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Abstract. In this paper, we show a kind of phasetransitionphenomenonin the probability
of uniquelyreconstructablesequences(URS)underequal-probabilityindependentlyandidenti-
cally distributed(eiid) modelandnon-equal-probabilityindependentlyandidenticallydistributed
(niid) model,respectively. ThisURSprobabilityis calculated,with therelativeerrorapproximate
1%, by doingMonteCarloexperiments.In theMonteCarloexperiments,weuseadeterministic
Þniteautomaton(DFA) to determinewhetherasymbolicsequencecanbeuniquelyreconstructed
or not from all its substringsof lengthK (calledK-tuples).Furthermore,wecompareourexperi-
mentresultswith therealproteinsequencesto identify apossiblebiologicalimplication.
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1. Intr oduction

Given a symbolicsequenceS over an alphabet! of lengthL, we caneasilyobtaina multiset
of its all K-tuples  by sliding a K-sizedwindow oneletter by oneletter. But canwe uniquely
reconstructtheoriginal sequencefrom this multiset?A simplequestionbut deÞesany intuitive
answer.

Takethefollowing 10bplongDNA sequencefor example:S= TGTGTATGTC.Themultiset
of all 3-tuplefor this sequenceis { TGT, GTG,TGT, GTA, TAT, ATG, TGT, GTC} . After care-
fully examination,onemayconstructÒTGTAT GTGTCÓfrom theabovemultiset.ItÕsadifferent
onewhich sharethesame3-tupleswith theoriginal sequence.But how aboutK = 4 or K = 5?
Theansweris thatÒTGTGTATGTCÓcanbeuniquelyreconstructedfrom its 5-tuplesmultiset,
but not for K = 4. In contrast,anothersequenceÒAAAAA AAAAA Óis uniquelydeterminedby
themultisetof its K-tuplesatany integerK value,aslongasK is nomorethanits length10.

As amatterof fact,how to checkwhetherasequencecanbeuniquelyreconstructedby its all
K-tuplesis thecorequestionof sequencingby hybirdization(SBH)à [8,10]. Hence,it hascaught
many researchersÕattention. Pevzner [8] reducedthis questionto the Eulerianpath problem.
Consequently, theBesttheorem[3,4], anformulafor thenumberof Euleriancyclesin adirected
graph,cantell usthenumberof reconstructedsequencefrom aK-tuplesmultisetaftertransform-
ing theoriginal sequenceinto anEuleriangraph(ref. to [4] for moredetails). Obviously, if and
only if thenumberof reconstructedsequenceequalsone,theoriginalsequencecouldbeuniquely
reconstructed.Actually, theBestformulagivesmuchmoreinformationotherthanwhethera se-
quenceis uniquelyreconstructedor not. In addition,Pevzner[8] andKontorovich [5] showedthe
sufÞcientandnecessaryconditionfor auniquelyreconstructablesequence,from differentviews.
Along this line, Li andXie [6] recentlyproposedaneffective algorithmof a deterministicÞnite
automata(DFA) to examineif asequencecanbeuniquelyreconstructedor not.

! Thesetwo authorscontributed to this work equally.   In this paper, any substringwith lengthK is
referredasaK-tuple. à SBH is amethodto sequenceDNA.
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Easyto seefrom thepreviousexamplesthatnotall sequencescanbeuniquelyreconstructed
for a given L andK. Naturally, we areinterestedin the probability that a randomsequenceof
lengthL canbeuniquelyreconstructedfrom themultisetof its all K-tuples,underindependently
andidenticallydistributedmodel(iid¤). Or, in otherwords,whatÕstheproportionof theuniquely
reconstructablesequences(URS)chosenuniformly (i.e. eiid) or nonuniformly(i.e. niid) at ran-
domfrom!L? Dyer [2] andArratia [1] haveprovedtheasymptoticlimiting probabilityasL " "

for this problem. The rub is that their result is acceptableonly for very large L, andthe error
boundis not stable,sometimesratherlarge.

Instead,we implementa DFA to checkif a symbolicsequenceis a URS or not, no matter
how longthesequenceis andregardlessof thegivenalphabet!. ThenwedoMonteCarloexper-
imentsto computethe probability of uniquelyreconstructablesequences,with a stablerelative
error boundwhich approximate1% (seeSection2 for moredetails). For this reason,itÕs more
reasonableto Þgureouttheuniquelyreconstructableprobabilityby ourmethodsfor any sequence
lengthL, especiallyefÞcientfor L nomorethanthousands,which is muchcloserto realproteins.

Sinceproteinsplay an importantrole in organisms.Herewe focusour work on aminoacid
sequences,in comparisonto previousworks,which aremainly doneon DNA sequences.Most
interestingly, we observe a phasetransitionlike phenomenon,regardingto theK value,in URS
probabilityproblem.At thesametime,we proposeformulasto estimatethecritical point for the
phasetransitionphenomenon.

In addition,we compareour experimentresultswith therealproteinsequencesto discover a
possiblebiologicalmeaning.

All theresultsmentionedaboveareshown in Section3 anddiscussedin Section4.

2. Method

2.1. Deterministic Finite Automaton (DFA)

We implementa DFA which will acceptandonly accepttheuniquelyreconstructable
sequences,accordingto thealgorithmdescribedin [6]. ThisDFA canwork onany sym-
bolic sequence,regardlessof thealphabet!, sequencelengthL andthetuplesizeK. It
readsthroughthe input sequenceletterby letteruntil it meetsa certainkind of spatial
patternwhich leadthesequenceto benon-uniquelyreconstructable.Looselyspeaking,
thisspatialpatternisaninterleavedpairof repeated(K# 1)-tuples(i.e. áááaááábáááaáááb,
wherea,b denote(K # 1)-tuples)or triple repeats(i.e. áááaáááaáááaááá, wherea denotes
a (K # 1)-tuple)[1,4,6,8].

2.2. Monte Carlo (MC) experiments

WedoMonteCarloexperimentsto computetheprobabilityof uniquelyreconstructable
sequencesundereiid modelandniid model,respectively. 100MonteCarloexperiments
arecarriedout to calculateoneprobability for a speciÞedK, L. Among eachMonte
Carlo experiment,our C++ programsamples1000sequencesfrom the samplespace
!L, accordingto the distribution of !L. 1000samplepoints for eachexperimentare
enough,sinceunderthis conditiontherelative error is about1%, which is acceptable.
(e.g.seeFigure1). We alsodraw theabsoluteerrorbarin theprobabilityvs. K graphs
(Figure3).

¤ Theiid modelincludesbotheiid modelandniid model.
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Figure1: The bar representsthe absoluteerror for probability of uniquelyreconstructablese-
quences(URS)at K = 5,L = 1000, undereiid model,where100MonteCarloexperimentsare
taken.As nMC=1000,therelativeerrorreducesto 1%, which is acceptable.

2.3. LeastSquareMethod

We useleastsquaremethods(LSM) [7] to derive the relationshipbetweenthecritical
pointof K (deÞnedrigorouslyin Section3.2)andsequencelengthL.

3. Results

3.1. PhaseTransition Phenomenon

As mentionedpreviously, we payattentionto proteinsequences.Thus,we choosethe
20aminoacidsasouralphabet:

! = { A,R,N,D,C,Q,E,G,H, I ,L,K,M,F,P,S,T,W,Y,V}

Thoughourmethodsareapplicableto any Þnitesymbolicalphabet.
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Figure 2: The probability of uniquely reconstructablesequencesVS. sequencelength L and
tuplesizeK. Both two picturesdisplayakind of phasetransitionphenomenon.

Firstly, wecarryoutMonteCarloexperimentsfor eiid model,in whichthesequence
lengthL rangefrom hundredsto thousands,and K increasesfrom one. The outcome
is depictedin Figure 2(a). To clarify the relationshipbetweenthe URS probability
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andK value,we draw thecorresponding2-dimensionalgraph(Fig. 3(a)) for different
sequencelengthsL. Thebarsin Figure3(a) representtheabsoluteerrorcomingfrom
MonteCarloexperiments.All errorsdeviatetheir correspondingaveragevaluesabout
1%,asshown in Figure1.
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Figure3: URSprobabilityVS. tuplesizeK ( sequencelengthL=constant).Here,thebarsstand
for theabsoluteerrorcausedby MonteCarloexperiments.Thesetwo 2-dimensionalgraphsare
fetchedfrom several sectionsof 3-dimensionalgraphs(Fig. 2). They show a clearcut phase
transitionphenomenonfor differentsequencelengthL.

Similarly, we constructboth the 3-dimensionaland2-dimensionalgraphsfor niid
model,whereweights( Table1) areadjustedaccordingto the naturalabundanceof
aminoacidsgottenfrom NCBI onlinecourse[11].

Amino Acids A R N D C Q E G H I
Frequency(%) 8.3 5.5 4.2 5.3 1.3 3.9 6.3 6.9 2.2 6.0
Amino Acids L K M F P S T W Y V
Frequency(%) 9.9 5.6 2.4 4.1 4.7 6.8 5.4 1.2 3.1 6.7

Table1: Thefrequencies$of 20aminoacidsfrom NCBI onlinecourse[11], reßectingthenatural
abundanceof aminoacids.

Both 3-dimensionalgraphs(Figure2) and2-dimensionalgraphs(Figure3 ) show
a kind of ÒPhaseTransitionÓphenomenon.That is, the probability jumps suddenly
from a low valuephase(e.g.< 0.1) to a high valuephase(e.g. > 0.9), asK changesa
little comparedwith theprobability. For instance,in Figure3(a), theURSprobability
approximateszeroat K = 4,L = 1100undereiid model,but theprobability increases
rapidly to avaluelagerthan0.9asK increasesto 6.

Here,two point areworth noticing. Oneis that, the phasetransitionphenomenon
of eiid model is moreobvious thanthat of niid model. Namely, the curvesin Figure
3(b), thoughstill very sharp,area little smootherthanthosein Figure3(a). We will
continueto analyzethis aspectin the Discussion. Another is that, all the curves in

$ Thefrequenciesareroundto integer(xx%) in ourexperiments.e.g.treating8.3%as8%.
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Figure3(b) look likeeachother. Thisperhapscontainsomescalinginformationamong
thesecurves.But how aboutthecurvesin Figure3(a)?

3.2. Critical Point of K

Sofar, wehaveobservedphasetransitionphenomenonbothin the3-dimensionalgraphs
(Figure2) andin the2-dimensionalgraphs(Figure3). But whatis theturningpoint of
this phasetransitionphenomenon?To elucidateit rigorously, we deÞnethe mininal
K value to be the critical point, at which the probability of uniquely reconstructable
sequencesreachesa value larger than 0.9 for the Þrst time. From now on, K0.9 is
referredto thecritical pointsof K. Wesummarizesomecritical pointsof K, for different
sequencelength L from 100 to 10000in Table 2, undereiid model and niid model,
respectively.

Table2: Critical pointsK0.9 of phasetransitionphenomenonVS.sequencelengthL, for
eiid modelandniid model,respectively.

L 100 200 300 400 500 600 700 800 900 1000
K0.9 (eiid) 4 5 5 5 5 6 6 6 6 6
K0.9 (niid) 9 10 11 11 12 12 12 12 13 13

L 2000 3000 4000 5000 6000 7000 8000 9000 10000
K0.9 (eiid) 6 7 7 7 7 7 7 7 7
K0.9 (niid) 14 15 15 16 16 16 16 17 17

Furthermore,we derive the following formula to estimatethe critical pointsof K,
by LeastSquareMethod(LSM):

K0.9 = [1.4490logL+ 1.2121] , for eiid model (3.1)

K0.9 = [3.9749logL+ 0.9490] , for niid model (3.2)

wherethebracketsin equation(3.1)andequation(3.2)meanroundto integer, sinceitÕs
nonsensefor K to beadecimal.

Figure4 (a) and(b) portraysthe error of formula (3.1) andformula (3.2), respec-
tively. In bothÞgures,theredpointsdenotethecritical pointsK0.9 gottenfrom Monte
Carloexperiments(Table2), andthebluelinesstandfor theresultsof LSM. As for eiid
model,theerrorarosefrom formula(3.1) is nomorethanOne,regardingfor integerK,
while theestimatedcritical pointsÞt therealK valuemuchbetterunderniid model.In
fact,theerroris zerofor integerK underniid model.

4. Discussion

4.1. Comparing the resultsof eiid modeland that of niid model

Wenoticethatthephasetransitionphenomenonundereiid modelis moreobviousthan
underniid model. Why this happens?Of course,the probability distribution of the
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Figure4: Fitting thecritical pointsK0.9 (red)with logL lines(blue),whichareobtained
by leastsquaremethod(LSM).

alphabet! affect it. Although we do experimentsonly for onekind of parameterfor
theniid model,we conjecturethat thephasetransitionphenomenonprevalentlyexists
for any parameterof iid model.Wealsospeculatethatthephasetransitonphenomenon
is sharpestfor eiid model, ratherthan any other niid model, respectingto the same
alphabet!. Sincemostextremevalue,suchasthe maximalor minimal valuealways
emergesundertheuniformcondition.

In addition,thecritical pointsK0.9 of phasetransitionphenomenonarealwayslarger
for niid modelthanthatfor eiid model,at thesameL. Thechief reasonlies that,dueto
thebiasedprobabilitydistribution of samplepoints(i.e. sequences)in thephasespace
!L underniid model,thesetypicalsequencesof niid modelaremorelikely to havelong
interleavedpairof repeatedor triple repeated(K # 1)-tuples,whichcausethesequence
cannotbeuniquelyreconstructed(see.e.g.[1,4,6,8]).

We getthecritical point K0.9 (vs. L) formulaby LSM, but how to studymathemat-
ically theexactpropertiesof thecritical point is still anopenproblem.

4.2. About the Alphabet !

Fromour research,whatthealphabetis composedof doesnot inßuencetheURSprob-
ability, but the sizeof alphabetdoes. Hence,how to derive the exact formula for the
probabilityof uniquelyreconstructablesequencesin termof sequenceL, tuplesizeK,
alphabetsize |!| and the letter distribution over !, all of which will affect the URS
probability, is worth studying. Although Dyer [2] and Arrtia [1] have obtainedthe
asymptoticformula asL " ". ItÕs still meaningfulto get an exact one,respectingto
L, sothatonecaninvestigatetheconÞgurationof theURSprobabilityanalyticallyfor
differentsequencelengthL.

Another relative questionis that, how doesthe alphabetsize |!| affect the phase
transitionphenomenonof the probability of uniquelyreconstructablesequences?We
conjecturethat thereexists the phasetransitionphenomenonfor any Þnite alphabet.
How to investigatethisproblemanalyticallyinsteadof doingMonteCarloexperiments
is still unknown, while thecomputerexperimentscannotexhaustall thepossibilities.

Besides,easyto see,a sequenceover a small alphabetis likely to form a short
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interleavedpairof repeatsor shorttriple repeats.Thus,thesmallerthealphabetsize|!|
is, the larger thecritical point K0.9 is, with respectto a constantL. Sincetheserepeats
arecauseof non-uniquereconstruction.

4.3. About RealProteins

Using our DFA to scanthe proteinsin PDB.SEQÞle [12] which is a collection of
SWISS-PORT entries. Above 90% entriesof proteinsin PDB.SEQcanbe uniquely
reconstructedat K = 6, which consistswith the result of Hao et al. [4] gottenby a
differentmethod.

Surprisingly, that observation is closeto the eiid model(ref. to Fig. 3(a) andTa-
ble 2), underwhich the uniquely reconstructedprobability exceeds0.9 for different
L, ranging100 to 1100, at K = 6. One possibleexplanationis that, in the primor-
dial soup, the amino acidswhich make up of proteinsas we seenowadaysmay be
uniformly distributed,ratherthannonuniformlydistributed. And yet, in theevolution
history, proteinsareshapedby thenaturalselectionsoheavily thatmutationstookplace
in proteins,but still kept theoriginal repeatpatterns!! which probablyhave important
biologicalfunction.Anyway, thefactthatanmajorityof realproteinsdohaveaunique
reconstructionat K = 6, to someextent,supportsthecompositionaldistanceapproach
to infer prokaryotephylogeny tree[9].

Anotherthingis alsoworthnoticing.As indicatedby Haoetal. [4], asmallgroupof
proteinscanonly beuniquelyreconstructionat largeK value(e.g.SRTX ARTEN pro-
teincannotbeuniquelyreconstructableuntil K = 101),whichshouldbeveryvery rare
accordingto our experimentresults(FigureandTable2). That implies theseproteins
mayhavepotentialbiologicalfunctionswhichareprobablyrelevantto their interleaved
pair of (K # 1)-tuplerepeatsor triple repeats.Theserepeatscanbefoundout by modi-
fying ourDFA, to furtherinvestigatetheseproteinsÕfunctions.

5. Conclusion

Anyhow, to thebestof our knowledge,thephasetransitionphenomenonandthemeth-
ods(esp.DFA) weemploy havenotbeenreportedsofar.

Lastbut not least,thephasetransitionphenomenonin sequenceuniquereconstruc-
tion possiblyhasprofoundimplicationswhicharestill waiting to beexplored.
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!! Heretherepeatpatternrefersto theinterleavedpair of repeatsandtriple repeats.
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