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Abstract— The Heat Shock Response(HSR) is a universal
procedure among organisms that repairs protein damage in-
duced by heat and other stresses.It is a simple biological
mechanism that is yet rich enough to be analyzed fr om the
perspective of robustnessand ef�ciency. A seriesof papers by
El-Samad et al. [1], [2] have presenteda control theoretical
approach for studying HSR in Escherichia coli bacteria. They
argue that the complexity of the HSR control mechanism is
necessaryto achieve the observed robustnessof such biological
systems.

We extendthe control theoretical approach,applying interval
analysis to Lyapunov's indir ect method, and consider the
robustness of the HSR with respect to uncertainties in the
individual chemicalreactionrates.In order to designalternative
control mechanisms for the HSR we compute the optimal
control to the protein damage-repair cycle. Furthermor e we
proposea novel reducedorder model of the HSR.

I . INTRODUCTION

Advancesin molecularbiology offer a greatpotential to
develop new cures and treatmentsto human diseases,to
provide bioremediationsolutions to environmentalhazards
and to geneticallyimprove living organisms.However, the
expectationshasnot being met, due to the complex nature
of most traits. One prevailing problem in the quantitative
descriptionof mechanismsin molecularbiology is the large
measurementuncertainty. Adopting the framework of or-
dinary differential equationsto describethe concentration
changesin biochemical reactions networks the uncertain
parametersare the reaction rate constants.Thus, mecha-
nism descriptionsin molecularbiology often boil down to
ordinary differential equationswith uncertain parameters.
An outgrowth of qualitative reasoning[3], an arti�cial in-
telligenceeffort to qualitatively describephysical systems,
aresemiquantitative differentialequations(SQDE)[4]. Their
description combines qualitative or uncertain knowledge
about a physical systemwith exact knowledge.Such sys-
temsincludedifferentialequations,wheretheparametersare
only speci�ed by intervals. Extensionsto classicalinterval
analysis enable us to investigatedynamical propertiesof
a SQDE, such as stability [5]. In this work the authors
proposetheapplicationof thesetechniquesto thedescription
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of biochemical reaction networks. The procedurewill be
exempli�ed using the ubiquitousHSR mechanism.

The work is organizedas follows. In SectionII, the HSR
is brie�y introduced.The main part of the paper, involving
stability of differentialequationsin conjunctionwith interval
analysis,is discussedin Section III. Considerationsabout
the optimal steadystatecontrol of the HSR mechanismare
givenin SectionIV. SectionV presentsanovel reducedorder
modelof the HSR,while SectionVI draws the conclusions.

I I . THE HEAT SHOCK RESPONSE

Becauseseveralbiological processesarehighly conserved
amongorganismsand species,the developmentof method-
ologies for simple biological systemscould be portableto
morecomplex ones.Sucha casestudyis theHSRin E. Coli
to remedyprotein damagedue to heat and other stresses.
The HSR systemis composedby an intricate network of
proteases(e.g.Lon andFtsH), the transcriptionfactor(� 32),
chaperones(e.g. GroEL/S and DnaK/J) and the machinery
involved in DNA transcription (RNA polymerase,herein
RNAP), RNA processingandmRNA translationandprotein
synthesis.

The factor � 32 plays a speci�c role in this systemas
it recognizesHSR genepromotersup-regulating their tran-
scription. The resulting increasein chaperoneand protease
concentrationshelp properprotein folding or their degrada-
tion understressconditions.The regulationof � 32 occursat
the translationlevel. Under low temperaturesthe translation
start site rpoH is occludedimpairing the translationof � 32.
Changesin mRNA structure under heat stressconditions
allows � 32 translation,its interaction with RNAP and the
transcriptionof chaperonesandproteases.Theactivity of � 32

is also regulatedthroughinteractionswith DnaK/J.Binding
of thesechaperonesto � 32 limits its interactionwith RNAP
andthereforegenetranscription.Anothermechanismfor the
regulation of � 32 is through its degradation.During steady
state, the degradationof � 32 is rapid through the action
of proteases.Under heatshockstress,proteasesare titrated
by misfoldedproteinsreducingthe degradationrateof � 32.
Rapiddegradationof � 32 may requirechaperonesto recruit
FtsH, therefore,underhigh stressconditionsdegradationis
reduceddueto low concentrationof freeDnaK/J.A detailed
descriptionof the systemanda differential-algebraicmodel
thereof is given in [1]. It is the basisfor the presentwork,
which for the sake of concisenessadoptsthe mathematical
nomenclatureof [1].



I I I . STABIL ITY ANALYSIS

We use Lyapunov's indirect method in addition to
Kharitonov's theorem as is suggestedin [5]. Lyapunov's
indirectmethodis thelinearizationof a nonlineardifferential
equationat its equilibrium point with respectto its state
variables.This equilibrium point is stableif the real parts
of all eigenvaluesof the linearizationare strictly negative.
Theeigenvaluesaretherootsof thecharacteristicpolynomial
det(� I � A ) = 0 where I is the identity matrix and A is
the Jacobian.Therefore,the testof stability of the nonlinear
systembecomesa testwhetherthecharacteristicpolynomial
of its Jacobianis Hurwitz, i. e.,all rootshavestrictly negative
real parts.

An interval polynomial is a setof polynomialswherethe
coef�cients mayvary within intervals.Kharitonov's theorem
[6] givesa simpli�ed testwhetherall instancesof an interval
polynomialareHurwitz by checkingtheHurwitz propertyof
only four polynomials.Given an interval polynomial f a0 +
a1� + a2� 2 + � � �+ an � n : a0 2 [a�

0 ; a+
0 ]; : : : ; an 2 [a�

n ; a+
n ]g

the four Kharitonov polynomialsare

p+ � = a+
0 + a�

1 � + a�
2 � 2 + a+

3 � 3 + a+
4 � 4 + � � � + a�

n � n

p++ = a+
0 + a+

1 � + a�
2 � 2 + a�

3 � 3 + a+
4 � 4 + � � � + a�

n � n

p� + = a�
0 + a+

1 � + a+
2 � 2 + a�

3 � 3 + a�
4 � 4 + � � � + a�

n � n

p�� = a�
0 + a�

1 � + a+
2 � 2 + a+

3 � 3 + a�
4 � 4 + � � � + a�

n � n :

Every instanceof the interval polynomial is Hurwitz if and
only if its four Kharitonov polynomialsareHurwitz. In lower
dimensionsthe theoremof Anderson,Jury andMansour[7]
statesthat oneneedsto checkthe Hurwitz propertyonly of
p+ � for n = 3, of p+ � and p++ for n = 4, and of p+ � ,
p++ and p� + for n = 5. In the caseof n = 2 the test for
stability is simply reducedto checkingthat the coef�cients
of p�� arepositive.

In the following we apply the above framework to the
reducedheatshockmodelin orderto performastabilityanal-
ysis in the presenceof parametricuncertainty. The reduced
heatshockmodel is given in the supplementaryinformation
to [1] as

d[� 32
t ]

dt
= � (T ) � � 0[� 32

t ]�

� s
�K sK f [DnaK t ]2

� � � [DnaK t ] + K s[DnaK t ](1 + �K f [DnaK t ])
[� 32

t ]

d[DnaK t ]
dt

= � � d[DnaK t ]+

K d
� � � [DnaK t ]

� � � [DnaK t ] + K s[DnaK t ](1 + �K f [DnaK t ])
[� 32

t ];

(1)

with � � 1+ K u [Pt ] and � � K u (K T ) + K f )=KT : The
reducedmodelconsistsof two differentialequationsfor the
concentrationof the � -factor[� 32

t ], andthe concentrationof
chaperones[DnaK t ] which dependon 11 parametersand
arecouplednonlinearly.

With Lyapunov's indirectmethodthesystemof differential
equationis linearizedwith respectto thestatevariables[� 32

t ]

TABLE I

ROUNDED INTERVALS FOR REAL-VALUED EQUIL IBRIUM POINT

The value of p givesthe percentage with which the parameters are varied
bothup anddownfromthegivenvalue. Theequilibria are calculatedbefore
and after heatshock, denotedby T 1 (37� C) and T 2 (42� C), respectively.

p [� 32
t ] [D naK t ]

10 T1 [86.00,150.78] [5537.95,7886.97]
T2 [178.80,283.43] [9490.919,13324.39]

20 T1 [67.28,209.11] [4633.66,9904.34]
T2 [136.98,348.60] [7896.03,16885.41]

30 T1 [55.10,284.94] [3913.12,11424.47]
T2 [91.38,424.22] [6688.43,19139.78]

40 T1 [41.61,451.52] [3168.20,20970.58]
T2 [81.93,569.69] [5458.16,24410.61]

50 T1 [32.42,465.84] [1627.48,15451.44]
T2 [68.20,871.76] [4090.76,27357.12]

60 T1 [19.86,1144.45] [1548.45,24641.82]
T2 [50.23,1340.95] [2647.19,80165.40]

70 T1 [14.32,1267.01] [1867.39,26303.98]
T2 [35.33,2665.70] [3191.49,44515.27]

80 T1 [7.12, 5315.91] [1460.13,46885.40]
T2 [23.90,5263.83] [2496.36,82721.87]

90 T1 [4.72, 23248.36] [428.56,133125.58]
T2 [10.69,9433.86] [732.80,293025.14]

and [DnaK t ]. The resultingJacobianis analyzedregarding
its eigenvalues.Thesystemis asymptoticallystablefor small
perturbationsaroundtheequilibrium valueif andonly if the
realpartof eacheigenvalueis strictly negative.Note that the
equilibrium points of the systemand the eigenvaluesof its
Jacobianare effectedby the uncertaintyin the parameters.
Kharitonov's theoremgivesa suf�cient andnecessarycondi-
tion to determinewhetherthe systemis stablefor uncertain
parametervalues.Using interval arithmeticthe rangeof the
coef�cients of the characteristicpolynomial is determined
by the possiblerangeof the slopeof the componentsof the
Jacobianmatrix. Theseslopeintervalsarededucedeitherby
measurementsor by biological reasoning.

We calculate the equilibrium points of the systemand
minimize and maximize their positionswith respectto the
parametersthat can vary in the predeterminedparameter
intervals. The resulting intervals for the position of the
consideredequilibrium point aregiven in Table I.

The slope intervals for the entries of the Jacobianmatrix
can be calculatedby the samemethod.We minimized and
maximizedthemover theequilibriumintervalsof St andD t ,
and the parameterintervals. The Kharitonov's polynomials
p�� are given in Tab. II. We seethat the systemdescribed
by (1) is stableat least for the parameterperturbationsnot
exceeding80%.

IV. OPTIMAL STEADY STATE CONTROL

To extract the uniquefeaturesof biological control mech-
anismsit is worthwhile to comparethem to state-of-the-art
control designsfrom control theory. As discussedin [1] one
has multiple strategies for the designof the control signal
[DnaK f ] for the biological plant, i.e., the repair-damage-



TABLE II

KHARITONOV ' S POLYNOMIALS AND THE REAL PARTS OF ITS ROOTS

Parameters can vary p in [%], the temperature is denotedby T 1 (37� C)
before heatshock and T 2 (42� C) after heatshock, respectively.

p p��

10 T1 0:12 + 1:26� + � 2

T2 0:31 + 2:26� + � 2

20 T1 0:03 + 2:21� + � 2

T2 0:09 + 3:56� + � 2

30 T1 0:01 + 3:35� + � 2

T2 0:03 + 4:75� + � 2

40 T1 0:002 + 5:83� + � 2

T2 0:008 + 6:27� + � 2

50 T1 0:0004+ 6:28� + � 2

T2 0:0018+ 8:11� + � 2

60 T1 0:0001+ 10:22� + � 2

T2 0:0002+ 11:33� + � 2

70 T1 0:00004+ 12:72� + � 2

T2 0:00007+ 18:84� + � 2

80 T1 5:35 � 10� 6 + 42:08� + � 2

T2 6:01 � 10� 6 + 39:70� + � 2

90 T1 � 222:00 + 255:24� + � 2

T2 � 597:50 + 109:62� + � 2

cyle

[Pf old ]
k(T )
� � � ! [Punf old ]

[Punf old ] + [DnaK f ] � [Punf old : DnaK ] ! [Pf old ]:

A useful quantity in designingnew control strategies is the
minimumnumberof repairproteinsin theplant [DnaK p] =
[DnaK f ] + [Punf old : DnaK ], requiredto keepthe protein
damagebelow a predeterminedlevel � for constanttemper-
ature.We de�ne protein damageas the relative numberof
unfoldedproteins

� =
[Pt ] � [Pf old ]

[Pt ]
:

The optimal steadystatelevel [DnaK p] turnsout to be

[DnaK p] �
(k(T ) � � )(k(T)k0+ [Pt ]� )

(k(T) + 1)k(T)�
; (2)

with k0 = 1
K 8

, k(T ) = K f old

K (T ) and � = � (k + 1) � 1. For
k � � andkk0 � [Pt ]� , that holds for the consideredHSR
scenario,we obtain the simpleapproximaterelation

[DnaK p] '
[Pt ]
k(T )

: (3)

With this, the steadyvaluesfor [DnaK p] read

[DnaK p] �

(
1:05� 104 molec=cell for T = 37� C
1:93� 104 molec=cell for T = 42� C

and

[DnaK p] '

(
1 � 104 molec=cell for T = 37� C
2 � 104 molec=cell for T = 42� C;

for (2) and its approximation (3), respectively. The re-
sults matchthe observed level of the full-order differential-
algebraicmodelasshown in Fig. 1. Theobservableoffsetat
the lower temperatureis subjectto future analysis.
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Fig. 1. Theoreticalsteadystatelevel of the concentrationof chaperones
in the repair-damagecycle for T = 37� C and T = 42� C and the time
evolution of chaperonesobtained by the full-order differential-algebraic
model.

V. MODEL REDUCTION

The reduced order, two-dimensionalmodel (1) of the
HSR qualitatively re�ects the dynamicsof the original 31-
dimensional differential-algebraicdescription. While it is
able to approximatelyreproducethe steadystate levels of
[� 32

t ] and[DnaK t ], the reducedmodeldoesnot capturethe
transientsduring temperaturechanges.In order the capture
the transient behavior we devised an alternative reduced
order, 4-dimensionalmodel.The modelhasasits additional
states,theconcentrationof foldedproteinsin thecell [Pf old ]
andtheconcentrationof messengerRNAs for thechaperones
[mRN A(DnaK )]. The model reads

d[mRN A(DnaK )]
dt

= K tr 1 ~s([� 32
t ]; [DnaK t ]; [Pf old ])

� � mRN A [mRN A(DnaK )]
d[DnaK t ]

dt
= K tl [mRN A(DnaK )]

� � pr ot [DnaK t ]

d[� 32
t ]

dt
= K tl � (T )[mRN A(� 32)]0

� � F tsH
~f ([� 32

t ]; [DnaK t ]; [Pf old ])
d[Pf old ]

dt
= K f old p([Pf old ]; [DnaK t ])

� K (T)[Pf old ]:
(4)

The involved functionsarede�ned as follows:

~s([� 32
t ]; [DnaK t ]; [Pf old ]) � s(� ([� 32

t ]; [DnaK t ]; [Pf old ]))

with

s([� 32
f ]) �

K 2K 9[pht ][� 32
f ] [RN AP t 2 ]

[D t ]( K 3 + K 2 K 12 [� 32
f ])

1 + K 2K 9[� 32
f ] [RN AP t 2 ]

[D t ]( K 3 + K 2 K 12 [� 32
f ])

and

� ([� 32
t ]; [DnaK t ]; [Pf old ]) �

1
2a

�
� b+

p
b2 � 4ac

�
;



with

a �
K tr 2

K tr 1

K 2K 4K 5K 12[D t ][DnaK t ]d([DnaK t ]; [Pf old ])

b �
K tr 2

K tr 1

K 3K 4K 5[D t ][DnaK t ]d([DnaK t ]; [Pf old ])

+ K 2K 12[D t ][RN APt 2] � K 2K 12[D t ][� 32
t ]

c � K 3[D t ][� 32
t ]:

Furthermore
~f ([� 32

t ]; [DnaK t ]; [Pf old ]) �

K 4K 5
K tr 2
K tr 1

[DnaK t ]d([DnaK t ]; [Pf old ])

1 + K 4K 5� ([� 32
t ]; [DnaK t ]; [Pf old ])d([DnaK t ]; [Pf old ])

� � ([� 32
t ]; [DnaK t ]; [Pf old ])

with
d([DnaK t ]; [Pf old ]) �

1
2K 8

�
� � +

p
� 2 + 4K 8[DnaK t ]

�
;

where

� � 1 + K 8([Pt ] � [Pf old ] � [DnaK t ]):

Finally we have thesynthesisfunctionfor thefoldedproteins

p([Pf old ]; [DnaK t ]) �

K 8
[Pt ] � [Pf old ]

1 + K 8d([DnaK t ]; [Pf old ])
d([DnaK t ]; [Pf old ]):

Besidesthe constantsalready de�ned in the supplemen-
tary material of [1], we introduceone additional constant
[RN APt 2] = 1342(molec/cell).

To evaluatethe novel reducedorder model we simulated
a temperatureup-stepfrom T = 37� C to T = 42� C degree
Celsius.The time evolution of [� 32

t ] and [DnaK t ] for the
full-order model as well as for both reducedorder models
areshown in Fig. 3 andFig. 2, respectively. The model (4)
strikingly accuratereproducesthe transientbehavior of the
31-dimensionaldifferential-algebraicmodel.Theresultsindi-
catethat the major playersfor the heatresponsemechanism
have been correctly identi�ed. Because(4) was generated
deductively from thefull-ordermodelall otherstatevariables
presentin the full-order model can be computedfrom the
four statesvariablesof (4).

VI . CONCLUSIONS

One prevailing problem in the quantitative description
of mechanismsin molecularbiology is the large measure-
ment uncertainty. We applied methodsfrom the arti�cial
intelligencecommunity, namely semiquantitative reasoning
to cope with the parametric uncertainty in biochemical
reactionnetworks. Theseconceptin conjunctionwith clas-
sical nonlinear control theory allowed us to determined
the stability margin of the 2-dimensionalHSR model. To
enhancethe accuracy of compactHSR modelswith respect
to the full-order differential-algebraicmodel we deduceda
novel 4-dimensionaldifferentialmodelthatsupersedesthe2-
dimensionalmodel in accuracy. Furthermore,we computed
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Fig. 2. Time evolution of the chaperones[D naK t ] for a temperatureup-
stepfrom T = 37� C to T = 42� C at t = 150min for thefull-order model,
the 4-dimensionalmodel (4) andthe 2-dimensionalmodel (1).
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Fig. 3. Time evolution of the � -factor [� 32
t ] for a temperatureup-step

from T = 37� C to T = 42� C at t = 150min for the full-order model,the
4-dimensionalmodel (4) and the 2-dimensionalmodel (1).

theoptimalsteadyconcentrationof repairproteinsfor agiven
temperature,such that the protein damagestays below a
predeterminedthreshold.The outlined methodologyis very
promisingfor applicationsin systemsbiology becauseof its
generalityandportability.
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