohesion.
The leve of cohesion is higher when members of a group are connected as opposed to
disconnected, and further, when the group and its actors are not only connected but also
have redundancies in their interconnections. Overlapping circles of friends increase socid
cohesion, for example, dthough the idea here is not the same as the "intersecting socid
cirdes' concept of Smme.>? The higher the redundancies of independent connections
between pairs of nodes, the higher the cohesion, and the more socid circlesin which any

pair of personsis contained.®®

Given that the cohesiveness of a group is greater when there are higher redundancies of
interconnections by multiple independent paths, the cohesion of a graph or subgraph is
measured by its connectivity and, on afiner scale, by surplus density conditiona on
connectivity. To give abrief synopsis of the argument, measurements of socia cohesion
by connectivity and conditiona densty are congtructed by the following two sets of

definitions.



(2) The connectivity k(G) of agraph G is the smdlest number k of nodes whose
remova disconnects any component of G or reduces the order of any component to a
snglenode. A graph G isk-connected if k(G) > k. A k-component isamaximd k-
connected subgraph of G. A graph G isk-cohesiveif k(G) = k. Hence, for each value of
k, the k-components of a sociad network represented by agraph G define empirical socia
groups with a corresponding level k of cohesion. Subgroups with higher levels of
cohesion are embedded in ones with lower cohesion since the k-components of agraph
form hierarchies by induson. By Menger's Theorem: A graph is k-connected if and
only if every pair of nodes are connected by at least k independent paths. The
redundancy of multiple independent paths connecting actors is fundamenta to measuring
group cohesion as digtinct from the proximities of actorsin anetwork. The social
cohesion of agroup is thus the minimum number k of its actors whose remova would not
alow the group to remain connected or would reduce the group to but a single member.
Hence a k-cohesive block is not only k-connected but every pair of actorsis connected by
at least k node-independent paths.

(2) Conditional density measures cohesion on afiner scae, that of surplus density
beyond that implied by connectivity. For each of the k-components of a graph, these two
measures may be combined into an aggregate measure of socid cohesion, suitable for

both amdl- and large-scae network studies.

Connectivity is a distributive phenomenon with emergent properties — such as might
define the boundaries of socid groups — that are of fundamenta importance to the study

of socia networks. Large scae cohesive sets may appear in terms of network



connectivities that would not appear by the use of other measures. Correl ations between
hierarchical embeddednessin cohesive blocks and potentid effects of cohesion (such as
school attachment, or smilarities in business behaviors, asin the sudies of Moody and
White n.d.) underscore the conceptua and substantive importance of connectivity asthe
primary messure of cohesiveness. In the study of social networks, both large and small,
node connectivities and conditiona dengties are fundamenta measurement concepts for

socid cohesion.

One of the bases of preconceptions about cohesion that is most resistant to change isthe
ideathat in socia networks, socid interaction has only proximd effects, and that indirect
effects quickly decay as we move from direct effects (distance 1) to effects dong paths of
distance 2 or 3, beyond which indirect effects are regarded as minimd. It isworth
stressing once more that what this bias in preconceptions of socid cohesion omits are the
two fundamenta properties of the redundancies created by multiple independent

pathways and large node cut sets.

First, independent pathways are convergent in their indirect effects, even a adistance.
Independent paths between every pair of nodes in a cohesive block defined by
connectivity (equa to the minimum number of such paths) may more than compensate
for the decay of effects of cohesive interaction ong long paths. Studies of large-scae
socid diffusion, for example, typicaly rest upon and demongrate the fact that long paths
matter. What connectivity providesto the interna networks of cohesive groupsin terms

of transmisson effects is the possibility for repetition dong multiple independent

a4



pathways in the tranamission of rumor, information, influences and cycles of

disperson/concentration in the transmission of materid items.

Second, multiple independent pathways (equinumerous to minimum cuts) necessarily
imply stronger bonding between pairs of nodes, regardless of distance decay. Itisk
times as hard to break apart a network tying nodes together by k node-independent

pathways that it is to break apart a single chain that connects them.

The effects of multiple bonding and redundancy or repetition along convergent
independent pathways are crucid in the formation of socid coherence, socid norms,
sanctions and solidarities, and the emergence of socidly or cultural homogeneous groups,
and thus should be of focd interest to the study of socid cohesion, including cohesion on

avery large scde.
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2 French (1941:370), for example, discussed how a group exists as a balance between
“cohesive’ and “disruptive’ forces. Moreno and Jennings (1937: 371) defined
cohesiveness as "the forces holding the individua s within the groupings in which they
are." Carron (1982:124) viewed cohesiveness as "a dynamic process thet is reflected in
the tendency for agroup to stick together and remain united in pursuit of its goas and
objectives.” Gross and Martin (1952: 553) define cohesiveness by "the resstance of a
group to disruptive forces' as opposed to the rather vague definition of Festinger et d.
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(1950:164) of cohesiveness as "the tota field of forces that act on membersto remainin
the group.”

3 A group with nonsymmetric rdlationsis representable by a digraph D=(V ,A) consisting
of aset V of nodes and aset A of arcs (directed edges) conssting of ordered pairs of
nodesinV. A more complex but also more genera derivation of our results regarding
measures of cohesion, applicable to digraphs, was done by Harary, Norman and
Cartwright (1965:add page reference).

# Cohesiveness for acomplete graph K, isn-1.

> This two-part definition is needed because no matter how many nodes are removed
from a complete graph, the remaining subgraph remains complete and hence connected
until the trivid graph with one node is obtained, and we do not removeit sinceits

remova leaves emptiness. Thus connectivity is defined as n+1 for the complete graph K.
® Scott (1991:111,189 f.n.9), owing to the fact that block has another meaning in network
andysds, uses the unnecessary and unfortunate term knot, easily confounded with the
established term with another meaning in topology. Everett (1982a, 1982b) dedls
separately with both types of block.

" To darify the difference between graph theoretic and our sociological vocabulary,
among the blocks of a graph, only the 2-components of order n > 3 are cohesive blocks.
The weakest value of cohesiveness has connectivity 2, in which acohesive block isa 2-
component. The weakest value of cohesion has connectivity 1. The blocksof a 1-
component may consist of dyads not contained in cycles, or of larger subsets of the 1-
component that have connectivity 2 or more.

8 Another characterization of atreeisthat it is connected and each edgeisabridge. A
connected graph hask’=1 if and only if it has a bridge. Connected graphs 6, 7 and 8in
Figure 5 have bridges.

® Node and edge- connectivity are equa for any graph in which the minimum degree d(G)
issufficiently large so that d(G) > n/2 (Harary 1969:44).

10 Albaand K adushin (1976) define the cohesion of two nodes as the number of cydlesin
which they are contained. Since two cycles may differ, but have edgesin common, k



cycdles containing two nodes do not imply k-1 digoint paths between them, so this
measure of cohesion does not identify clear boundaries of cohesve subsets.

1 He accomplished this as an abstract result in the study of point-set topology.

12 A graph of connectivity k is k-connected, but a k-connected graph may have
connectivity k or greater (likewise for edge-connectivity k and k-edge-connected).

13 The local and global theorems of Menger are examples of minimax theoremsin
meathematics.

14 Two or more edges are parallel in amultigraph M if they connect the same two nodes
u,v (no pardld edges are dlowed in agraph). To disconnect a multigraph, one or more
sets of paralld edges must be removed.

15 Insofar as we know, the definition of node-flow is a new concept, and the restatements
are new, but its proof is obvious from Menger’ s theorem and the definition of node-flow.
16 Dirac (1960) showed that this result, in which each edge e has a numerical weight w(e),
isagraightforward corollary of Menger's Theorem B. Severa variaions on Theorems A
and B are presented in Harary (1969, Ch. 5).

7' 1n a separate paper, we develop the consequences of the observation that the sum of
(node-flow —1) for each pair of nodes, divided by the sum of (flow) between each pair of
nodes, is a measure of the decentralization of a graph.

18 For 20 the path numbers are equal, but the path distances are weaker to A (34).

191t would be useful to test whether maximum node flow- minimum node cut in node-
independent paths predicts the split of the club members, using the weights on edges that
Zachary assigned according to the number of contexts in which each edge occurred. To
do so for large networks, however, requires an agorithm that is more difficult to
implement and of a higher order of complexity than the origind maximum flow-

minimum cut agorithm.

20 Thefact that Mr. Hi is the cutnode in a hifurcated network might help to explain —in
sociologica terms— why heistheingigator of the dispute in the first place: He has a set
of at least five potentia students who were never integrated into the larger cohesive block
containing the adminigtrator (#34), and for whom it was clear from the beginning that

they would follow his leadership. He was dso a strong figure for many of his other
adherents.
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21 The notation for my and my, designates that density normally varies between 0 and 1;
conditiona P-dendity r » approaches but never reaches 1 unlessmy, = K. Thislatter
characterigtic will be useful when we define cohesion as an aggregate measure conssting
of the sum of connectivity k plus conditiona k-densty r »(Gk).

22 Conditiondl P-densitiesr and r » differ in that the denominator of the former limits
density to an intervd [0,1] relative to the number of edges at which property P cannot be
retained. Conditiona P-dengty, r (G:P), isthe number of surplus edges divided by the
maximum number of surplus edges at which a graph with order n can ill retain property
P.

23 See dso Harary (1983) on conditional connectivity, and Harary and Cartwright (1961)
on the number of arcsin each connectedness category of adigraph.

24 A problem opposite to that of conditional density, covered in extremal graph theory, is
conditional connectivity: What are the minimum and maximum connectivitiesfor agraph
of order nand Szem? A 4-node graph with 5 edges, for example, must be 2-connected.
25 See Harary (1969: 17-19) for an introduction to extremal graphs. The result (m:n, k>1)
= énk/2uagrees with aminimum dengty of k/(n-1) for a graph of connectivity k>1.

26 Thisis not the case for the sum of connectivity and r (G,k) conditional density, which
does not give ameasure of cohesion because the sum k+r (G k) for agraph with
connectivity k and sze my(G,k) isthe same as the sum for a graph with connectivity k+1
and sze my(G,k)=0.

27 In both their analyses, they define two measures, one the highest k- connected subgraph
to which each node belongs, and the other a measure of cohesive embeddedness,
discussed above. The two measures will typicaly be highly correlated.

28 NSF grant #BCS-9978282, “Longitudina Network Studies and Predictive Cohesion
Theory,” Pl Douglas R. White and consultant Frank Harary, is focused on comparative
dudies of thistype.

29 Ritua kinship established between parents and godparents.

30 Future research can combine the “small world” approach that takes as key variables the
average path length of the first and second shortest independent paths between pairs of
nodes (Watts 1999a, 1999b) with our k-connectivity approach. When the average path



lengths of the 1st and 2nd shortest independent paths in a network are short, thelogicaly
implication is that the average cycle length between any two pairs of nodesisaso
relaively short (approximated by the sum of the two shortest independent path-length
averages), and thus measuring the average cycle length of biconnectivity in the network.
Similarly, the sum of the averages for 1, 2" 3" shortest independent paths give an
goproximation if the average cycle length of triconnectivity, and so forth. In the case of
triconnectivity, there are two independent “shortest cycles’ between pairs of nodes. The
relaionship of average path length in k-connectivity structures needs to be investigated
both in smulations and large-scale empirica network studies.

31 A typicd critique of connectivity-based measures of cohesion might run like this “a
cycle of 1000 people (connectivity 2) running from the U.S. to China does not condtitute
acohesive group.” Surely not, but a group of 1000 people with a boundary at
connectivity 5 (or higher, each ahigher embedded level of cohesion), conditiond dengty
of 10%, and first and second shortest average path lengths of 3.5 and 4.0 (a“small world’
as defined by Watts 1999a,b) is alarge-scae group with considerable cohesiveness.

32 In Simmd’ s (1922) conception, zones around each ego or ego-membershipsin groups
samply overlap or intersect to form extensve connected networks (cf. Blau 1964,
Kadushin 1966), but without necessarily forming higher-order cycles or connectivity sets
(but see footnote 10 regarding Alba and Kadushin's attempt to operationdize the higher-
order cycles concept of cohesion).

33 The widdly used “socid circles’ approach to large-scale cohesion as webs of
overlapping cliques (Alba 1972, 1973, 1982, Alba and Moore 1978) has the same defect
as Freeman’s (1996) intersecting cliques. pairs of nodes connected at some distance by
multiple independent paths are not necessarily detected as part of the same cohesive
Subset.
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Sas Members[1,34 leaderg = k'= Nesed
in set

1 1-34 A 1

2 1-11,13-34 33 2 1

3 1-911-1214,2024-262834 23 3 2

4 1-4,8-9,14,31,33-34 100 4 3

Table 1: Edge-connectivity setsfor Karate Club

Ss Members[1,34 leaders] = k= Nested r,

insat =
1 1571117 6 2 2
2 15711 6 3 2 54
3 1-4,8-10,13-16,18-34 28 2 12
4 1-4,89,14,2024-2628-34 18 3 3 12
5 1-4,8-9,14,31,33,34 10 4 4 24
Table 2: Connectivity setscharacterigicsfor Karate Club

Coheson Mr.Hi Equd for John Membersby id number

Faction (T) TandA (A)

Mr. Hi’s(T) 15 1-8,11-14,18,20,22
None 1 1 1 17,10, 19
John's (A) 16 9,15,16,21,23-34

Table3a: Predictionsof Faction Member ship from Cohesion
(r=2969)

EdgeCut Mr.Hi John Membersby id number

Faction (T) (A)

Mr. Hi’s(T) 15 1-8,11-14,18,20,22
None 1 2 17,10, 19
John's (A) 16 9,1516,21,23-34

Table 3b: Predictions of Faction Member ship from Minimum
Weighted Edge Cut (r=.955)



k-Connectivity 4 3 2 2 2 3  Members
Mr. Mr. Mr. Mr.Hi Jhn Jhn byid
Faction Hi  Hi Hi & John number
Mm @M @O J0&A) (A) A)
Srong- Mr.Hi's 5 4 1 1-811,12
(M
Week - Mr. Hi's 1 1 3 13,14,18,
(T) 20,22
None 1 1 1 17,10, 19
Week - John's 1 3 9,16,24,
(A) 25
Srong - John's 4 8 152123
(A) 26-3A4
Membersby id 14, 5 12 10 15, 9,
number 814 7, 13 16, 24-
11, 17, 19, 26,
20 18, 21, 28-
22 23, 34
27

Table 3c. Predictions of Faction Member ship from k-Connectivity

(r=.929, Spearman'srho=.878)



Graph 1 2 3 4 ) 6 7 8 9 10 11
G

k O O 0 0 0 1 1 1 2 2 3
r»(G:k) 00 2 05 05 ./ 00 00 .5 00 05 00
ktr,(Gk) 00 25 05 05 ./5 10 10 15 20 25 30
Component ac ac acd G G G G G G
S

k 1 1 1 1 1 1

r 2(Sk) 00 00 00 00 00 05

k+r »(SK) 1.00 1.00 100 10 10 15

Bicomponent a,cd acd G G G
S

k 2 2 2 2
r»(Sk) 0.0 0.0 0.0 05
k+r (S k) 2.0 20 20 25
Tricomponent G
S

K 3
ro(Sk) 0.0
K+r 5(SK) 3.0

Table 4: Connectivity k, conditional densty r ,(G:k), and

agoregatecoheson k+r 2(G:k), for the 11 graphsin Figure 3



graph sizes ak forcing k+1

Given: order n, mnm= m=1+Kk+nt
connectivity k [nk/2]* for k<n-1
n>1k=0 0 1+k+nt
n>1k =1Fg.2 nl 1+k+nm*
n=4, k =2 Fig.1.9 4 6

k =3 Fig.1.11 6 6
n=5 k=2 5 9

k =3 8 10

k =4 10 10
n=6, k =2 6 13

k =3 9 14

k =4 12 15
n=7, k=2 7 18

k =3 11 19

k =4 14 20

k =5 18 21
=40, k =2 40 744

k =3 60 745

k =4 80 756

k =5 100 757

k =6 120 758

k =39 780 780

Table 5: Ranges of mg and m, for computing Conditional
Connectivity k Dengty
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Figure 1: A disconnected graph with two components and three

cliques, eechaKa.

Figure 2: A graph G that isadar



Graph Sze Number of | Connectivity | Type
Components
1 a® *o 0 4 0
c®
2 . 1 3 0
l.
3 2 2 0
I
4 o 2 2 0
l.
5 N 3 2 0
6 |Pa 3 1 1 Path
I—I (Tree)
7 | Kys M 3 1 1 Sar
(Tree)
8 4 1 1
N
9 |C, I:I 4 1 2 Cycle
10 N 5 1 2
11 | Ky m 6 1 3 Complete
greph

Figure 3: The even graphs of order 4
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Figure 4: The bowtie graph. Its edge and node connectivities differ

Figure 5: Graph illudirating the difference between the numbers of node-
independent (2) and edge-independent (3) paths between two nodes (k = k' = 2)

U=

Figure 6: Graph with d(G)=3 (a 3-core and 5-plex) that lacks both 3-connectivity
and 3-edge connectivity. It isnot even 2connected or 2-edge connected (k = k'

= 7).
L=

Figure 7: A Multigrgph M illustrating node-flow connectivity k" (u,v) = k" (M)
= 2, where the connectivity isk (u,v) = k (M) = 1.




Figure 8. Nested Adhesive sets by k-edge-connectivities of 1,2,3,4 [drawn with
Paek, Batagdj and Mrvar 1997, 1998]

Figure 9: Cohesive blocks hierarchicaly ordered by connectivity into two nests

(the outer dotted circle nests them dl in a connected graph with connectivity 1)
[drawn with Pgek, Batagelj and Mrvar 1997, 1998]



Figure 10: Nested cohesive sets by k-connectivity [drawn with Pgjek, Batagelj
and Mrvar 1997, 1998]

/II_'I—I_’I:I\
cele 3 o ol

1 2 \I;_’IB:_’ N/ 0 1K,
4 a4 S 8
Y
,

Figure 11: The 11 grgphs of order 4 showing trangtions by graph evolution
(addition of edges)



* AJS-HW6.doc-- June 27, 2000

Note: SocialCol3.doc wasthe basisfor this AJS-HW.docrevison, with thefollowing useof the
old Outline:

I. The Method and its Precursors renamed

I1. Comparison to Non-Optimal Measures of Cohesion dropped

I11. Conditional Density and the Aggregate Measure of Cohesion

1V. Hypotheses and Results

V. Technical Discussion — Why has connectivity been ignored? dropped
VI. Summary and Conclusion

New Outline:
I. Connectivity and resistance to being pulled apart by removal of nodes.
1. Edge Connectivity and resistance to being pulled apart by removal of edges.
I11. Degree, Volume and Density: Egocentric, Dyadic and Group Criteria in relation to Cohesion
IV. Connectivity and Multiple Independent Pathsand node-flows as Cohesion : Menger’s Isomorphism A
V. Edge-Connectivity and Multiple Edge-Independent Paths and Flows as Adhesion : Menger’s Isomorphism B
VI. Hypotheses
VIIl. An Empirical Test Case: the Karate Club
VII1. Conditional Density
IX. Testing predictiveness of cohesion measures on a larger scale
X. Summary and Conclusion
New Finding:

Centralized node 0 < (node-flow —1) / Flow < 1 Decentralized Node
SS (Rw —1) / SS Ry is ameasure of decentralization, where

Ruv = the minimum node cut between u and v (node-flow)
Fuv = the minimum edge cut between u and v (Flow)
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Problem is to compute Ry (See Gibbons p. 111)



