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The evolution of cooperation isafundamental problem in biology, underlying
questions from the molecular to the sodetal scale. The prisoner @ dilemma (PD), a
two-person game in which playerscan either cooper ate or defect, isa common
metaphor for the study of the evolution of cooperation. In a well-mixed (mean-field)
population, cooperators are certain to go extinct in the PD asthey are efficiently
exploited by defectors. However, when the PD isplayed in aregular squarelattice,
cooper ators can coexist with defectors. Recent work hasbegun to explorethe
behaviour of the PD played on different network structures. Here we study the
behaviour of the simple (non-iterated) PD on scale-free networks, and contras
these results with behaviour onregular networks. Our resultsillustrate that scale-
free networks enhance the per sistence of cooperators (compared to regular square

lattices), with cooper ators concentrated in high-degree nodes.



INTRODUCTION

Theevolution of coopeationis afundanental problem in biology. Why should an
individud sacrifice its own success in order to inarease the success of another? Surely
selfish individuds mug aways outcompete atruistic individuds, as they receive the
ben€fits of coopeationwithoutpaying any cogs? Y et from genesto naions wefind
examples of persistent coopeation (Maynard Smith & Szathmiry 1995;Dugakin 1997;
Crespi 2001;Sachset al. 2004)

The Prisona @ dilemma

Perhgpsthe mogs famousmetaphorfor theevolution of coopeationisthe
Prisona @ dilemma. The prisone® dilemma presents two interacting players with a
simple choice, to coopeate or to defect (Axelrod 1984; Doebdi & Hauert 2005) An act
of coopeation entails abendfit b to arecipient and a cod c to theactor (b > c > 0). If
they both coopeate, they each receive a @ewardQR = b-c, which islarger than the
@unishmentQP = 0, obtained if they bath defect. If onedefects while the other
coopeates, the defector receives the GemptationOpayoff, T = b, which is greater than R,
and the coopeator receives the sucker@ payoff S= -c, which islessthan P. Hence T >
R> P> S(Tablel). Giventherelative magnitudeof the payoff values, arationd
player should aways defect in @neoffGencounters, regardless of whether the other
player coopeates or not (defectionis an evolutionary stable strategy, Maynard Smith
1982;likewise pure defectionisthe only stable equilibriumin areplicator dynamics
treatment, Hofbauer & Sigmund1998) Thusthe paradoxical outcome istotal defection,

despite a highe pay-off occurring when everyonecoopeates.

Thefact tha thesimple PD game results in complete defector dominance makes the PD

an excellent baselinefor testing additiond mechanisms that might enhance the survival



of coopeation. Theessential feature of any mechanism promoting atruismis tha
coopeators are more likely to interact with other coopeators than expected by chance
(Frank 1998;Doebdi & Hauet 2005. Key non-exclusve mechanisms favouring
coopeator assortment (together with semind references) indudekin-selection
(Hamilton 19644ab), reciprodity / reputation (Trivers 1971;Axelrod & Hamilton 1981;
Nowak & Sigmund199B) and spatial extensgon (Nowak & May 1992) In this paper we
will focusontheeffects of spatialy structured populationson thefate of coopeators.
Unlike a number of arguments based on kin selection, reciprodty or reputation, spaially
explicit modds do not require any form of recognition, memory or conditiond

behaviourin order to alow thepersistence of cooperators.

Spatal coopeative ganmes

Nowak & May (1992)explored the conequences of placing coopeators and defectors
in atwo dimengond spatial array, limiting ther interactionsto immediate neighbous
(see methodg. In contrast to randommixing, this spaial restriction on partnerships
enabled the persistence of coopeators. A subsequent floodof related papers has
illugrated tha the maintenance of coopeationin spatially structured PD is arobug
phenomenon (recently reviewed by Doebdi & Hauert 2005) The key mechanism of
persistence in spaia moddsis bdieved to bethe clugering of coopeators, ensuring
tha coopeators more often interact with other cooperators and thusreceive highe
payoffs than defectors (who more often encounter defectors). This argument has some
andytical suppot from the use of par-approximation techniques (Van Baden & Rand
1998) and more generally is consistent with akin-selection interpretation (Doebdi &
Hauert 2005)

Simulationssuppoting thegeneral conduson tha spatial structure favours the

persistence of coopeators have largdy focussed on regular squae lattices, where



interactions(induding reprodudion) are limited to the nearest four or eight neghbous.
Intriguingly, a number of recent studies have begunto point to an enhancement of
coopeation in more randomy-structured networks, countering the expectation tha
regular lattices will promote coopeation throughtheir facilitation of clugering
(Abramson & Kupeaman 2001;Masuda& Aihara2003;Doebdi & Hauert 2005;Hauert
& Szab—2005,butsee Ifti et al. 2009. For example, Hauert & Szab—(2005)showed
tha randomregular graphs(all individuds have the same number of neéighbous, but
neighbous are drawn randonly from the popuktion) suppot coopeation over awider
parameter rangethan for an equivalent (same degree nunber) lattice, while regular
small-world networks (aregular lattice with some propottion of nodes randonly
rewired, Watts & Strogaz 1998)showed an intermediate level of suppot for
coopeation. Other recent studies have explored variationsin thenumber of naghbous.
Vaingein & Arenzon (2007) foundthat @lilutedQattices (where some nodes are | eft

vacant) suppot highe frequendes of coopeators over awide parameter range

In this pgpoer we focuson the effects of variationin the numbers of neighbous (the
contact or degree numbe). Rather than use diluted lattices where only small variations
in degree number can be made, we focus on scale-free neworks. Scale-free or power-
law networks obey power-law degree distributions ensuring tha while mog individuds
have few neghbous, some individuds have many. Many biological neworks induding
human soda networks can be empirically described by scale-free networks (Albert &
Barab «s 2002. Vukov and Szab—2005)recently studied the PD game ona scale-free
hierarchical network, butthey foundtha coopeation could notbe maintained in this
system. In amodfied system with extended horizontal links (forming a hierarchical
lattice; nolonge scale-free). They foundtha cooperators could persist, and that they
tended to be conaentrated in the highe levels of the lattice hierarchy. Santos& Pacheco
(2005)have foundvery recently that in a preferential-attachment scale-free network,

coopeators can pasist. Here we explore the PD game played onrandomscale-free



networks, and investigate both conditionsfor persistence and biases in thelocation of

coopeators within the nework.

METHODS

To modd thePD in a spatially structured popuktion, individuds are arranged on
anework (typically aregular lattice) and interact only within alimited local
neighbouhood.Each individud (with fixed strategy C or D) playsthe PD with each of
its neighbous, receiving a payoff for every interaction as described in Table 1. The
mean of its payoffs represents its performance or fitness P. To describe naural selection,
we need to track thefate of coopeators and defectors over many generations To do this,
we periodically @ipdaeltheidentity of each node(individud) in thenework. Ina
biological context, the application of theupdae rule can be consdered as representing
thedeath of focal individud x, and its replacement by either its own progeny (same
strategy) or that of aneighbour(potentialy a different strategy). First, arandoniy-
selected individud x is selected for updde, then itsfitnessis compared to arandomnly-
selected neéghboury. Thenodeof individud x will take on thestrategy of individud y
with a probability propationd to thedifference in performance Py BP, . Otherwise, the
focal nodewill continuewith the strategy of individud x. Following Hauert & Szabo
2005,we use atrangtion probability given by [1 + exp(-(Py DPP,)/K ™, where k denotes
theamountof noise. Unde this updae formulation, while the strategy of a highe-
fitness neighbourislikely to beadoped, it isaso possible (if unlikely) tha the strategy

of alower-fitness neghbouris adapted in its place.
Congruding a scale-free nework

To build a scale-free network, wefirst assigned each vertex i with arandomnly selected

degree (contact nunmber) k; drawn from the probability distribution P(k) = k. We then

attached k; stubs(hdf-edges) to each vertex i, under the condraint tha thetotal number



of stubsmug beeven. Findly, werandomy chos pairs of hdf-edges and connected
them into full edges until no stubsremain, unde the sole congraint tha multiple edges
are disallowed. The power-law degree distributionfor a sample nework isillugrated in
figure 1. We note tha theavoidance of multiple edges introduces a dight el ement of

dissasortativity to our nework.

RESULTS and DISCUSSION

Wha hgppenswhen the PD is played over non-homogeneousenvironments? We
focusontheeffect of contact nunber heterogendty. Individuds may vary in ther
number of contacts for anumber of reasonsbe.g. persondity differences, division of
labour, geographic heterogeneity (physcal integration/ isolation), demographic
heterogenaty (highresource / low resource); etc. Any/all of these factors can contribute
to contact distributions often described by scale-free distributons We then ask, can
coopeators peasist in these neworks? And if so, where in these networks will

coopeators prevail ?

Our prindpd results are twofold. First, we show that coopeators can pesist in
randomscale-free networks (figures 2, 3), and for awider parameter rangethan for an
equivaent (same mean degree nunber) regular lattice (figure 4). In keeping with
previousstudies of the spatia PD with stochastic updae rules (reviewed by Doebdi &
Hauert 2005) we find tha theinitia frequency of coopeators and defectors has
effectively noinfluence on theequilibrium prevalence of coopeators (figures 2, 3). The
new result that randomscale-free networks are more suppotive of coopeation than
regular lattices (figure 4) addsweightto thegrowing conduson tha coopeationis
more favoured in more randomy structured networks (Abramson & Kupaman 2001,

Masuda& Aihaa2003;Doebdi & Haueat 2005;Hauert & Szab—2005 Santos &



Pacheco 2005;but see Ifti et d 2004) The behaviour of the PD in scale-free networks
has scarcely been consdered, however it is nateworthy tha onepublished study of the
PD in acompletely nonrandomhierarchical scale-free network illugrated tha
coopeators could not pasist in this structure (see the appendix to Vukov and Szab—
2005). Thuswe see tha for both regular and scale-free networks, network clugering
appears to inhibit the maintenance of coopeation. Thereasonsfor this effect remain an

open question.

Our second prindpd result illugrated tha for parameters permitting the
persistence of coopeators, coopeators are more commonly foundin highly connected
nodes, and arerelatively scarce in thengwork periphay (figure 5). Thisisin many
respects a suprising result. Increasing the neghbouhoodsize (and hence degree number)
in aregular lattice has been reported to reduce cooperation, ultimately convegingto the
mean-field result of complete defector dominaionfor sufficiently largeneghbouhoods
(Ifti et al. 2009, thuswe might expect by extensgon to a scale-free network tha
coopeation would thrive in thelow-degree periphery, an expectation given further

strength by the common prejudice that rural (low degree) folk are more coopeative.

So why mightwe find in contrast tha coopeationis favoured in highly connected
nodes? Here we outlineaworking hypohesis tha undelines our ongong work in this
area. If we accept tha for the PD, spatial clugering of coopeators hdpscoopeators to
spread, then we can make a simple conjecture: As an approximation, Cs spread when
thar propation of coopeator neghouss C, is greater than athreshold x/k, wherekis
thar naghbouhoodsize. So isolated coopeators(C, < x/k) arelikely to die outb
congstent with theinitial drop in thefrequency of coopeators for all starting conditions
(figure 2), asthe starting conditionsare likely by chance to create a nunmber of isolated
coopeators. If the popuation propation of coopeatorsis less than x/k, ie coopeators

are globdly rare, we can expect a greater initial mortality of coopeators (figure 2).



However, by chance, some coopeators will have locally highe frequendes, ie for some
coopeators, C, > x/k. Given an initial randomseeding of coopeators and defectors, this
local result ismore likely to hgppen in low degree nodes, dueto sampling error (highe
variance in C, for lower values of k). However, astheglobd propation of coopeators
rises and exceedsthethreshold x/k, we would then find the opposte effect of sampling
error: low degree nodes would be more likely by chance to have C,, < x/k, and so
coopeators would then become more scarce in low-degree nodes., as observed at

equilibrium (Figure 5).

Themain prediction of thisargument isthat if theglobd frequency of coopeators
isinitially low, then during the growth phase of coopeaators we expect coopeatorsto be
more prevalent in low degree nodes (ie coopeators would spread from low degree
nodes). However, when coopeators become sufficiently common (towards equilibrium)
they would then become less common in low degree nodes (figure 5). In our ongoing
work, we will look at thetrangent frequency of coopeators at low and high degree
nodesto test thisidea. Furthermore, we will extract daa on the clugering of coopeators
throughtime, to estimate the mean and variance of C,, throughtime, and for different

degree numbers.

Looking further ahead, a number of related projects can be envisaged. Repeating
our andyses for aternaive network structures would beinformative. By extending our
study of scale-free networks to consder assortative versus disassortative networks (our
current network is close to being assortatively neutral) we could make further progress
on undestanding therole of both coopeator and network clugering in undepinning the
maintenance of coopeation. Another natural extension would beto use alterndive
coopeative games. Even within two-player two-strategy coopeative games, there are
aternatives to the prisona @ dilemma (snowdrift and stag-huntgames. Doebdi &

Hauert 2005). Extending the scopeto continuousand multiplayer games allows many



more potential outcomes. Findly, we would like to draw attention to theintriguing
possibilities of allowing network evolution in cooperative games. By allowing
coopeators to alter or even expand the nework (e.g. by making periphea habitat
liveable DPHarms 2001) we introduce afeedback between network structure and agent
strategy. Thisfeedback could beimplemented by alowing payoffs and/or neighbour
identity to influence locally-adgptive changesin the structure of the network, and could
ultimately shed light on the dynamic tensonsbetween the shape of soaa neworks and

thestrategies of ther agents.
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FIGURE LEGENDS

Figure 1. Degree distribution for a scale-free network. The probability that a
node has k neighbours (degree k), given a power-law distribution of k with an

exponent / = 2.1.

Figure 2. Percentage cooperators as a function of time (Monte-Carlo steps or
generations) for three initial conditions. In each run, by 200 generations the
share of cooperators has equilibriated to approximately 45%. / =2.1. b =1.02, c

=0.02.

Figure 3. Equilibrium frequency as a function of initial frequency. As hinted by
figure 2, we find the equilibrium share of cooperators to be robust against

variations in the initial frequency of cooperators. / = 2.1. b =1.02, ¢ = 0.02.

Figure 4. Equilibrium cooperator frequency as a function of the cost/net-benefit
ratio r = ¢/(b-c). Black squares, regular lattice; red squares, scale-free network.
To aid comparisons between these network structures, we standardized the
number of nodes and then tuned the exponent ! to ensure the difference in
edge numbers was less than 0.15%. The resulting / was 2.91. We find that the
scale-free network enhances the share of cooperators over a range of values of
r, and increases the critical value of r above which cooperators cannot persist

(akin to behaviour on a random regular graph, see Hauert & Szabo 2005).

Figure 5. Ratio of cooperators to defectors (C:D), as a function of degree
number, k. Following the random seeding of cooperators and defectors, the
initial C:D ratio is almost constant across different values of k. However at
equilibrium, the fraction of cooperators increases with the degree in the final

State.
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Table 1. Payoff matrix for the Prisoner® dilemma. The top row presents the
rewards for cooperation (C) in terms of benefit b and cost ¢, dependent on
playing against a cooperator (C) or a defector (D). The second row presents the
rewards for defection (D). This matrix conforms to the prisoner® dilemma

whenever b > ¢ > 0.
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