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Abstract— The Heat Shock Response(HSR) is a universal
procedure among organisms that repairs protein damage in-
duced by heat and other stresses.lt is a simple biological
mechanism that is yet rich enough to be analyzed from the
perspective of robustnessand efciency. A seriesof papers by
El-Samad et al. [1], [2] have presenteda control theoretical
approach for studying HSR in Esderichia coli bacteria. They
argue that the complexity of the HSR control mechanism is
necessaryto achieve the obsewed robustnessof such biological
systems.

We extendthe control theoretical approach,applying interval
analysis to Lyapunov's indir ect method, and consider the
robustness of the HSR with respectto uncertainties in the
individual chemicalreactionrates.In order to designalternative
control mechanisms for the HSR we compute the optimal
control to the protein damage-epair cycle. Furthermore we
proposea novel reducedorder model of the HSR.

I. INTRODUCTION

Advancesin molecularbiology offer a greatpotentialto
develop newv cures and treatmentsto human diseasesto
provide bioremediationsolutionsto ervironmentalhazards
and to geneticallyimprove living organisms.However, the
expectationshas not being met, due to the complex nature
of most traits. One prevailing problemin the quantitatve
descriptionof mechanismsn molecularbiology is the large
measurementncertainty Adopting the framework of or-
dinary differential equationsto describethe concentration
changesin biochemical reactions networks the uncertain
parametersare the reaction rate constants.Thus, mecha-
nism descriptionsin molecularbiology often boil down to

ordinary differential equationswith uncertain parameters.

An outgranth of qualitatve reasoning[3], an arti cial in-
telligence effort to qualitatively describephysical systems,
aresemiquantitatie differentialequationgSQDE)[4]. Their
description combines qualitatve or uncertain knowledge
about a physical systemwith exact knowledge. Such sys-
temsincludedifferentialequationswherethe parametersire
only speci ed by intervals. Extensionsto classicalinterval
analysis enable us to investigatedynamical properties of
a SQDE, such as stability [5]. In this work the authors
proposehe applicationof thesetechniquego the description
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of biochemicalreaction networks. The procedurewill be
exempli ed usingthe ubiquitousHSR mechanism.

The work is organizedasfollows. In Sectionll, the HSR
is brie y introduced.The main part of the paper involving
stability of differentialequationsn conjunctionwith interval
analysis,is discussedn Sectionlll. Considerationsabout
the optimal steadystatecontrol of the HSR mechanismare
givenin SectionlV. SectionV presentsanovel reducecdrder
modelof the HSR, while SectionVI draws the conclusions.

Il. THE HEAT SHOCK RESPONSE

Becauseseveral biological processesarehighly consered
amongorganismsand speciesthe developmentof method-
ologiesfor simple biological systemscould be portableto
morecomplex ones.Sucha casestudyis the HSRin E. Coli
to remedy protein damagedue to heat and other stresses.
The HSR systemis composedby an intricate network of
proteasege.g.Lon andFtsH), the transcriptionfactor ( 3?),
chaperonege.g. GroEL/S and DnaK/J) and the machinery
involved in DNA transcription (RNA polymerase,herein
RNAP), RNA processingand mRNA translationand protein
synthesis.

The factor 32 plays a specic role in this systemas
it recognizesHSR genepromotersup-regulating their tran-
scription. The resultingincreasein chaperoneand protease
concentration$elp proper proteinfolding or their degrada-
tion understressconditions.The regulationof 32 occursat
the translationlevel. Underlow temperatureshe translation
startsite rpoH is occludedimpairing the translationof 32,
Changesin mRNA structure under heat stressconditions
allows 32 translation,its interactionwith RNAP and the
transcriptionof chaperoneandproteasesThe actiity of 32
is alsoregulatedthroughinteractionswith DnaK/J.Binding
of thesechaperoneso 32 limits its interactionwith RNAP
andthereforegenetranscription. Anothermechanisnfor the
regulationof 32 is throughits degradation.During steady
state, the degradationof 32 is rapid through the action
of proteasesUnder heatshockstress,proteasesre titrated
by misfolded proteinsreducingthe degradationrate of 32,
Rapid degradationof 32 may requirechaperoneso recruit
FtsH, therefore,underhigh stressconditionsdegradationis
reduceddueto low concentratiorof free DnaK/J.A detailed
descriptionof the systemand a differential-algebraianodel
thereofis givenin [1]. It is the basisfor the presentwork,
which for the sale of concisenessadoptsthe mathematical
nomenclatureof [1].



I1l. STABILITY ANALYSIS

We use Lyapuna's indirect method in addition to
Kharitono/'s theoremas is suggestedin [5]. Lyapuna's
indirectmethodis the linearizationof a nonlineardifferential
equationat its equilibrium point with respectto its state
variables.This equilibrium point is stableif the real parts
of all eigervaluesof the linearizationare strictly negative.
Theeigervaluesaretherootsof the characteristipolynomial
det( I A) = 0 wherel is the identity matrix and A is
the JacobianTherefore the testof stability of the nonlinear
systembecomes testwhetherthe characteristigpolynomial
of its Jacobians Hurwitz, i. e., all rootshave strictly negative
real parts.

An intenal polynomialis a setof polynomialswherethe
coefcients may vary within intervals. Kharitonos's theorem
[6] givesa simpli ed testwhetherall instanceof aninterval
polynomialareHurwitz by checkingthe Hurwitz propertyof
only four polynomials.Given an interval polynomialf ag +
a; +ar 24
the four Kharitonos polynomialsare
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Every instanceof the interval polynomialis Hurwitz if and
only if its four Kharitonos polynomialsareHurwitz. In lower
dimensionghe theoremof Anderson,Jury and Mansour[7]
statesthat one needsto checkthe Hurwitz propertyonly of
p* forn = 3, of p* andp™ forn = 4, andof p* |,
p** andp * for n = 5. In the caseof n = 2 the testfor
stability is simply reducedto checkingthat the coefcients
of p arepositive.

In the following we apply the above framework to the
reducecheatshockmodelin orderto performa stability anal-
ysisin the presenceof parametricuncertainty The reduced
heatshockmodelis givenin the supplementarynformation
to [1] as
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with 1+ Ky[P:] and Ku(Kt) + Kf)=Kt: The
reducedmodel consistsof two differential equationsfor the
concentratiorof the -factor[ 2], andthe concentratiorof
chaperonegD naK ;] which dependon 11 parametersand
are couplednonlinearly

With Lyapuna/' sindirectmethodthe systemof differential
equationis linearizedwith respecto the statevariables] 2]
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TABLE |
ROUNDED INTERVALS FOR REAL-VALUED EQUILIBRIUM POINT

Thevalue of p givesthe percentaye with which the parametes are varied
bothup anddownfromthe givenvalue Theequilibria are calculatedbefoe
and after heatshod, denotedby T1 (37 C) and T2 (42 C), respectively

P ] DnaK]

10 | T1 | [86.00,150.78] | [5537.95,7886.97]

T2 | [178.80,283.43] | [9490.919,13324.39]
20 | T1 | [67.28,209.11] | [4633.66,9904.34]

T2 | [136.98,348.60] | [7896.03,16885.41]
30 | T1 | [55.10,284.94] | [3913.12,11424.47]
T2 | [91.38,424.22] | [6688.43,19139.78]
40 | T1 | [41.61,451.52] | [3168.20,20970.58]
T2 | [81.93,569.69] | [5458.16,24410.61]
50 | T1 | [32.42,465.84] | [1627.48,15451.44]
T2 | [68.20,871.76] | [4090.76,27357.12
60 | T1 | [19.86, 1144.45] | [1548.45,24641.82
T2 | [50.23,1340.95] | [2647.19,80165.40
70 | T1 | [14.32,1267.01] | [1867.39,26303.98
T2 | [35.33,2665.70] | [3191.49,44515.27
80 | T1 | [7.12,5315.91] | [1460.13,46885.40
T2 | [23.90,5263.83] | [2496.36,82721.87]
90 | T1 | [4.72, 23248.36] | [428.56,133125.59]
T2 | [10.69,9433.86] | [732.80,293025.14]

and[DnaK]. The resultingJacobianis analyzedregarding
its eigervalues.The systemis asymptoticallystablefor small
perturbationsaroundthe equilibrium valueif andonly if the
real partof eacheigervalueis strictly negative. Note thatthe
equilibrium points of the systemand the eigervaluesof its
Jacobianare effected by the uncertaintyin the parameters.
Kharitono/'s theoremgivesa sufcient andnecessargondi-
tion to determinewhetherthe systemis stablefor uncertain
parametewnalues.Using interval arithmeticthe rangeof the
coefcients of the characteristicpolynomial is determined
by the possiblerangeof the slopeof the componentof the
Jacobiarmatrix. Theseslopeintervals are deduceceitherby
measurementsr by biological reasoning.

We calculate the equilibrium points of the systemand
minimize and maximize their positionswith respectto the
parametersthat can vary in the predeterminedparameter
intervals. The resulting intervals for the position of the
consideredequilibrium point are givenin Tablel.

The slope intenvals for the entries of the Jacobianmatrix

can be calculatedby the samemethod.We minimized and
maximizedthemover the equilibriumintenalsof S; andDy,

and the parameteiintervals. The Kharitono/'s polynomials
p aregivenin Tah Il. We seethat the systemdescribed
by (1) is stableat leastfor the parametemperturbationsnot

exceeding80%.

IV. OPTIMAL STEADY STATE CONTROL

To extractthe uniquefeaturesof biological control mech-
anismesit is worthwhile to comparethemto state-of-the-art
control designsfrom control theory As discussedn [1] one
has multiple stratgies for the designof the control signal
[DnaK ;] for the biological plant, i.e., the repairdamage-



TABLE 1l
KHARITONOV' SPOLYNOMIALSAND THE REAL PARTS OF ITSROOTS

Parametes can vary p in [%)], the tempeature is denotedby T1 (37 C)
befoe heatshodk and T2 (42 C) after heatshod, respectively

p p

10 [ T1 | 0112+ 1:26 + 2
T2 | 0:31+ 2:26 + 2

20 | T1 | 0:03+ 2:21 + 2
T2 | 0:09+ 356 + 2

30 | T1 | 0:01+ 3:35 + 2
T2 | 0:03+ 475 + 2

40 | T1 | 0:.002+ 5:83 + ?

T2 | 0:008+ 6:27 + 2

50 | T1 | 0:0004+ 6:28 +

T2 | 0:0018+ 8:11 + 2

60 | T1 | 0:0001+ 10:22 + 2

T2 | 0:0002+ 11:33 + 2

70 | T1 | 0:00004+ 12:72 + 2
T2 | 0:00007+ 18:84 + 2

80 | T1 | 535 10 ° + 4208 + 2
T2 | 6:01 10 6+ 39:70 + 2
90 | T1 22200+ 25524 + 2
T2 597:50+ 109.62 + 2
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A useful quantityin designingnew control strat@iesis the
minimum numberof repairproteinsin the plant[D naK p] =
[DnaK ]+ [Punt oig : DnaK ], requiredto keepthe protein
damagebelov a predeterminedevel for constanttemper
ature.We de ne protein damageas the relatve number of
unfoldedproteins

_ [P] [Proal.
[P] '
The optimal steadystatelevel [DnaK ,] turnsout to be
(k(T)  )K(MKo+ [P ).

[DnaK p] (K(T) + DK(T) , @
with ko= L, k(T) = {2 and = (k+1) 1 For
k andkk® [P] , that holdsfor the consideredHSR
scenariowe obtainthe simple approximaterelation

. [P
[DnakK p] Ok 3)
With this, the steadyvaluesfor [DnaK ] read
1:.05 10*molec=cell for T=137C
[DnakK p]
1:93 10*molec=cell for T =42C
and
1 10*moleccell for T=37C
[DnaK ,]"
2 10*molec=cell for T = 42 C;

for (2) and its approximation (3), respectiely. The re-

sults matchthe obsened level of the full-order differential-

algebraicmodelasshawn in Fig. 1. The obsenableoffsetat
the lower temperaturds subjectto future analysis.
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Fig. 1. Theoreticalsteadystatelevel of the concentrationof chaperones
in the repairdamagecycle for T = 37 C andT = 42 C andthe time
evolution of chaperonesobtained by the full-order differential-algbraic
model.

V. MODEL REDUCTION

The reducedorder, two-dimensionalmodel (1) of the
HSR qualitatively re ects the dynamicsof the original 31-
dimensional differential-algebraicdescription. While it is
able to approximatelyreproducethe steadystate levels of
[ 3] and[DnakK ], the reducedmodeldoesnot capturethe
transientsduring temperaturechangeslin order the capture
the transientbehaior we devised an alternatve reduced
order, 4-dimensionalimodel. The model hasasits additional
statesthe concentratiorof folded proteinsin the cell [Ps o4 ]
andthe concentratiorof messengeRNASs for thechaperones
[MRN A(DnaK)]. The modelreads

d[mRNngnaK )] Ko s 2L DnaKd: Proc)
mrN A[MRNA(DnaK )]
% =Ky [MRNA(DnaK )]
prot[DNak]
d[dEZ] =Ky (T)IMRNA( )],
Fist T 321 [DnaK J; [Pt o ])
d[P(;tOId] =Kt old P([Pt oia]; [DNaK])
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The involved functionsare de ned asfollows:
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Finally we have the synthesidunctionfor thefolded proteins

P([Ps oia ]; [D naK ¢])
[Pl [Prow]
81+ Ksd([DnaK (J; [P o ])

Besidesthe constantsalready de ned in the supplemen-
tary material of [1], we introduce one additional constant
[RN AP¢,] = 1342 (molec/cell).

To evaluatethe novel reducedorder model we simulated
a temperaturaup-stepfrom T = 37 Cto T = 42 C degree
Celsius. The time evolution of [ 3?] and [DnaK] for the
full-order model as well as for both reducedorder models
areshawn in Fig. 3 and Fig. 2, respectiely. The model (4)
strikingly accuratereproduceshe transientbehaior of the
31-dimensionabifferential-algebraicnodel. Theresultsindi-
catethatthe major playersfor the heatresponsenechanism
have been correctly identi ed. Because(4) was generated
deductvely from thefull-order modelall otherstatevariables
presentin the full-order model can be computedfrom the
four statesvariablesof (4).

d([DnaK ]; [Pt old )

VI. CONCLUSIONS

One prevailing problem in the quantitatve description
of mechanismsn molecularbiology is the large measure-
ment uncertainty We applied methodsfrom the arti cial
intelligence community namely semiquantitatie reasoning
to cope with the parametric uncertainty in biochemical
reactionnetworks. Theseconceptin conjunctionwith clas-
sical nonlinear control theory allowed us to determined
the stability mamgin of the 2-dimensionalHSR model. To
enhancethe accurag of compactHSR modelswith respect
to the full-order differential-algebraianodel we deduceda
novel 4-dimensionadifferentialmodelthatsupersedethe 2-
dimensionalmodelin accurag. Furthermorewe computed
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Fig. 2. Time evolution of the chaperone$D naK ] for a temperatureup-
stepfromT = 37 CtoT = 42 Catt = 150min for thefull-order model,
the 4-dimensionalmodel (4) and the 2-dimensionalmodel (1).
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Fig. 3. Time evolution of the -factor[ $?] for a temperatureup-step
fromT = 37 Cto T = 42 Catt = 150min for the full-order model,the
4-dimensionalmodel (4) and the 2-dimensionalmodel (1).

theoptimal steadyconcentratiorof repairproteinsfor a given
temperature such that the protein damagestays belov a
predeterminedhreshold.The outlined methodologyis very
promisingfor applicationsin systemsbiology becauseof its
generalityand portability.
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