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Abstract. In this paper we shav a kind of phasetransitionphenomenorin the probability
of uniquelyreconstructablsequence§URS) underequal-probabilityindependentlandidenti-
cally distributed(eiid) modelandnon-equal-probabilitindependenthandidenticallydistributed
(niid) model respectiely. ThisURSprobabilityis calculatedwith therelative errorapproximate
1%, by doingMonte CarloexperimentsIn the Monte Carlo experimentswe usea deterministic
Pniteautomator(DFA) to determinevhetherasymbolicsequenceanbeuniquelyreconstructed
or notfrom all its substringof lengthK (calledK-tuples).Furthermorewe compareour experi-
mentresultswith thereal proteinsequence® identify a possiblebiologicalimplication.
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1. Intr oduction

Given a symbolic sequences over an alphabets of lengthL, we can easily obtaina multiset
of its all K-tuples by sliding a K-sizedwindow oneletter by oneletter But canwe uniquely
reconstructhe original sequencdrom this multiset? A simplequestionbut debesary intuitive
answer

Takethefollowing 10bplong DNA sequencéor example:S=TGTGTATGTC. Themultiset
of all 3-tuplefor this sequencés { TGT, GTG, TGT, GTA, TAT, ATG, TGT, GTC}. After care-
fully examination,onemayconstructOTGAT GTGTCrom theabove multiset. 1t@ a different
onewhich sharethe same3-tupleswith the original sequenceBut how aboutK = 4 or K = 5?
The answeris that OTGTGTATGTCCcanbe uniquelyreconstructedrom its 5-tuplesmultiset,
but notfor K = 4. In contrastanothersequenc€AAAAA AAAAA Ois uniquelydeterminecby
themultisetof its K-tuplesat ary integerK value,aslong asK is no morethanits length10.

As amatterof fact,how to checkwhetherasequenceanbeuniquelyreconstructedby its all
K-tuplesis the corequestionof sequencindgy hybirdization(SBH)? [8,10]. Hence it hascaught
mary researcherséitention. Pevzner[8] reducedthis questionto the Eulerianpath problem.
Consequentlythe Besttheoren{3, 4], anformulafor the numberof Euleriancyclesin adirected
graph,cantell usthenumberof reconstructedequencérom a K-tuplesmultisetaftertransform-
ing the original sequencénto an Euleriangraph(ref. to [4] for moredetails). Obviously, if and
only if thenumberof reconstructedequencequalsone,theoriginal sequenceouldbeuniquely
reconstructedActually, the Bestformulagivesmuchmoreinformationotherthanwhethera se-
quencds uniquelyreconstructedr not. In addition,Pevzner[8] andKontorovich [5] shovedthe
sufbcientandnecessargonditionfor auniquelyreconstructablsequencefrom differentviews.
Along thisline, Li andXie [6] recentlyproposechn effective algorithmof a deterministicbnite
automatgDFA) to examineif a sequenceanbeuniquelyreconstructedr not.

Thesetwo authorscontributedto this work equally In this paper ary substringwith lengthK is
referredasaK-tuple. 2 SBHis amethodto sequenc®NA.
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Easyto seefrom the previous examplesthatnot all sequencesanbe uniquelyreconstructed
for agivenL andK. Naturally, we areinterestedn the probability that a randomsequencef
lengthL canbeuniquelyreconstructedrom the multisetof its all K-tuples,underindependently
andidenticallydistributedmodel(iid®). Or, in otherwords,what®&the proportionof the uniquely
reconstructablsequencefJRS) choseruniformly (i.e. eiid) or nonuniformly(i.e. niid) atran-
domfrom =-? Dyer[2] andArratia[1] have provedtheasymptotidimiting probabilityasL "
for this problem. Therub is thattheir resultis acceptableonly for very large L, andthe error
boundis not stable sometimesgatherlarge.

Instead,we implementa DFA to checkif a symbolicsequencés a URS or not, no matter
how longthe sequencés andregardlesf thegivenalphabek. Thenwe do Monte Carloexper
imentsto computethe probability of uniquelyreconstructablsequencesyith a stablerelative
error boundwhich approximatel % (seeSection2 for more details). For this reason,t@ more
reasonabléo Pgureouttheuniquelyreconstructablprobabilityby ourmethodgor any sequence
lengthL, especiallyefbcientfor L no morethanthousandswhichis muchcloserto realproteins.

Sinceproteinsplay animportantrole in organisms.Herewe focusour work on aminoacid
sequencesn comparisorto previous works, which aremainly doneon DNA sequencesMost
interestingly we obsere a phasetransitionlike phenomenoriegardingto the K value,in URS
probability problem.At the sametime, we proposeformulasto estimatethe critical point for the
phasdransitionphenomenon.

In addition,we compareour experimentresultswith thereal proteinsequence® discover a
possiblebiological meaning.

All theresultsmentionedabove areshavn in Section3 anddiscussedn Section4.

2. Method

2.1. Deterministic Finite Automaton (DFA)

We implementa DFA which will acceptandonly acceptthe uniquelyreconstructable
sequencesccordingo thealgorithmdescribedn [6]. ThisDFA canwork onary sym-
bolic sequenceregardlessof the alphabek, sequencéengthL andthetuplesizeK. It
readsthroughthe input sequencdetter by letter until it meetsa certainkind of spatial
patternwhich leadthe sequencéo be non-uniquelyreconstructablelooselyspeaking,
thisspatialpatterns aninterleavedpairof repeatedK # 1)-tuple(i.e. &6éa &éb a6a &b,
wherea, b denotgK# 1)-tuples)or triple repeatgi.e. &66a 866a &baéég wherea denotes
a(K# 1)-tuple)[1,4,6,8].

2.2. Monte Carlo (MC) experiments

We do Monte Carloexperimentgo computethe probabilityof uniquelyreconstructable
seguencesndereiid modelandniid model,respectiely. 100Monte Carloexperiments
are carriedout to calculateone probability for a specibed, L. AmongeachMonte
Carlo experiment,our C++ programsamplesl 000 sequencefrom the samplespace
=L, accordingto the distribution of =-. 1000 samplepointsfor eachexperimentare
enough sinceunderthis conditionthe relative erroris about1%, which is acceptable.
(e.g.seeFigurel). We alsodraw the absoluteerrorbarin the probabilityvs. K graphs
(Figure3).

? Theiid modelincludesboth eiid modelandniid model.
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Figure 1: The barrepresentshe absoluteerror for probability of uniquelyreconstructablee-
quenceqURS)atK = 5,L = 1000 undereiid model,where100 Monte Carlo experimentsare
taken. As n,,.=1000,therelative errorreducego 1%, whichis acceptable.

2.3. LeastSquare Method

We useleastsquaremethodsLSM) [7] to derive the relationshipbetweerthe critical
pointof K (dePnedigorouslyin Section3.2) andsequencéengthlL.

3. Results

3.1. PhaseTransition Phenomenon

As mentionedpreviously, we pay attentionto proteinsequencesThus,we choosethe
20 aminoacidsasour alphabet:

2={ARN,D,C,QE,GH,I,LK,MFRSTW,Y,V}

Thoughour methodsareapplicableto arny Pnitesymbolicalphabet.
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Figure 2: The probability of uniquely reconstructablesequence¥S. sequencdengthL and
tuplesizeK. Bothtwo picturesdisplayakind of phaseransitionphenomenon.

Firstly, we carryoutMonte Carloexperimentdor eiid model,in whichthesequence
lengthL rangefrom hundredgo thousandsand K increasesrom one. The outcome
is depictedin Figure 2(a). To clarify the relationshipbetweenthe URS probability
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andK value,we draw the correspondin@-dimensionabraph(Fig. 3(a))for different
sequencéengthsL. The barsin Figure3(a) representhe absoluteerror comingfrom
Monte Carlo experiments.All errorsdeviate their correspondingveragevaluesabout
1%, asshowvn in Figurel.
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Figure3: URSprobability VS. tuplesizeK ( sequencéengthL=constant)Here,the barsstand
for the absoluteerror causedby Monte Carlo experiments.Thesetwo 2-dimensionagraphsare
fetchedfrom several sectionsof 3-dimensionalgraphs(Fig. 2). They showv a clear cut phase
transitionphenomenorfor differentsequencéengthL.

Similarly, we constructboth the 3-dimensionaknd 2-dimensionalgraphsfor niid
model, whereweights( Table 1) are adjustedaccordingto the naturalabundanceof
aminoacidsgottenfrom NCBI onlinecourseg11].

Amino Acids || A R N D C Q E G H |

Frequeng(%) || 8.3| 55| 4.2| 53| 13| 39|6.3|6.9|22]|6.0
Amino Acids L K| M F P S| T |W|Y |V
Frequeng(%) || 99| 56| 24| 41| 47|68|54|12|3.1]|6.7

Tablel: Thefrequencie®of 20 aminoacidsfrom NCBI onlinecourse11], reBectingghenatural
alundanceof aminoacids.

Both 3-dimensionabraphs(Figure 2) and 2-dimensionabraphs(Figure 3 ) shov
a kind of OPhas@ransitionGphenomenon.That is, the probability jumps suddenly
from alow valuephasege.g< 0.1) to a high valuephase(e.g. > 0.9), asK changea
little comparedwith the probability For instancejn Figure3(a),the URS probability
approximategeroat K = 4,L = 1100undereiid model, but the probability increases
rapidly to avaluelagerthan0.9asK increaseso 6.

Here,two point areworth noticing. Oneis that, the phasetransitionphenomenon
of eiid modelis more obvious thanthat of niid model. Namely the curvesin Figure
3(b), thoughstill very sharp,area little smootherthanthosein Figure 3(a). We will
continueto analyzethis aspectin the Discussion. Anotheris that, all the curvesin

$ Thefrequenciesireroundto integer (xx%) in our experiments e.g. treating8.3%as8%.
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Figure3(b)look like eachother This perhapsontainsomescalinginformationamong
thesecurves.But how aboutthe curvesin Figure3(a) ?

3.2. Critical Point of K

Sofar, we have obsernedphasdransitionphenomenobothin the 3-dimensionagraphs
(Figure2) andin the 2-dimensionagraphs(Figure 3). But whatis theturning point of
this phasetransitionphenomenon?To elucidateit rigorously we debnethe mininal
K valueto be the critical point, at which the probability of uniquely reconstructable
sequenceseachesa value larger than 0.9 for the prsttime. From now on, Kgg is
referredto thecritical pointsof K. We summarizesomecritical pointsof K, for different
sequencédength L from 100to 10000in Table 2, undereiid model and niid model,
respectiely.

Table2: Critical pointsKg 9 of phasdransitionphenomenoivS. sequencéengthL, for
eiid modelandniid model,respectrely.

L | 100 200 300 400 500 600 700 800 900 1000

Koo(eid)] 4 5 5 5 5 6 6 6 6 6
Koo (ild) | © 10 11 11 12 12 12 12 13 13

L | 2000 3000 4000 5000 6000 7000 8000 9000 10000

Koo (eiid) [ 6 7 7 7 7 7 7 7 7
Koo (niid) | 14 15 15 16 16 16 16 17 17

Furthermorewe derive the following formulato estimatethe critical pointsof K,
by LeastSquareMethod(LSM):

Kog = [1.44900gL+ 1.21217 , for eiid model (3.1)
Kog = [3.97490gL+ 0.949Q , for niid model (3.2)

wherethe bracletsin equation(3.1) andequation(3.2) meanroundto integer, sinceit®
nonsenséor K to beadecimal.

Figure4 (a) and(b) portraysthe error of formula (3.1) andformula (3.2), respec-
tively. In both bguresthe red pointsdenotethe critical pointsKp g gottenfrom Monte
CarloexperimentgTable2), andthebluelinesstandfor theresultsof LSM. As for eiid
model,theerrorarosefrom formula(3.1)is nomorethanOne,regardingfor integerK,
while the estimatectritical pointsbtthereal K valuemuchbetterunderniid model.In
fact,theerroris zerofor integerK underniid model.

4. Discussion

4.1. Comparing the resultsof eiid model and that of niid model

We noticethatthe phasedransitionphenomenonmindereiid modelis moreobviousthan
underniid model. Why this happens?0Of course,the probability distribution of the
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Figure4: Fitting thecritical pointsKg g (red)with logL lines(blue),whichareobtained
by leastsquaremethod(LSM).

alphabet affectit. Althoughwe do experimentsonly for onekind of parametefor
the niid model,we conjecturethatthe phasetransitionphenomenoiprevalently exists
for ary parameteof iid model. We alsospeculatehatthe phaseransitonphenomenon
is sharpesfor eiid model, ratherthanary other niid model, respectingto the same
alphabe. Sincemostextremevalue,suchasthe maximalor minimal value always
emepgesunderthe uniform condition.

In addition,thecritical pointsKg g of phasdransitionphenomenoarealwayslarger
for niid modelthanthatfor eiid model,atthesamel. Thechiefreasorliesthat,dueto
the biasedprobability distribution of samplepoints(i.e. sequencesh the phasespace
=L undemiid model,thesetypical sequencesf niid modelaremorelik ely to have long
interleaved pair of repeateabr triple repeatedK # 1)-tupleswhich causehe sequence
cannotbeuniquelyreconstructedsee.e.g.[1,4,6,8]).

We getthecritical pointKg g (vs. L) formulaby LSM, but how to studymathemat-
ically the exactpropertiesof the critical pointis still anopenproblem.

4.2. About the Alphabet =

Fromourresearchyhatthealphabeis composedf doesnotinfRBuencehe URS prob-
ability, but the size of alphabetdoes. Hence,how to derive the exact formulafor the
probability of uniquelyreconstructablsequencem term of sequence, tuple sizeK,
alphabetsize |Z| andthe letter distribution over X, all of which will affect the URS
probability is worth studying. Although Dyer [2] and Arrtia [1] have obtainedthe
asymptoticformulaasL " . 1t@ still meaningfulto getan exact one, respectingo
L, sothatonecaninvestigatethe conbguratiorof the URS probability analyticallyfor
differentsequencéengthL.

Anotherrelative questionis that, how doesthe alphabetsize |Z| affect the phase
transitionphenomenorof the probability of uniquelyreconstructablsequences®e
conjecturethat there exists the phasetransitionphenomenorfor arny Pnite alphabet.
How to investicatethis problemanalyticallyinsteadof doing Monte Carloexperiments
is still unknown, while the computerexperimentscannot exhaustall the possibilities.

Besides,easyto see,a sequencever a small alphabetis likely to form a short
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interleaved pair of repeatsr shorttriple repeatsThus,thesmallerthealphabesize|Z|
is, thelargerthe critical point Kg g is, with respecto a constant.. Sincetheserepeats
arecauseof non-uniquereconstruction.

4.3. About Real Proteins

Using our DFA to scanthe proteinsin PDB.SEQPle [12] which is a collection of
SWISS-POR entries. Above 90% entriesof proteinsin PDB.SEQcan be uniquely
reconstructecht K = 6, which consistswith the result of Hao et al. [4] gottenby a
differentmethod.

Surprisingly that obsenationis closeto the eiid model(ref. to Fig. 3(a) and Ta-
ble 2), underwhich the uniquely reconstructegrobability exceeds0.9 for different
L, ranging100to 1100, at K = 6. One possibleexplanationis that, in the primor-
dial soup,the amino acidswhich make up of proteinsaswe seenovadaysmay be
uniformly distributed, ratherthan nonuniformlydistributed. And yet, in the evolution
history, proteinsareshapedy the naturalselectiorsoheavily thatmutationgook place
in proteins,but still keptthe original repeatpattern§ which probablyhave important
biologicalfunction. Anyway, thefactthatan majority of real proteinsdo have a unique
reconstructiorat K = 6, to someextent, supportshe compositionadistanceapproach
to infer prokaryotephylogery tree[9].

Anotherthingis alsoworthnoticing. As indicatedby Haoetal. [4], asmallgroupof
proteinscanonly beuniquelyreconstructiorat largeK value(e.g. SRTX_ARTEN pro-
tein cannotbe uniquelyreconstructablentil K = 101),which shouldbevery veryrare
accordingto our experimentresults(Figureand Table 2). Thatimpliestheseproteins
may have potentialbiologicalfunctionswhich areprobablyrelevantto theirinterleaved
pairof (K# 1)-tuplerepeatsr triple repeatsTheserepeatcanbefoundout by modi-
fying our DFA, to furtherinvestigatetheseproteins@unctions.

5. Conclusion

Anyhow, to the bestof our knowledge,the phasdransitionphenomenomndthe meth-
ods(esp.DFA) we emplogy have notbeenreportedsofar.

Lastbut notleast,the phasédransitionphenomenoin sequenceniquereconstruc-
tion possiblyhasprofoundimplicationswhich arestill waiting to be explored.
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" Heretherepeafpatternrefersto theinterleaved pair of repeatsandtriple repeats.
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